S A8 PR > 8 R

(1 |

(11—

FAERE HAR$L

(Il

([l

(1



S A R BT ) IR %

HhEhHhk VAEE £2RE BAL %

FHEXFEHMRM
i =



nEE T

LR RPEN A EES L, EAEREFHE S DEE T ZEZ A,

ABFRMBETHEHER EFEREWCEERLR)I P WG T EME I, RHER P L. €
AT B R EA R Bl xS, A B F U E A EAE OB X ITIR.

St FES, ZB{A 1 E 2B EEHAE. L —HER, 4% ITIFRE, FRUE. S8R
W ISUET R s 2. AR EUREE, SR HI SR 3. R RN, IERIXY AT REN SET SRR D M R LR E
AE MR BB 35 4. TR — R B W R — R R R, B A TR G 7 1 B 2 At 2 S BT
BB BB TR; 5. WA LBIE VIS SR EmEETRE, U EERMSTE, KEBRE IR, ¥
MBFF L2l — K.

ARG A R B R KA B U B M AR MO R G A T s AR Y
AHBAB. A EREIT LT REEFTENEFRTE - RN EESES.

B E, B HR, SMNEHBIE: 010-62782989 13701121933

B EER%E CIP) ¥R

SR R ST FBRE /R AR R . LT R R A, 2011, 8
ISBN 978-7-302-25099-9

I. @5z 1I. ©%- . OLTEB—SHFFK—IJEE N. ©OO0174.1-44
b B R A B 545 CIP $iE = (201 1) 55 047576 5

HEERE: X H

HERKXY: TR=A

B[N . il ¥

HARE 1T HHRRF M i i EEEEREENRE AR
http: / www. tup. com. cn HB # . 100084
it B Hl: 010-62770175 i WM. 010-62786544

WESiEERE: 01062776969, c-service@ tup. tsinghua. edu. en
B B & f#f: 010-62772015,zhiliang@tup. tsinghua. edu. cn

% &t ESmp

%= . 2EFEBE

FF & 185X230 EI 3.31 F ¥.673TF

& W 2011 58 A% 1R En W 2011 4F 8 A1 KEpHI
2] . 1~4000

= #: 46.00 30

7 RS 033497-01



HiE =

LARPRBEFRFEFAENN - TRAERZNEMR, W EHEREHERN—TER
R EZOHERMELMASELY. CRERITEENLEMR 2 FFEREHRH
REEFAR RS IS AR AL AR B SE AR SR BRI G S R R . A
FEON T H AR S XE AR A R E B T B M s RO T B YRR SR bR Y 4R R T RE
B EA G OB XTR. PEMFERREFRER 977 BT - RAFZNEBRH
FR, KRB IR RS R I 42 R B E R,

AFx N FEBI) 4 B BEITLBE ETER ST B R, Hrhid a5 — s p
MGG, R E B T AR E, N T SREM AR B A THEM Y NEFES. 2 BN ER
R 1 — S, fEE T IT BB, T MR E. &S AURTEMW . IBIE~%; 2. HHR
REE B, R OCHE; 3. MEEIMEN, BRSNS TIRE IR, THER GRS
MR 4 BRI BUELHN— B EBRIRR, AR THRRGE T F 4B %I PR
RETHISESR: 5. A BRI SR SRR & SRR, M, KERERH
TSR R E EE MR LRI A REK.

AREFTAR, — %L THF RN ALSES: WA =/ 1. SAHE
SCEBMAK; 2. SARYM n BRmarB ] HEHWE; 3. MARIERE. B—FH, &
P — AR, RER A RA. AR, RO BT, AR5 BB RRRIE%
T Z AT R RE SC(BRAE) R A R A B B AT B IE A T ik it B8 Bk » T 4 B 0 52 ~J R I B I3
BB Z R SE SRR B B R B AT & R IR . SR8 R R BB E A . w0 E R
—FPIE R, B — e . $ FEOEA ThRR 1 REBN O BE R R B A S ME A LR AR DB B L
RILABMA—ERFHE. BAXRABAEER LM ERBHMNFEERBARR. 85
Fralom e AT R SE AR, HEI R 2 BB R LHEXBTW BN R . AR TREXNE HE
S, R BL T SR B RIS PR BE . X RR R BT I 80 U ik P 45 SR BT A IR R

