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This Book is Dedicated

To Marsha



The importance of money essentially flows from it
being a link between the present and the future.

John Maynard Keynes

Money and currency are very strange things.
They keep on going up and down and no one knows why,
If you want to win, you lose, however hard you try.

Gilles It Muisis



Preface

‘This book is devoted to some mathematical problems encountered by the au-
thor in his capacity as a mathematician turned financial engineer at Bankers
Trust and Deutsche Bank. The exposition is restricted mainly to problems
occurring in the foreign exchange (forex) context not only due to the fact that
it is the author’s current area of responsibility but also because mathematical
methods of financial engineering can be described more vividly when the expo-
sition is centered on a single topic. Studying forex is interesting and important
because it is the grease on the wheels of the world economy. Besides, while
the meaning of some financial instruments is difficult to comprehend without
prior experience, everyone who has ever travelled abroad has had to exchange
currencies thus acquiring direct experience of such concepts as spot forex rate,
bid-ask spread, transaction costs (in the form of commissions), etc. At the
same time, the reader who acquires working knowledge of the material pre-
sented in this book should be able to handle efficiently most of the problems
occurring in equity markets and some of the problems relevant for fixed income
markets.

If one were to choose just one word in order to characterize financial mar-
kets, that word would be uncertainty since it is their dominant feature. Some
investors consider uncertainty a blessing, while others think it a curse, yet
both groups participate in the intricate inner workings of the markets. The
fact that foreign exchange rates (relative prices of different currencies), as well
as prices of bonds (government or corporate obligations to repay debts) and
stocks (claims on future cash flows generated by companies) are random and
financial investments are risky was realized long ago and has been a source
of fascination for economists, mathematicians, speculators, philosophers, and
moralists, not to mention laymen.

Due to the random nature of financial markets, trying to predict future
prices of individual financial instruments makes little sense. However, one
can introduce so-called derivative instruments (the name indicates that their

ix



X Preface

prices are derived from the prices of some underlying financial instruments,
namely, currencies, bonds, stocks, credits, etc.), which can be used in order
to cope with financial risks and uncertainties. Alternatively, one can develop
optimal investment strategies in the presence of uncertainty which are based
on diversification and creation of portfolios of different instruments which are
less risky than individual instruments. In the present book we show how to
value derivatives and construct optimal portfolios in the forex context by using
modern mathematical methods.

This book is devoted to various problems which financial engineers face
in the market place and gives a detailed account of mathematical methods
necessary for their solution. Even though the exposition is presented from
a financial engineer’s prospective, the author tried his best to expose all the
necessary details. At the same time, mathematical rigor as such was not high
on the author’s priority list. In particular, most of the results are not formu-
lated as theorems and lemmas since this traditional format is not adequate
for the purposes of the present exposition. We start with a brief survey of
relevant mathematical concepts. After that we present an in-depth discussion
of discrete-time models of forex. We distinguish between single-period and
multi-period models. In both cases the corresponding models are too stylized
to be of practical importance but they do allow the reader to understand some
of the issues which occur in more complicated situations. For this reason, and
because of their aesthetic appeal, these models deserve a careful study. We
analyze conditions which guarantee that a particular model is financially rea-
sonable and show how to price derivatives and solve the optimal investment
problem for such models. Once discrete-times models are mastered, we switch
our attention to more practically useful continuous-time models. We describe
in detail a variety of models, starting with the standard Black-Scholes model
and ending with rather involved stochastic volatility models with a special em-
phasis on practical aspects. We then show how to price derivatives and solve
the optimal investment problem in the continuous setting.

Recently, several very good (and some not so good) books dealing with
various aspects of financial engineering were published. The author hopes that
the present book can complement the existing literature on the subject and
will be useful to the reader in more than one way. In fact, when deciding
whether to write this book, he followed the advice of Franz Kafka who once
said “Such books as make us happy, we could, if need be, write ourselves”.

