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PART IA

LESSON ONE

The Real Number System
The Real-Number System

The real-number system is a collection of mathematical objects, called real numbers, which
acquire mathematical 'life by virtue of certain fundamental principles, or rules, that we
adopt. The situation is somewhat similar to a game, like chess, for example. The chess sys-
tem, or game, is a collection of objects, called chess picces, which acquire life by virtue of
the rules of the game, that is, the principles that are adopted to define allowable moves for
the pieces and the way in which they may interact.

Our working experience with numbers has provided us all with some familiarity with
the principles that govern the real-number system. However, to establish a common
ground of understanding and avoid certain errors that have become very common, we shall
explicitly state and illustrate many of these principles.

The real number system includes such numbers as =27, =2, 2/ 3,... It is worthy of note
that positive numbers, 1/ 2, 1, for cxamples, are sometimes expressed as +(1 / 2), +1. The
plus sign,”+”, used here does not express the operation of addition, but is rather part of the
symbolism for the numbers themselves. Similarly, the minus sign, “—”, used in expressing
such numbers as —(1 / 2), —1, is part of the symbolism for these numbers.

Within the rcal number system, numbers of various kinds are identified and named.
The numbers 1,2,3,4,... which are used in the counting process, are called natural numbers.
The natural numbers, together with —1,—-2,—3,—4,... and zero, are called integers. Since
1,2,3,4,... are greater than 0, they are also called positive integers;—1,—-2,—3,—4,... are less
than 0, and for this reason are called negative integers. A real number is said to be a ration-

al number if it can be expressed as the ratio of two integers, where the denominator is not
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zero. The integers are included among the rational numbers since any integer can be ex-
pressed as the ratio of the integer itself and onc. A real number that cannot be expressed as
the ratio of two integers is said to be an irrational number.

One of the basic properties of the real-number system is that any two real numbers
can be compared for size. If a and b are real numbers, we write a<b to signify that
a is less than b . Another way of saying the same thing is to write b>a , which is read ”
b is greater than a ”.

Geometrically, real numbers are identified with points on a straight line. We choose a
straight line, and an initial point of reference called the origin. To the origin we assign the
number zero. By marking off the unit of length in both directions from the origin, we assign
positive integers to marked—off points in one direction ( by convention, to the right of the
origin ) and negative integers to marked—off points in the other direction. By following
through in tcrms‘of the chosen unit of length, a real number is attached to each point on the
number line, and each point on the number line has attached to it one number.

Geometrically, in terms of our number line, to say that a < b is to say that a isto

theleftof b ; & > a mcansthat b istotherightof a .
Properties of Addition and Multiplication

Addition and multiplication are primary operations on real numbers. Most, if not all, of the
basic properties of these operations are familiar to us from experience.

(a) Closure property of addition and multiplication.

Whenever two real numbers are added or multiplied, we obtain a real number as the
result. That is, performing the operations of addition and multiplication leaves us within
the real-number system.

(b) Commutative property of addition and multiplication.

The order in which two real numbers are added or multiplied does not affect the result
obtained. That is, if a and b are any two real numbers, then we have _(i) a+ b =

b + a and (ii) ab = ba . Such a property is called a commutative property. Thus, ad-

dition and multiplication of real numbers are commutative operations.
— 2 —



(c) Associative property of addition and multiplication.

Parentheses, brackets, and the like, we recall, are used in algebra to group together
whatever terms are within them. Thus 2+(3+4) means that 2 is to be added to the sum of 3
and 4 yiclding 2+7 = 9 whereas (2+3)+4 means the sum of 2 and 3 is to be added to 4 yicld-
ing also 9. Similarly, 2 « (3 « 4) yiclds 2 « (12) = 24 whereas (2 * 3) » 4 yields the same end
result by the route 6« 4 = 24, That such is the case in general is the content of the
associative property of addition and multiplication of real numbers.

(d) Distributive property of multiplication over addition.

We know that 2« (3+4) = 2+« 7 = 14and that2+-3+2 4 =14, thus2+ (34+4) = 2«
3+ 2+ 4. That such is the case in general for all real numbers is the content of the distribu-

tive property of multiplication over addition, more simply called the distributive property.