FEREA BRI REF L BE T B EB2E SR K F R0 28007 A0 B0 A7 #8 19 0080 Ak
1 3RE. VEE L BT R AN R B B

7 B A BRSBTS R AR OB -, e S A 5 B AR R R T SVIE R B F
Zaed:p -/

hhA HAaR
2T F BHAAR



)_l._l’_l.__l’_lp_l

ESEH £A0NB g%
A RHMER

EE5HEGEE AL E - . . - 13
- 93
. 30
. 62

A F AR AT E M . Cantor BiBI =4r8 .Cantor BREL «o--evrererreeen

A I o B Ao BB 5
R ) I—TIT K W& .G, & .F, % .Borel £ -
Baire jE B R A -

gg,@ T

$2HE

2.1
2.2
2.3
2.5

TR BT EE ST BE S BE B GE G - vev v eeeorrnneeeensnneeesniiescessnn e e erene e

Lebesgue Wl' E Lebesgue—Stieltjes TR -oeeeenne

52@2

$£3=

wwwwwwww
N 3 W DD

.8

GRS NG RTE O

) 52 2% [8] 7T b8 R i K PE L Lebesgue AT R BS54 -

ﬂﬁ‘ﬁl\s

BERE AT LR Vitai HEEH coerrerrneees
HHAS 5 B4  Fubini EF#

5383 -

64

<« 69

96

96
102

149

- 150

171

- 171
- 183
. e en e s 900
T4 W e 3 (Lebesgue IHIUN S E P . Levi 3| .Fatou B[ HH) «vvoveverrenn
Lebesgue A F1 oK 5 5 3% 42 5 1 . Lebesgue B4+ 5 Riemann B4 «ovovevervennn

227
241

~ee 267
25 LR R 43T () RIS Newton-Leibniz A3 --oveeeerenenen

294

-+ 330



F4E HY=ZELPp=D

4.1 LPES[A] wreeeeverrrennn
4.2 GEES[H] wovvrrrernnnrerererntieetie e e e s st re e s e ees e tat eee et tanaen ae

%k T M

- 413

- 413

430
440

- 490



FH1w BEeH BENE BE

L1 BEEBHERIER

EELLIL

(1) Z#e. AUB=BUA,ANB=BNA.

(2) gim:. AUBUO=AUBUC,ANBNO=ANBNC.

(3) 4R ANBUO=UNBUWBNMNO,AUBNCO=(AUB NAUC
A

(UB.)= UWANBD, AU ([B.)= [)AUB.
a«aE a€El e I’ a€ "
40 W, &% A,BCTX, B A
AUAE=X9 AnAC=Q9 (Ac)czA’ XE:Q7 QCZX’

A—B=ANB, ADBSACB, AN B=J9ACB.

EM1.1.2 (de Morgan A=)
Xx—JA. = N&x—-4), X—NA. = JEX~AD.
a€l’ a€l’ a€l a€l
R ACX(VeED, X HEZE, L RBREN
(Ua) = NAs. (NA) = YA
a€E aEll a€& " ac
EIE1.1.3 HAAB=(A—BUB-ARNRESASBHNHREE,N.
(1) AUB=(ANB)UAAB).
(2) AAQ:A,AAA:g9AAAc=X9AAX:A[.
(3) ¥, AAB=BAA.
(4) g8, (AAB)AC=AA(BAO).
(5) G RE:RESECHE
AN (BAC) = (AN B)AA N O.

(6) A°AB*=AAB.
(M *VA,B, 3, (FFfEM—)E,s. t. EAA=B.