In the process of writing this book the author enjoyed help, advice, and
support of various individuals. First and foremost, he is grateful to his wife
Marsha, father Yefim, mother Eugenia, and daughter Rachel. Next, he is also
deeply grateful and much indebted to his fellow quants, especially to Christo-



Preface xi
pher Berry, Stewart Inglis, and William McGhee, as well as to Peter Carr, Brian
Davidson, Vladimir Finkelstein, Ken Garbade, Arvind Hariharan, Tom Hyer,
Andrew Jacobs, Bin Li, Dmitry Pugachevsky, Eric Reiner, and Paul Romanelli.
Last but not least, he greatly benefited from the interactions with a group of
outstanding managers and traders including Hal Herron, Dan Almeida, Jim
Turley, Kevin Rodgers, Matt Desselberger, Perry Parker, and Andrew Baxter.

Reasonable efforts were made to publish reliable information. However, in
a book like this one typing and other errors are unavoidable. The author and
the publisher do not assume any responsibility or liability for the validity of
the information presented in this book and for the consequences of its use or
misuse. The book represents only the personal views of the author and does
not necessarily reflect the views of Deutsche Bank, its subsidiaries or affiliates.

Finally, a few words about the epigraphs. J. M. Keynes needs no introduc-
tion. The Abbot Gilles li Muisis of Tournai lived in the fourteenth century.
His wonderful verse is quoted by P. S. Lewis in “Later Medieval France” and
by B. W. Tuchman in “A Distant Mirror”.

Alexander Lipton
New York and London
March 2001.



Contents

Preface

I Introduction

1

Foreign exchange markets

1.1
1.2
1.3
14
1.5
1.6

Introduction . . . . . . . - ...
Historical background . . . . .. ... ... ...........
Forex asanassetclass . . . ... ... ... ... ........
Spot forex . . . . . v e e e
Derivatives: forwards, futures, calls, puts, and all that . . . . .
References and furtherreading . . . . . ... ... ... ....

II Mathematical preliminaries

2

Elements of probability theory

2.1
2.2
2.3
2.4
2.5

Introduction . . . . . . . . .. .. .
Probability spaces . . . . . . . ... ... o L
Random variables. . . . . .. . ... ... ... ...
Convergence of random variables and limit theorems . . . . . .
References and furtherreading . . . . . . ... .. ... ....

Discrete-time stochastic engines

3.1
3.2
3.3
3.4

Introduction . . . . . . . . . . e
Timeseries . . . . . . . . . . o . L
Binomial stochastic engines for single- and multi-period markets
Multinomial stochasticengines . . . . . . ... ... ... ..

xiii

19

21
21
22
26
38
42

43
43
44
46



3.5 References and further reading . . . .. ... ... .. ..

4 Continuous-time stochastic engines
4.1 Introduction. . ... .. .. ... ... ... ...,
4.2 Stochasticprocesses . . .. .. .. ... ... .......
4.3 Markovprocesses . . . .. ... ... e
44 Diffusions . . . . . . . ...
4.5 Wiener processes . - . . . . v« ot et e et e
4.6 Poisson processes . . . . . . .. ...t e e o
47 SDEand Mappings . . . . . . . . ...« ... ... ...
48 Linear SDEs. . . . . . .. . ... .o
4.9 SDEs for jump-diffusions . . . . .. .. .. ...
4.10 Analytical solutionof PDEs . . . . . . . ... ... ....
4.10.1 Introduction . ... .. ... ... ...,
4.10.2 The reductionmethod . . . . . .. ... ... ...
4.10.3 The Laplace transform method . . . . . ... ...
4.10.4 The eigenfunction expansion method . . . . . . . .
4.11 Numerical solutionof PDEs . . . . ... ... ... ... ..
4.11.1 Introduction . .. ... ... . ... ... .....
4.11.2 Explicit, implicit, and Crank—Nicolson schemes for

solving one-dimensional problems . . . .. ... ...

4.11.3 ADI scheme for solving two-dimensional problems
4.12 Numerical solutionof SDEs . . . . .. .. .. .......
4.12.1 Introduction . . ... ... .. ... ... ... ..
4.12.2 Formulation of the problem . . . . ... ... ...
4.12.3 The Euler-Maruyama scheme . . . . . ... .. ..
4.12.4 The Milstein scheme . . . . . . ... ... .....
4.13 References and further reading . . . . . ... ... .. ..