Substraction and Division

The numbers zero and one. The following are the basic properties of the numbers zero and
one:

(a) There is a unique real number, called zero and denoted by 0, with the property that

a +0 = 0+ a ,wherc a isany real number.

There is a unique real number, different from zero, called one and denoted by 1, with
the property that @ <1 =1+ g = a ,where a isany real number.

(b) If a is any real number, then there is a unique real number x , called the
additive inverse of a , or negative of a , with the property that a + x = x + a = 0.
If a is any nonzero real number, then there is a unique real number y , called the
multiplicative inverse of « , or reciprocal of a , with the property that ay = ya = 1.

The concept of the negative of a number should not be confused with the concept of a
negative number; they are not the same. “Negative of “ means “additive inverse of “. On the
other hand, a “negative number” is a number that is less than zero.

The multiplicative inverse of a is often represented by the symbol 1/a or a .
Note that since the product of any number y and 0 is 0, 0 cannot have a multiplicative in-
verse. Thus 1/ 0 does not exist.

-



Now substraction is defined in terms of addition in the following way.

If a and b are any two real numbers, then the difference a—b is defined by
a—b = ¢ where ¢ issuchthat b+ ¢ = a or ¢ = a +(— b ). That is, to
substract b from a meansto add the negative of 4 (additive inverscof b )to a .

Division is defined in terms of multiplication in the following way.

If a and b arc any real numbers, where & 550,then a + b isdefinedby a +
b= a +(1/ b)= a + b ' Thatis,todividle a by b meansto multiply a by
the multiplicative inverse (reciprocal) of & . The quotient a + b is also expressed by the

fraction symbol a / b .
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Notes

ro

. Our working expericnce with numbers has provided us all with some familiarity with the principles

that govern the real-number system.

TRA: WINMXMBO LR IELRERMNARN XRELBRNEENECH THRERE, X
B working {F "SR TAEM” #, govern £F “ A" %,
The plus sign, “+”, used here does not express the operation of addition, but is rather part of the
symbolism for the numbers themsclves.

BREA: REMERFG+ RAREIRMEEN, MRS NS REN—H5.

. A rcal number is said to be a rational number if it can be expressed as the ratio of two integers,

where denominator is not zero.

XA 2 X BEERBEN—FHER., THES —FEXBEERBHER:

A matrix is called a square matrix if the number of its rows equals the number of its columns.

X H s called 5 is said to be 7 LT, ¥ 3 is called J& T—ALA 0 to be T is said /5 —AXE /M.

. A real number that cannot be expressed as the ratio of two integers is said to be an irrational num-

ber.



5 3,18, X0 IR AR R,

5. There is a unique rcal number, called zero and denoted by 0, with the property that a +0 =

0+ a ,where a is any real number.
PR FAEME— I — SR, WEFHER 0, RABE a +0 =0+ a , XBEHP) a &
{E—328.
1) X called # denoted AL 4, 55097 MRS ALE, B4 number.
2) with the property J2TJ B iA4HIE, #Hi number.
3) BEEAAME 3. 4 where (R B, — ALY TR MBI F PR — X &I R g,

Exercise

I. Turn the following arithmetic expressions into English:
i) 3+(-2)=1 ii) 2+3(—4)=-10
i) V=125 = —5 iv) V9 =3
vV2/5-1/6=7/30

II. Fill in each blank the missing mathematical term to make the following sentences

complcte.
i) The of two real numbers of unlike signs is negative.
i) Aninteger n is called if n = 2m for someinteger m .
iii) A solution to thc equation x "= ¢ iscalled thc n th of ¢ .
iv) If x is a real number, then the of x is a nonnegative real num-

ber denoted by | x|and defined as follows
X if x 20
= 1=

- X if x <0

III. Translate the following exercises into Chincse :
i) If x isan arbitrary real number, prove that there is exactly one integer n such
that x < n < x+I1 .

ii) Prove that there is no rational number whose square is 2.
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Iv.

VI

iii) Given positive rcal numbers a,,a,,a;, ... such that a,< ca,., forall n > 2,
where ¢ is a fixed positive number, usc induction to prove that a,< c""a,,
forall n >1.

iv) Dectermine all positive integers 7 for which 2°< n !