2 EF R T HA

11mA,€—11msupA,e xl 3 XFETE, s t. € A

k—++too k—too
={z| W Vne& N,Ik>=n, s.t. z€ A}
HEAFI{ADK ERMEGE ERE).
v
lim A, = lim inf 4iwA, ={z | RELERA k,s.t. z €& A,)

koo
:{I|3ﬂ0€N9§k>noB¢’ IGA/z}
HEET{ANK TRRE (G TRE).
BR

ﬂ A, C hmA,e - llmAk CU A,.

f~Tfoo

mR hm 1 A= lim Ay, IIAREFI{AD BRIR , BRI 1T HARBR K

b= Foo

lim A, (= hmAk = lim A,).

koo ot

EE1.1.4 (B E8HERE . TERBEARER N,
(1) Tim A, = ﬂ UAk | @ limA,=U NA,.

n=1 k=n e n=1 k=n
EE LS A AR GRS, R
A] (@ Az [@GEEE CA/Z [ A[z+1 (@ "'(Al DAZ D IS Ak D) Ak+1 ) "'),
il

kEE;Ak = U Ak(m Ak).

EHI1.1.6 (1) X— lim A, = lim (X—A,). (2) X— lim A, = lim (X— A,

> too B> Foo Etoo koefoo

BY 1LY XY RESES. S XY, o8y = fo) N CA)Bst.

MRV yEY, Jz€ X,s. t.y= (), M £ Rl (MO H, WM X B Y £ AR S (FRIFR
EEBRED.

MR f(x)=f(x)) bF 2=z, (&, 2, Fx; F fla))FESf(x)), MER g G,

ISR f BRI S0 3G, WIFR B ST Bk — — MRS, e, £ R e S ——
Bst, B

F(y) = zoy = f().

BACX, K fLA) ={f(x) |z€EAICY A & f THRBEFOEX). BR, (XN
fHESE.

B BCY. K F (B ={xE€EX|f()EBICX HBETF f E/KR. BR,f (Y)=X.



F1% %462 £4608% 5%

Bk, f R EGEE, f 2 X— (X0 N —— B
BELL7 & XY RS N.

W F(JA) = U ran.

a€T a€l’

@ f(NA)C AR F([NADD [)FAD Rdb L.

a€l’ ac ' a€ " a€ll

(3) # B, C B;, Ul (B C f'(B).
@ A (UBe)= Jr " Bp.

BEA BEA
(5) fF1(BY = (f B
BN 112 WBRY=R,UHK f: X>Y=R AXHEH.
# ACX, RATIR
Xat X— R,

zw—Xalz) i‘ei{l, e
0, z€e X—AEKzx ¢ A

HNEXEX FHMAXTENTRA NBERY. 2R

x € AsXa(x) = 1.
EE1.1.8
(1) A=BSXa=1Xs; AF#BSXAZXs;
AAB={z|Xa(z)#Xs(x)}.
(2) ACBSIa()<Xs(z), Yz€X.
(3) Xaus(x)=Xa(x)+Xa(x)—Xans(x).
(4) Xans(z)=Xa(x) * X8 (x).
(5) Xa-—s(x)=Xa(x)[1—Xs(x)].
(6) Xasa (2)= | xa(x) — Az (x) |-
(1] E®: de Morgan A FHEE 1 K
X— UJA. = [ X —AD.
T ser
iR BN
z€ X— |JA.oxe X,z ¢ | JA.

a€l e’
;}IGX,V(ZEFLZ&A“
@VQEFLTEX_A“

ore [ (X—AD,

a€l



4 EX BHITHMMHR

B LA
X— JA. = X —AD. 0
aEI“ a€El
[2) i&A,(azl,Z,"')ﬂﬂ“‘Eﬁu.
oY) /T‘{\Bl :Al an :An—U Ai(n>2).ﬁffﬁ: Bn(n: 1,2,-+2) j&l—‘/l\?&ltbm*ﬁfﬁg
i=1

%751, H

(2) MR A, (n=1,2,-) BB A, DA, DDA, D) &5, iEH .
AA=WU A UA —-AD U ~UWU —-A DU U (_ﬂ A,
H B HH K E R,

i—1 n n
EW Dkl 84.8-A—) A ca.s UscUal
i=1 = =
lﬂa%reLL&ﬁheAHerAw=&cjj&;@:em¢=1mwum
i=1 i=1

x eAm—H’mux eAm-l—l_O Ai =Bm+1 CL"J Bi..“:t? LnJ A‘CL"J Bi.
i=1 i=1 i=1 i=1

Z bR
' A,=U B,’.