IITI Discrete-time models

5 Single-period markets
5.1 Introduction. . ... ... ... ...............
5.2 Binomial markets with nonrisky investments. . . . . . . .
5.3 Binomial markets without nonrisky investments . . . . . .
5.4 General single-period markets . . . . . ... ... ... ..
5.5 Economic constraints . . . . .. .. ... ... ...
5.6 Pricing of contingent claims . . . ... ... .. ......
5.7 Elementary portfoliotheory . . .. .. .. ... ... ...

Contents



Contents xv

5.8 The optimal investment problem . .. ... ... ... .. ... 166
5.9 Elements of equilibrium theory . . . ... .. ... ... ... 168
5.10 References and further reading . . . .. . ... ... ... ... 169

6 Multi-period markets 171
6.1 Imtroduction. ... .. ... .. .. ... ... . . ..o, 171
6.2 Stationary binomial markets . . . . . . .. ... ... ... ... 172
6.3 Non-stationary binomial markets . . . . ... ... ....... 194
6.3.1 Imtroduction ... .. .. ................. 194

6.3.2 The nonrecombining case . .. .. ............ 195

6.3.3 The recombiningcase .. .. ... ............ 197

6.4 General multi-period markets . . . .. .. .. .......... 202
6.5 Contingent claims and their valuation and hedging . . . . . . . 207
6.6 Portfoliotheory . . . . . . . . . .. .. .. ... . 208
6.7 The optimal investment problem . . . .. ... ... ...... 210
6.8 References and furtherreading . . . ... ... ... ...... 212
IV  Continuous-time models 213
7 Stochastic dynamics of forex 215
7.1 Introduction. .. .. ... .. ... ... ... ..., 215
7.2 Two-country markets with deterministic investments . . . . . . 216
7.3 Two-country markets without deterministic investments . . . . 223
7.4 Multi-country markets . . . . ... .. .. ... .. ... ... 227
7.5 The nonlinear diffusionmode? . . . . . .. .. ... ... ... . 230
7.6 The jump diffusionmodel . . .. .. ... ... ......... 232
7.7 The stochastic volatility model . . . ... ... ......... 233
7.8 The general forex evolutionmodel . . . ... ... ... ... . 236
7.9 References and furtherreading . . .. ... ... ........ 237

8 European options: the group-theoretical approach 239
81 Imtroduction. . . ... ... ... .. ... ... .. .. ... . 239
8.2 The two-country homogeneous problem, I . .. ... ... ... 240
8.2.1 Formulation of the problem . ... ... ... ...... 240

