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COMPATIBILITY ROUGH-FUZZY SET AND
COMPATIBILITY FUZZY-ROUGH SET

Hu Shousong!, He Yaqun?, Zhang Min!*

1College of Automation Engineering,
Nanjing Univ. of Aero. and Astro.,Nanjing 210016
2The Third Department, Air Force Logistics College,Xuzhou 221002

Abstract.This paper presents the conception of compatibility rough-fuzzy set based on
compatibility relation and the conception of compatibility fuzzy-rough set based on fuzzy
compatibility relation, considering that the fuzzy information exists in the decision system
which may be influenced by noise and random disturbance. The definitions of compatibil-
ity rough-fuzzy set and compatibility fuzzy-rough set are proposed, at the same time their
corresponding membership functions are also given and their properties are proved. An
example is given to illustrate the effectiveness of the proposed method.

Keywords. Rough set; compatibility relation; fuzzy compatibility relation; compatibility
rough-fuzzy set; compatibility fuzzy-rough set

1. Introduction

The rough set method!!! presented by Polish mathematician Z.Pawlak in
1982, offers a new way for decision-making and analysis, which can find
out the useful decision-making rules from large numbers of data so that it
attracts great attention of people(?!. This classical rough set theory regards
indiscernibility relation as the core and is suitable for the case that neither
the condition attribute nor the decision attribute is fuzzy in decision table.
The indiscernibility relation is still the core of rough-fuzzy set. It divides
objects into equivalent classes and forms rough-fuzzy set by decision fuzzy
attribute values. Fuzzy-rough set developed from rough-fuzzy set, replac-
ing indiscernibility relation by fuzzy equivalent relation, divides objects into
fuzzy equivalent classes and forms fuzzy-rough set. These two kind rough sets
are separately based on indiscernibility relation and fuzzy equivalent relation.
But some problems will emerge when there is noise or random disturbance
in the system, the strict relation usually being unsatisfied. Therefore, the

*Corresponding author.
Email address: hushousong_ nuaa@163.com
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paper extends indiscernibility relation and fuzzy equivalent relation to com-
patibility relation and fuzzy compatibility relation and presents compatibility
rough-fuzzy set and compatibility fuzzy-rough set3~6!,

2. Fuzzy decision information system

Let an information system be represented by {U, A,V, f},where U = {a}, 22,

- ,Zn} be a finite non-empty objects set, and A = {q1,q2, - ,qx} is a non-
empty attributes set ; V' = {v,,q € A}is the value of attribute which may be
a certain value, or a value of membership function. If the value of attribute is
that of membership function, under the condition attribute g, the attribute
value of object = can be denoted by pq(z) € [0,1]; f denotes a mapping,
f:UxA— V,. Suppose A = C U D,where C = {a1,as, - ,am} denotes
condition attribute, while D = {d;,dy, - - ,d;} represents decision attribute,
the information system is the fuzzy decision information system.

3. Compatibility rough-fuzzy set
3.1 Compatibility relation and compatibility class

For an object in the field of objects, a neighborhood is defined, in which two
objects are regarded compatible, and R denotes the compatibility relation.

Definition 1 Vz,y € U,Va; € C(j = 1,2,--- ,m),defining threshold by
t(aj),if d(a;j(z),a;(y)) < t(a;), then the relation can be denoted by xRy,
where d(a;(z),a;(y)) = |aj(z) — a;(y)|.Obviously, relation R satisfies: (1)
reflexive: zRx; (2)symmetric: xRy — yRx.

But it does not satisfy transitive, so such kind of relation R is the com-
patibility relation. In view of practical decision system, the compatibility
relation can be redefined as follows:

Definition 2 Vz,y € U, under the condition attribute P C C,a threshold
is defined by t(a), and if D(z,y) = '—},[ Y acp d(a(z),a(y)), then the relation
can be denoted by zRy, where d(a(z),a(y)) = |a(z) — a(y)|, and |P| is the
amount of elements in condition attribute subset.

Obviously the relation R also satisfies:(1)reflexive; (2)symmetric. But not
satisfying transitive, so relation R is the compatibility relation.

Definition 3 Vz € U, compatibility class is defined by:

RS(r) = {y € UlzRy} (1)

Then, we divide the set of objects into h compatibility classes, U =
{F11F21"' 1Fh}-

8.2 Compatibility rough-fuzzy set
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Similar to the rough-fuzzy set based on equivalent relation!®, the compati-
bility rough-fuzzy set can be defined.