1

—_

i—1

S0, B =A—| ) A caa UB,

i=1 i

N

Ai'

1

oo

j=1

ELZ,?%x € U An@x < Anﬁl'lx €A =8 CU B;; @I é Ayi=1,2,",m,
i=1 i=1

m

€ Apr Wz € Apys —J Ai = Bon C ) B B, |J A B.
i=1 1 i

i=1

graz

A :O B..

1 i=1

s

EE 2 (AR Y n=1/,H

LlJAi=A1=BI=U B..
i=1



F1F Keaf fend R 5

=1

B n =k, H U A,.=L_J B
LJB——BH1U(LJB)—(AH1 LyA)U(LJA)—LJA
B X Y n€ N, UA Us..

HiE U = B. % L.

A | ] A :U D O
ﬁiUACUB CER UB Ua. e B =4 - (JA CARBLER. FR
DA _[jB
(2) Eiyf] Al _Az CA] vAz A3 A ""9An_AwH CAn CAn-l C e CA] ]

[ A C AsL BT
i=1

A —AD UA, —AD U - UWA A U U (ﬁ Ai)CAl-
}iZAXd‘VxEA]vﬁWiﬂy%%.

®x€ﬁAi;
i=1

@ x % ﬂ A,-,mul' & A,‘o ’EI e A,’,i: 1’2!"'9i0_17mu1 6 Aiofl ‘Aiova:%
=1

r € (A —AD U (A — A U o U (A,._AWH) U e U (ﬂ A;)’
ACA—A) U A —AD U~ U @A —A0 U U () A)

LA LRBR
A= (A —A) U A —A) U U@, ~A0 U= U ([)]A). u!

(3] &(A)FI(B,} (n=1,2,) K EF.
(1) JEH U (A,NB) C (U AN (U B.).

(2) 241 U(A N B.) D UA UB
(3) (AL BB, ) (nm,2, ) £ M 0 50 TE



6 FE R KM

U@ ns)=(Ja)n(y:s
n=1 . n=1 n=1
iE B3
(O BHXH A, ﬂB"CA"CD ALA N B,ch,,cO B,
i=1 i=1

U @ nsrc(Uain(Us)=(Yain (U s)
2 & A,={n}neN; B =Z,B,={n—1},n=2,3,. M
LJM,HB)—UQ§ FDODN=NNN=( DA
3 (D

=

U @ nBoc (U Aa)n (U B).

B—FE.N V€ (L_J AN (L_J B,),Bl z € U A BHzxe€ L_J B, M%H z €

A"l » T 6 an ’Z_\-krj‘& ny <n2- la{An l n E N} j‘jﬁtgﬁﬁu’&
€ A, CTA,,

FE
xeAnZ ﬂan CU (An an)’

n=1

(U a)n (U B)cl 4. nBo.

g4 tR.H

8

U(A N B, = U n (Y B.). 0
ne n=1
[4] % A,B, Ejbé%X AR .
B=(EN A N (E U A)eB =E.
iR IER 1
= (ENAF N (E U A) =22 (B (J A9 N (E° U A)
—EUMUNA =EUJZ=E
©B = E.
ik 2
B=(EN A N (E U A
B = ((EN AN (E U A
de Morgan/A & (EN A) U (B U A
deMorgan’A\i(EnA) U (EN A9
—ENAUAY=ENX=E.




F1¥ Keaf Fewuj kR 7

HE¥ 3
B=(E A* N (E° U A) = (E° U A) N (E° U A)
= (ENE) U AU NE)U U NAUENA
—EU@AUE U UENA
—EU@AUE=(ENMAUEB) =E
B =E.

(51 iiAZH=(0,%),Au:(o,k),k:l,z,---,ﬂk lim A, 1 lim A,.

n—> oo >t oo

M @Anz{xi AEFA nss. t. €A, }=(0,+o0).
lim A, = {z| REHBD n,s.t. 2@ A, ) = 0.

n>Foo

k2 REFHELL1L4,.F

lim A, =) OA,, =ﬁ (0, +00) = (0, +00).

a
El

(6] & f(x)RE FW— LR, c HIEMIEH,
E(f>0)={z€E| fx)>c}, E(f<ad={x€E| fla)<c}

% U

(1) E(Gf > UE(f<c)=E.