8.2.2 Reductions of the pricing problem .. ... . ... ... 245

8.2.3 Continuous hedging and the Greeks . ... ... .. .. 248

8.3 Forwards,callsandputs . . ... ... .............. 250
83.1 Definitions . . ... ... ... ... 250



xvi

Contents

8.3.3 A naivepricingattempt . .. ............... 256
8.3.4 Pricing via the Fourier transform method . . . ... .. 257
8.3.5 Pricing via the Laplace transform method . . . . . . .. 259
8.3.6 The limiting behavior of callsand puts . . . . . . .. .. 261
8.4 Contingent claims with arbitrary payoffs . . . . . . .. ... .. 263
8.4.1 Introduction . ... ... ... .............. 263
8.4.2 The decomposition formula . . . . ... ... ... ... 263
843 Callandputbets. . ... ... ... ... ... ..... 264
8.4.4 Log contracts and modified log contracts. . . . . .. .. 265
8.5 Dynamic asset allocation. . . . .. ... ... ... ....... 266
8.6 The two-country homogeneous problem, IT. . . . ... ... .. 275
8.7 'The multi-country homogeneous problem . . ... ... .. .. 277
8.7.1 Imtroduction ... ... .................. 277
8.7.2 The homogeneous pricing problem . . ... ... .. .. 278
873 Reductions .. ... ........ ... . ... 279
8.7.4 Probabilistic pricing and hedging . . . . .. ..... .. 280
8.8 Some representative multi-factor options . . . . . .. .. .. .. 281
8.8.1 Infroduction ... ... ... ... .. ... ... 281
8.8.2 OQutperformanceoptions . . . .. ... ... ....... 282
8.8.3 Options on the maximum or minimum of several FXRs 284
884 Basketoptions ... .. ... ............... 286
885 Indexoptions . .. ... ......... ... ...... 290
8.8.6 The multi-factor decomposition formula . . ... .. .. 291
8.9 References and furtherreading . . ... ... ... ....... 292
European options, the classical approach 293
9.1 Imtroduction. . ... ... ... .. ... ... . ... . ..... 293
9.2 The classical two-country pricing problem, I . . . ... ... .. 204
9.2.1 The projection method . ... .. .. .......... 294
922 Theclassicalmethod . . . . ... ... ... ....... 296
9.2.3 The impact of the actual drift . . . . . ... .. ... .. 297
9.3 Solution of the classical pricing problem . .. ... ....... 298
9.3.1 Nondimensionalization . . . . .. ... .. ... ..... 208
9.3.2 Reductions . ....... ... ... ... ........ 298
9.3.3 The pricing and hedging formulas for forwards, calls and
puts . .. .. e 299
9.3.4 European options with exoticpayoffs . . . . . .. .. .. 306
9.4 The classical two-country pricing problem, IT . . ... ... .. 310
9.5 The multi-country classical pricing problem . . . ... ... .. 315

9.5.1 Introduction . .. ... .... ... ... ....... 3156



; Contents . xvii
9.5.2 Derivation. . . . . . ... .. .. 315
9.5.3 Reductions . ... ... ... .. ... 315
9.5.4 Pricing and hedging of multi-factor options . . . . . . . 317

9.6 References and furtherreading . . . . .. .. ... ....... 317
10 Deviations from the Black—Scholes paradigm I: nonconstant
volatility 319
10.1 Introduction . . . . . . . . . ... 319
10.2 Volatility term structures and smiles . . . . ... ... .. ... 321
10.2.1 Imtroduction . ... ... .. ... .. ... ... ... 321
10.2.2 The implied volatility . ... ... ... ... ...... 321
10.2.3 Thelocal volatility . . . . . .. ... ... ... ...... 323
10.2.4 Theinverse problem . . . ... .. .. ... ....... 325
10.2.5 How to deal with thesmile . . ... ... ........ 329
10.3 Pricing viaimplied t.pd.f.’s . . . .. . ... ... ... 329
10.3.1 Implied t.p.d.f.’s and entropy maximization . . .. . . . 329
10.3.2 Possible functional forms of t.p.df’s . . . . . . ... .. 332
10.3.3 The chi-square pricing formula, I . . . ... ... .. .. 335
10.3.4 The Edgeworth-type pricing formulas . ... ... ... 338
10.4 The sticky-strike and the sticky-delta models . . . .. ... .. 341
10.5 The general local volatility model . . . . . .. .. ... ..... 344
10.5.1 Imtroduction . ... ..... ... ... ... ..., . 344
10.5.2 Possible functional forms of local volatility . . . . . .. 345
10.5.3 The hyperbolic volatility model . . . . . .. .. ... . . 348
10.5.4 The displaced diffusion model . . . . . . .. ... .. .. 350
10.6 Asymptotic treatment of the local volatility model . . . . . . . 353
107 The CEVmodel ... ... ... ... .. ... ... ...... 359
10.7.1 Introduction . .. . ... ... ... ..., ..., . 359
10.7.2 Reductions of the pricing problem . . . .. .. ... .. 360
10.7.3 Evaluationof thet.pdf. . . . . .. ... ... ... .. 362
10.7.4 Derivative pricing . . . . ... .. ... ... ... ... 364
10.7.5 ATMF approximation . ... ... ............ 368
10.8 The jump diffusionmodel . . . . . . . .. ... .. ....... 371
10.8.1 Imtroduction . ... .. ... ... ... ... ...... 371
10.8.2 The pricing problem . . . . .. .. .. .......... 371
10.8.3 Evaluationof thet.p.d.f. . . . . ... ... ... ... .. 372
10.8.4 Risk-meutral pricing . .. ... .. ... ... .. .... 373
10.9 The stochastic volatility model . . .. ... ... ... ... .. 375
10.9.1 Introduction . ... ... ... ... ... ........ 375