Definition 4 Given U = {z;,22, - ,z,}, X is a fuzzy set on U, under
the compatibility relation R, the compatibility rough-fuzzy set is defined by:

R(z) = (R(X), R(X)) (2)

For z € U,the membership functions of compatibility class RS(z) in the
compatibility rough-fuzzy set are expressed as:

k0o (RS()) = inf{jx (2)]z € RS(X)} vzeU  (3)
ir) (RS(2)) = sup{ux(z)|z € RS(X)} veeU ()

3.3 Compatibility rough-fuzzy membership function and its properties

Definition 5 Given U = {z1,x2, - ,Zn}, X is a fuzzy set on U, under the
compatibility relation R, the compatibility rough-fuzzy membership function
of object x € U for X is defined by:

[FNX]|

Ta (5)

nx(z) =
Where F' = RS(X), is the compatibility class of .
Property 1 0<nx(z) < 1.
Property 2 For VA, B C U,nayp(z) > max{na(z),ns(z)}.
Property 3 For VA, B C U,nanp(z) < min{na(z),ns(z)}.

Using compatibility rough-fuzzy membership function, the possible value
of every object in the different decision classes can be acquired, so that the
decision rules are obtained.

3.4 Ezample 1

Consider a fuzzy decision system {U,C, D}, where U = {1,2,--- ,8} denotes
object, C = {a1,a2,a3} denotes condition attribute, D = {d;,d2} denotes
decision attribute, the values of condition attribute are certain, while those
of decision attribute are fuzzy, the detailed data of decision system are shown

in table 1.

Table 1 fuzzy decision-making system
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U ay as as d] dg
1] 34 (56| 1.2 |03 0.7
2| 562 |89 24 |0.1]09
3133 |57] 12 {02]0.8
41 67 | 76| 32 |06]05
5 52 | 901235 ]| 0.2 | 0:9
6 133557 ]125|04] 08
71 68 | 75]125(07]04
8114 |25| 36 {09 ]0.1

Using (3) and (4), the membership functions of compatibility equivalent
classes in the compatibility rough-fuzzy set can be obtained.Using (5), the
value of compatibility rough-fuzzy membership function is obtained.

Table 2 compatibility rough-fuzzy membership functions values

Sequence number | compatibility class | 7g, (F) | 74, (F)
1 {1.3.6} 0.3 0.77
2 2,5} 015 | 0.9
3 {47y 065 | 045
4 {8} 0.9 0.1

4 Compatibility fuzzy-rough set ,
4.1 Fuzzy compatibility relation and fuzzy compatibility class

Definition 6 Vz,y € U, for a certain attribute a; € C(j = 1,2,--- ,m),
define the fuzzy relation R;(U x U — [0, 1]) as:

zR;jy = {(z,y) € U x U|pr,(z,y) > o;} (6)
Where:pg, (z,y) 2 a; & |pj(a) — p(y)] < 1-a;,Ya; € Cia;(j =
1,2,--- ,k)is a prescribed constant, called threshold.

It is easy to prove that relation R; satisfies reflexive and symmetric, but
not transitive. So R; is fuzzy compatibility relation.

That indicates z,y € U is fuzzy compatible under the condition attribute
a; € .

Definition 7 Vz € U, for a certain attribute a; € C(j = 1,2,--- ,m),
under the fuzzy compatibility relation R;, the fuzzy compatibility class is
written in the form:

U/a; ={y € UlzR;y} (M
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In this way, under the condition attribute a;, object set U is divided into
h; fuzzy compatibility classes, U/a; = {Fj1, Fj2, - , Fjn, }.

Definition 8 Vz € U, under the condition attribute C' = {a;,j = 1,2,
- ,m}, the relevant fuzzy compatibility class is written as:

FR(.E) = U/C=U/G.10U/azﬁ ---ﬂU/am — {F],Fz,-“ ,Fh} (8)

Where,Vz, y € U, fuzzy compatibility relation R : UxU — [0, 1] is defined
as:
zRy = {(z,y) € U x U|pr(z,y) 2 max(a;),j =1,2,--- ,m} (9)

Obviously, superposition may be exists between F;(i = 1,2,---  h), i.e.
for arbitrary object, it probably belongs to different fuzzy compatibility
classes at the same time.