Translate the followir passage into Chinese:

There are many ways to introduce the real number system. .One popular
method is to begin with the positive integers 1,2,3,... and use them as building
blocks to construct a more comprehensive system having the properties desired.
Briefly, the idea of this method is to take the positive integers as undefined con-
cepts, statec some axioms concerning them, and then use the positive integers to
build a larger system consisting of the positive rational numbers. The positive ra-
tional numbers, in turn, may then be used as basis for constructing the positive
irrational numbers. The final step is the introduction of the negative numbers and
zero. The most difficult part of the whole process is the transition from the ration-

al numbers to the irrational numbers.

Translate the following thcorems into English:

1. 8 A: G ALEEE——NER TR,

2. EHEB: #F x >0, y BREFE LY NFEA-ERE n 1% x>y .

1. Try to show the structure of the sct of real numbers graphically.

2. List and state the laws that operations of addition and multiplication of real

numbers obey.



LESSON TWO
Basic Concepts of the Theory of Sets ,

In discussing any branch of mathematics, be it analysis, algebra, or geometry, it is helpful to
use the notation and terminology of set theory. This subject, which was developed by Boole
and Cantor in the latter part of the 19th century, has had a profound influence on the de-
velopment of mathematics in the 20th century. It has unified many seemingly disconnected
ideas and has helped to reduce many mathematical concepts to their logical foundations in
an elegant and systematic way.A thorough treatment of the theory of sets would require a
lengthy discussion which we regard as outside the scope of this book. Fortunately, the basic
noticns are few in number, and it is possible to develop a working knowledge of the meth-
ods and ideas of set theory through an informal discussion. Actually, we shall discuss not so
much a new theory as aﬁ agreement about the precise terminology that we wish to apply to
more or less familiar ideas.

In mathematics, the word “set” is used to represent a collection of objects viewed as a
single entity. The collections called to mind by such nouns as “flock”, “tribe”, “crowd”,
“team”, are all examples of sets. The individual objects in the collection are called elements
or members of the set, and they are said to belong to or to be contained in the set. The set in
turn, is said to contain or be composed of its clements.

We shall be interested primarily in sets of mathematical objects: sets of numbers, sets
of curves, sets of geometric figures, and so on. In many applications it is convenient to deal
with sets in which nothing special is assumed about the nature of the individual objects in
the collection.These are called abstract sets. Abstract set theory has been developed to deal
with such collections of arbitrary objects, and from this generality the theory derives its
power.

NOTATIONS. Sets usually are denoted by capital letters: 4, B, C,., X,
Y ', Z ; elements are designated by lower—case letters: a, b, ¢ ,..., x, y,z . We use the
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special notation
x €S
to mean that “ .x is an elementof S “ or ” x belongsto S ”.If x does not belong to
S, we write x ¢ S . When convenient, we shall designate sets by displaying the ele-
ments in braces; for example, the set of positive even integers less than 10 is denoted by the
symbol {2,4,6,8} whereas the set of all positive even integers is displayed as {2,4,6,°-} , the
dots taking the place of “and so on”.

The first basic concept that relates one set to another is equality of sets:

DEFINITION OF SET EQUALITY Two sets A and B are said to be equal (or
identical) if they consist of exactly the same elements, in which case we write 4 = B . If
one of the sets contains an element not in the other, we say the sets are unequal and we
write 4 = B .

SUBSETS. From a given set S we may form new sets, called subsets of § . For ex-
ample, the set consisting of those positive integers less than 10 which are divisible by 4 (the
set {4,8} ) is a subset of the set of all even integers less than 10. In general, we have the fol-
lowing definition.

DEFINITION OF A SUBSET. A set A is said to be a subset of a set B , and we
write

A< B
whenever every element of A also belongs to B.'. We also say that A is contained in
B or B contains A . The relation is referred to as set inclusion.

The statement 4 < B does not rule out the possibility that B = A4 . In fact,we
may have both 4 € B and B < A , but this happens only if 4 and B have the
same elements. In otherwords, 4 = B ifandonlyif 4 < Band B < 4 .

This theorem is an immediate consequence of the foregoing definitions of equality and
inclusion. If 4 € B but 4 5= B ,then we say that A is a proper subset of B ; we
indicate this by writing 4 < B .

In all our applications of set theory, we have a fixed set S given in advance, and we
are concerned only with subsets of this given sct. The underlying set S may vary from one
application to another; it will be referred to as the universal set of each particular discourse.
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