(2) E(fZa)=E(f>c)UE(f=0).

() Y c<dW,E(f>)NE(f<d) =E(c<f<d).

() Y =0, E(f>0)=E(f>/) UE(f<—/o).

(5) % f=g i, E(f>c)DE(g>0¢).

(6) E(f =0 =|J ECc< f<c+n.
n=1

1

(D E(f<o :"LJI E(f<c—).

iiE BR

(1) E(f >0 UE(f<a)={x€E] f(x)>c} U{z€E| f(x)<c)}
={z€E| f(x)>c B f(x)<c}=E.

(2) E(f>0)UE(f=o)={x€E| f(x)>c} U{xz€E| f(zx)=c}
={x€E|f()>cW f(x)=c}={xEE| f(x)=c}=E(f=0c).

(3) E(f>)NE(f<<d)={z€E| fx)>c} N{z€E| f(x)<d}
={z€E|f(x)>c A f()<d}={z€E| c<f(x)<d)
=FE(c<f<d).



8 EE BT HEHL

(1) Ef>NOUE(f<—Ve)={2€E| flx)>Jc} Uz EE| flx)<—c}

={2z€E| f() > B f(2)<—/c} ={z€E| fL(z)>c}
=E(f*>o0).
(5 z€E(gosx€E,H g(@)>c=>z€EB f()=2g(x)>c@x € E(f>0).
EMF
E(f>c¢) DE(g>o.
(6) B E(c<f<c+n)CTE(f=c),#

UEC<f<c+m CE(f=0.
n=1

B—FH,FVCE(f=), B f(x)=c. WhH T KB n ENLHEE o< f(2)<<c+
Mo s x€E E(c< f<ctn). TR

1€ E(c< f<ctn)C|JECKf<ctn.
n=1
X BL5 2

E(fzocC|] ECc< f<c+n.
n=1

E(fzo =) Ec<r<c+mn.
n=1
(7 HH f(.r)<c~—7ll—=>f(.r)<c——%<c,ﬁ5[

E(fgc—i)cE<f<c>,

n

QE(féc—%)cE(f<c).

F—FH, N VYEE(f<c), M z€E H f(x)<lc. MMEH n, EN,s. t. f(a:)<6*;11“- Bp

IEE(Kc—l).mﬁ

N

seJE(f=e—L). By<ocUE(r<-1)

Ef<o = E(f<c—). 0
(71 #{f.})(»n=1,2,-)RE FREREI, HRXT n LK, W
o< fito<-<filo<fm@<L -, VYx€E,

I lim £, ()= f(2). Y . SHEREH e



F1F REEX F6UY KX -9

(1) E(f>c)= UE(f >0 = lim ECf,>0).

n—+oo

(2) E(f <o) = OIE(f,.<c)= lim E(f,<0).
iiE A
(L%l #xe€ E(f>o,0 ng,.(x) = flx) >c. FRE,ANE Nys. t. Y4, >N

A fr (2) > e Wiz € ECf,, >0 C | E(f, > 0L,E(f >0 c | E(f, > 0.
Rz z e ) EG >0, 3An, € Nys.t.x € E(f,) > . BT fo £F n A,

B f@ = lim £,(2) > £, (@ >z € B> 0 M | B, >0 CEF> 0.
B bR H

EG>o =] B> o,
WX f. B E(f,>)CE(f,+ >0, i

hmE(f >c)—U E(f, > o).

n—+-4oo

IEHE 2 WROARERHEO RNEISIERS, DllJ

(2)