4.2 Compatibility fuzzy-rough set
Similarly to the fuzzy-rough set 12 the compatibility fuzzy-rough set can
be defined.

Definition 9 Setting U = {z;,22,--- ,2,}, X is a fuzzy set on U. Un-
der the fuzzy compatibility relation R , the compatibility fuzzy-rough set is
defined as:

R(z) = (R(X), R(X)) (10)

For fuzzy compatibility class F;(i = 1,2,--- , h) , the lower approximation
and the upper approximation of compatibility fuzzy-rough set is expressed
as:

prx)(Fi) = irzlfmax{l —pnp(z), px(z)} Vi (11)

g x) (Fi) = sup min{ur, (z), ux ()} Vi (12)

For Vx € U, the lower approximation and the upper approximation of
compatibility fuzzy-rough sets are expressed as:

brx)(z) = sup min(pr(z), inf max{l — ur(y), ux(y)})  (13)
FCU/R yeu

KR(x)(@) = sup min(pr(z),sup min{pr(y), px(y)}) (14)
FCU/R yeU

4.3 Compatibility fuzzy-rough membership function and its properties
Compatibility fuzzy-rough membership function can be defined by the same
way of fuzzy-rough membership function3.
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Definition 10 Setting U = {x1,x2, - ,zn}, X is a fuzzy set on U, U/R =
{F\, F>,--- , Fy}, under the fuzzy compatibility relation R , the compatibility
fuzzy-rough membership function is expressed as:

i k N . 4 5
px(z) = H E_j:l /‘F‘(‘L)"f\' if Jjpr(z) >0 (15)
0 else
Where, Tlfy = lﬁ’;fl = Z,eugin(:zlp(z()z,;u(r))v H is the number of the
J z€ P
compatibility fuzzy classes which contain x and up, (z) #0(j = 1,2,--- ,h).

Property 4 0<px(z)<1.

Property 5 For VA, B C U, paup(x) > max{pa(x), ps(z)}.
Property 6 For VA, B C U, panp(z) < min{pa(z),pp(z)}.
4.4 Example 2

Both the values of condition attribute and those of decision attribute are
fuzzy. The detail data of information system are shown in table 3.

Table 3 fuzzy information system

U a) a? a3y dl d2
1101(08]09|05]|0.7
2(10]05]03]0.2]0.9
3106|03|08|0.2]0.8
4101]05|06]|06]0.5
5102(09|09|04]|06
6 105]02]08]03]0.7
7108 (09|05|07]0.2
8§110(06|02]|01]|1.0

Using the formula (13) and (14), the lower approximation and the up-
per approximation of the objects can be obtained relatively to compatibility
fuzzy-rough set.

The membership functions of the compatibility fuzzy-rough set can be
obtained by formula (15), as shown in table 4.

Table 4 membership functions of the compatibility fuzzy-rough set
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Object | pa, (2) | pd,(2)
1 0.10 0.10
2 0.18 0.30
3 0.24 0.24
4 0.10 0.10
5 0.20 0.20
6 0.16 0.16
7 0.50 0.20
8 0.12 0.20

5. Conclusions

The compatibility rough-fuzzy set and the compatibility fuzzy-rough set pre-
sented in the paper are the extension of rough-fuzzy set and fuzzy-rough
set cited in [9-12] separately. For fuzzy decision system, the compatibil-
ity relation is the core of the compatibility rough-fuzzy set, while the fuzzy
compatibility relation is the core of the compatibility fuzzy-rough set, which
make the decision system be able to apply this kind of method effectively
when noise and random disturbance exists, so that the practicability of the
rough set is more distinct.
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Abstract. Combining both kinds of fuzzy logic forms including fuzzy T-S model and adaptive fuzzy logic
systems, this paper presents an observer-based H_, control scheme for a class of uncertain nonlinear time-
delay systems. Firstly, the fuzzy T-S model is used to approximate the nonlinear systems, and an observer is
designed to observe the system states, and the fuzzy control law of the fuzzy model is derived by the LML
Secondly, the adaptive time-delay fuzzy logic systems are constructed, and the modeling errors and the
uncertain nonlinear parts are eliminated by a compensator based on the adaptive time-delay fuzzy logic
systems with three adjustable parameters: weights, centers and widths. It is proved that the closed loop
system satisfies the anticipant H _ performance, The simulation results demonstrate that the control scheme

is effective.

Keywords: fuzzy T-S model, adaptive fuzzy logic systems, nonlinear systems, time-delay.

1. Introduction

In engineering, the existence of time-delay and uncertainties deteriorates the system performance. Time-
delay and uncertainties pose great diificulties to the stabilization control design. Therefore, the probiem of
controller design for uncertain nonlinear time-delay systems has attracted considerable attention.