Contents

xviii
10.9.3 Evaluationof thet.pdf ................... 379
10.9.4 Thepricingformula .. ................. ... 384
10.9.5 The case of zero correlation ... .............. - 386
10.10 Small volatility of volatility . . .. .................. 387
10.10.1 Introduction . ............. ... ... 387
10.10.2 Basicequations . ... .................... 388
10.10.3 The martingale formulation ................ 388
10.10.4 Perturbativeexpansion. ... ................ 389
10.10.5 Summaryof ODEs ... ................... 393
10.10.6 Solution of the leading order pricing problem . . . . . . 394
10.10.7 The square-root model . . . . ... ... .. ........ 394
10.10.8 Computation of the implied volatility . . . ... ..... 397
10.11 Multifactorproblems . . . . .. .................... 398
10.11.1 Introduction .. ........................ 398
10.11.2 The chi-square pricing formula, IT . . . .. ... .. ... 399
10.12 References and furtherreading . . . ... .............. 404
11 American Options 405
11.1 Introduction . . . . . . . . . .. ... oo 405
11.2 General considerations . . . . . . . ... ... L. 407
11.2.1 The early exercise constraint . . . . . ... .. ... .. 407
11.2.2 The early exercise premium . . . . .. ... ... .... 408
11.2.3 Some representative examples . . . . . .. ... ... .. 410
11.2.4 Rationalbounds . ... ... ... ... ......... 411
11.2.5 Parity and symmetry . . . . . . . . .. ..o 414
11.3 The risk-neutral valuation . . . . . .. ... .. .. ... .. .. 415
11.4 Alternative formulations of the valuation problem . . . . . . .. 416
11.4.1 Introduction . .. ... ... ... .. ... 416
11.4.2 The inhomogeneous Black-Scholes problem formulation 416
11.4.3 The linear complementarity formulation . . . . . . . .. 418
11.4.4 The linear program formulation . . . . . . ... ... .. 420
11.5 Duality between putsand calls . . . . .. ... ... .. .. .. 421
11.6 Application of Duhamel’s principle . . . . . . . .. ... .. .. 422
11.6.1 The value of the early exercise premium . . ... .. .. 422
11.6.2 The location of the early exercise boundary . . . .. .. 423
11.7 Asymptotic analysis of the pricing problem . .. ... ... .. 425
11.7.1 Short-dated options . . . ... ... .. ... ... ... 425
11.7.2 Long-dated and perpetual options . . ... .. ... .. 430
11.8 Approximate solution of the valuation problem . ... ... .. 434

11.8.1 Introduction . . .. . ... . ... e 434



. Contents xix

11.8.2 Bermudan approximation and extrapolation to the limit 434

11.8.3 Quadratic approximation . . . . . ... ... ... .. ... 440
11.9 Numerical solution of the pricing problem . ... .. .. .. ... 442
11.9.1 Bermudan approximation . . . ... ... ... .. .. ... 442
11.9.2 Linear complementarity . . . . ... ............. 443
11.9.3 Integralequation . . ... ................... 444
11.9.4 Monte-Carlovaluation . . . .. ... .. ... ........ 444
11.10 American options in a non-Black-Scholes framework . ... .. 445
11.11 Multi-factor American options . . .. .. .. ... ......... 445
11.11.1 Formulation ............. ... .. ... ... 445
11.11.2 Two representative examples . . . . ... ... ... ... 446
11.12 References and furtherreading . . . ... .............. 449
12 Path-dependent options I: barrier options 451
12.1 Introduction . . . . . . .. .. ... Lo 451
12.2 Single-factor, single-barrier options . . . . .. ... ... .. .. 452
12.2.1 Imtroduction . .. ... ... ... ... ......... 452
12.2.2 Pricing of single-barrier options via the method of images 453