E(f>0=E—E(f<)LE—() E(f, <o) it U E-E¢ <o
n=1 n=1

= O E(f, > o).
n=1

(2) &1 B fo RTF n BEELH S (0= lim f. (D=1 (2, AT
E(f<C)CE(f,.<C), n=1,2,,

E(f<c)CﬂE(f,,<c)
H— ﬁﬁﬁu%xeﬂE<f<c>mu16E<f )y ¥n€ NBP () <c,¥n€

N.FR, f(@) = lim f.() <coz € EF <0, [ EF <O CESf<o.
n=1

n—>+too

ZEeLrR.A

E(f<o —ﬂ E(f. <
BT f. XFn HiEH, ﬁiE(fﬂ<c)9&$n$ﬁvﬁ MG

lim E(f, <o) = ﬂ E(f, <o
n=1

oo



10 %K &S T MM L

HEEE 2 MRDAREF MA@ BERIER, N

E(f<=E—E(f>)LE—|] E(f, > ¢) Llamiz () E—Ef >
n=1 n=

— N B¢ <o 0
(81 8(7,(0)) 1,200 W52 AER" b9 B HCP B 5 B
{x ER | fi(x) > %} ihj = 1,2,
RRREER lim £,(x)>0).

i {xeR"liEf,»(x)>O}=D{xGR"lﬁE?ﬁ S i 8 fi(x) > %}
:UVE{ R fi ()=~ }
=1 too
MUDU{xGR"If(x)> } O
=1 N=1i=N

[91 & f: X—>Y,ACX,BCY.ikm T H &5 HiiHAERH.
(D) FUY=B)=f£"(Y)—f "(B).
(2) FIX—A)=f(X)—f(A).
@ (D' Y—B=f)—f " (B)H.
M1l z€f Y—B)Sf(x)EY—B
‘ Sf(DEY, f(z)@B
€ W)=X,2¢ f (B
Sz€ FUY)—FUB).
M2 T Y—B)={2€X|f(x)EY—B}=X—{z€X| f(z) EB}
=X—fU(B)=F1(Y)—f (B,
ME3 FIOY—B=f'"(YOB)=f"WNfBI= NS B
=fY)—F(B).
(2) FIX—A)=f(X)— fFLARBBI. RE f(X)— fLACFHIX—A).
HEL L,y F(X)— FLAYSYE F(X),y& F(A)
>JrzEXHxgA,s. t. y= f(x)
e JxeX—A,s. t.y=f(2)
Sy€ f(X—A).
Hl, F(X)— FLACTF(X—A).
BE, FOO—FLADFX—A). W, FIX—A) £ F(X)— f(A).
RE: X AETFTHANESG A={a)CX, f: XY FEMEBRS, [()=y €Y,



1% H46EH L6088 . £X 11

VzE€X. TE
FXD) — fCA) =y} — {3} = B DAy} = f(X—A). 0
[10] & X AEEHES ACX MW (ONES ANKESRE. A B,AA, #HH X B
FAEEH

(D A=XeX(n=1; A=gsxa(x)=0.

(2) ACBSXa(2)<Xs(2), V€ X;
A=BeXa()=Xs(x), Y xE€ X.

3 XUA (x)=maxXa (x); XnA (x)=min Xa, (2.

2€l a€El

T4 &A,.(n—l 2,0 H— %ﬁu LU
lim A, 4 © lim Xa, (x) FFHE.

n—wtoo nst 00

i H 4 RAER . A
X im o () = lim Xa (2.

w40 n—>too

E () B ERBE L. EEEERE.
1, z€A \{1, x€B

0, zEX—A |0, z€X—B
SXalx)=1F Xe(x)=1
Sx€A WH € B&ACB.
ACB@{XA(I)<XB(I)
BCA | xs(2)<¥a (2
D UHEL Xya @ =10z¢€ [JA5Tw eMst.z € A,

a€l

& Ja, &Iss. t. XA (x)=15SmaxXa, (x)=1,
aEr
HA X U, (x)'—?mearxXAn (BN 18R 0 H

XUA (z) = maxXa (x).
a€l

(2 XA(I):{ =Xs(x)

A=B<=>{ SXalx)=Xp(x).

RN
Xus () =00z ¢ |JA,©Va €Dz g A,

e’

SVa € I'iXa (x) =05 maxXa (x) =0

a€ T

T T
de MorganZy &

Xna (@x)=1—Xcnay(x)
o€l a€l

(DFHIA

1—Xya ()
e€l

1 —maxXa (x) = 1—max(1 —Xa (1))
a€l a€l’ .

=1—(1—minXa (x))= minXa (z).
€T “ a€l