12.2.3 Pricing of single-barrier options via the method of heat
potemtials . . . . ... ... ... .. ... ... 462
12.3 Statichedging . . . . . . . .. ... L L L 469
12.4 Single-factor, double-barrier options . . . .. ... .. ... .. 472
12.4.1 Introduction . ... ... .. ... ... .. ...... 472
12.4.2 Formulation . . . . . . ... ... ... .......... 473
12.4.3 The pricing problem without rebates . . . . . . . .. .. 474

12.4.4 Pricing of no-rebate calls and puts and double-no-touch
options . .. ... .. ... ... 477
12.4.5 Pricing of calls and puts withrebate . . . . . . ... .. 482
12.5 Deviations from the Black—Scholes paradigm .. ... ... ... 484
12.5.1 Introduction . ... ... .. ... ... .. ..... .. 484

12.5.2 Barrier options in the presence of the term structure of
volatility . . . . . .. ... ..o 484

12.5.3 Barrier options in the presence of constant elasticity of
VaTIANCe . . . . . .. i e e e e e 486
12.5.4 Barrier options in the presence of stochastic volatility . 492
12.6 Multi-factor barrier options . . . . . ... .. .. ... ... .. 498
12.7 Options on one currency with barriers on the other currency. . 499
12.7.1 Introduction . ... .. ... .. ... ... .. ..... 499
12.7.2 Formulation . . . . . ... ... ..... e 499



Contents

pod
12.7.4 Solution via the method of images . ............ 309
12.7.5 An alternative approach . . . .. ... . ........... 513
12.8 Options with one barrier for each currency . . . . . ... ... .. 514
12.8.1 General considerations. ... . . ... ... ... o L., 514
12.8.2 The Green’s function. . . . . ... .. ... ... ... ... 516
12.8.3 Two-factor, double-no-touch option . . . ... .... ... 520
12.9 Four-barrieroptions . . .. .. ... ... ... . .. 520
12.10 References and further reading . . . .. ... .. ... ... .... 526
13 Path-dependent options II: lookback, Asian and other options527
13.1 Introduction . . . . . . .. ... .o 527
13.2 Path-dependent options and augmented SDEs . ... ... .. 528
13.2.1 Description of path dependent options . . . . . .. . .. 528
13.2.2 The augmentation procedure . . . . ... ... ... .. 534
13.2.3 The pricing problem for augmented SDEs . . . . . . .. 537
13.3 Risk-neutral valuation of path-dependent options . . . . . . .. 538
13.4 Probabilistic pricing . . . - . . . . . .. oL 539
13.5 Lookback callsand puts . . . . ... ... ... ... ... ... 542
13.5.1 Description . . . . . . . .. ..o 542
13.5.2 Pricing via the method of images . . . . . .. ... ... 543
13.5.3 Similarity reductions . . . . . . ... ... 547
13.5.4 Pricing via the Laplace transform . . . . . . ... .. .. 548
13.5.5 Probabilistic pricing . . . . . . ... ..o 550
13.5.6 Barriers . . . . . . . ... 552
13.6 Asianoptions . . . . . ... ... Lo 553
13.6.1 Description . . . . . .. ... oL oL 553
13.6.2 Geometric averaging . . . . . . ... ... ... ... 353
13.6.3 Arithmeticaveraging . . . . . . . . . .. .. ... .... 556
13.6.4 Exact solution via similarity reductions . . ... .. .. 558
13.6.5 Pricing via the Laplace transform. . . . . ... ... .. 561
13.6.6 Approximate pricing of Asian calls revisited . . . . . . . 562
13.6.7 Discretely sampled Aslan options . . . . . ... ... .. 565
13.7 Timer, fader and Parisianoptions . . . . . . . . .. .. .. ... 566
13.7.1 Introduction . . .. .. .. .. ... .. ... ..., 566
13.7.2 Timeroptions. . . . . . .. .. ... .. ... ... ... 566
13.7.3 Faderoptions . . . . . . .. .. ... .. ... ... .. 573
13.7.4 Parisian options . . . .. . .. ... ... L. 573
13.8 Standard passportoptions . . . . . . ... ... ... ... ... 578
13.8.1 Description . . . .. .. .. ... ..., 578

13.8.2 Similarity reductions and splitting . . . . . . .. .. .. 579