A typical approach of effective control for nonlinear time-delay systems is the local fuzzy-T-S- model-
based linearization approach, and this approach has been successful applied in [1-2]. However, the modeling
error is neglected in these studies. Therefore, the designed controller does not always guarantee the stability
of the original system. Besides, in nonlinear modeling, the paper [3] considers that the modeling error has the
upper bound, the papers [4-5] consider that the modeling error satisfies the matching condition, However, the
upper bound and the matching condition are difficult to find in practice. The paper [6] designs a neural.
network compensator to compensate the modeling error. With regard to the uncertain nonlinearities in
nonlinear systems, it is often required to satisfy the certain constraint in [7]. In fact, it isn’t easy to look for
the constraint condition. Meanwhile, the system states cannot be often directly measured in engineering. It is
necessary to design the observer-based H_, control scheme.

The adaptive fuzzy logic systems have the universal approximation property and could uniformly
approximate nonlinear continuous functions to an arbitrary accuracy. The adaptive fuzzy logic systems could
sufficiently make use of the linguistic information and the expert information. The adaptive fuzzy logic
systems are used to model uncertain nonlinear systems by a set of fuzzy “if-then” rules. When a proper
control is given to the model, an anticipant output is produced from the nonlinear systems. At present, the
adaptive fuzzy logic systems have been successfully used in nonlinear control [8-9].

Combining fuzzy T-S model and adaptive fuzzy logic systems, this paper presents a new H_, control

scheme for a class of uncertain nonlinear time-delay systems. Firstly, the fuzzy T-S model is used to
approximate the nonlinear systems, and the fuzzy controller is designed by the linear matrix inequalities to
guarantee the stability of the fuzzy system. Secondly, the adaptive time-delay fuzzy logic systems are
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Basic Research Program of China (K1603060318).
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E-mail address: zhenbindu@yahoo.com.cn.
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constructed, and the modeling error and the uncertain nonlinearities are eliminated by a compensator based
on the adaptive time-delay fuzzy logic systems with three adjustable parameters: weights, centers and widths.
It is proved that the closed-loop system satisfies the anticipant H . performance. The simulation results

demonstrate that the control scheme is effective.

2. Problem formulation

Consider the following uncertain nonlinear time-delay system
,'tl = .x:y_
Xy = folx, x(t—=7)),-,x(t-7, ).u)+f3 (X, x@—17)), -, Xt -7, )u)+d,

(D

,i‘] = X4

Falt, x(t=T,), -, X =T, ) u)+ Fy (%, X(E =T, )=, X(t =T, )y )+ dy
y=Cx

Xy

where x,,x, € R" , x5, x, € R™ are the measurable state vectors, ue R™is the control input vector, f,, f,are

the known smooth nonlinear functions, fz ,ﬂ are the unknown uncertain nonlinearities of the system. z; (for
=L r ) are the time delays. d,,d, denote the external disturbance.

Denote x=[x/ ,x],x; ,x; 1" € R", n=2m,m=n, +n,,d =[0,d} 0,d] 1" .

The known part of the system (1) can be approximated by a fuzzy T-S model composed of L rules. The
ith rule of fuzzy model is in the following form: If z,(r)is | and,---,and z,(¢)is F; Then

x(1)=A;x(r)+ Z Ayx(t—7,)+Bu()+d
1=l ¢

(=121 (2)
y() =Cx(t)

where z,(t),---,z,(¢t) are the premise variables, F; (for j=1.2,---,s5) are the fuzzy sets, L is the number of If-

Then rules, A,, B; and A, are some constant matrices with compatible dimensions.

B; =[0 b 0 b,-@]re R™™ b, € R™™ b, e R"™". The final output of the fuzzy system is inferred as
follows

L 3 L )

)= ) mlAXN+ D Ayx(t—T)]+ Y g Bu(t)+d (3.1)
i=1 =1 i=1

y(#) = Cx(1) (3.2)

L s .
where u; = v, (z(1)) ZVf(Z(t)) v (2(0) = H ij(zj(z)) . F}(zj(t)) is the grade of membership of z;(1)in F;. It

i=1 j=1

L
is easy to find that y; >0, for i =1.2,---, Land Zu,- =1for all ¢. Therefore, the modeling error and the

i=1

uncertain nonlinearities of the nonlinear system (1) can be expressed as

0 X2
A -y L 4 -
BA(x, x(t—T,),, X(t—T,)) = sz = AR —(Zyi[Aix(t)+ZA,»,x(t—T,)]+ZuiB,-u(t)) 4
X4 i=1 =1 i=l
Af, f4+174
. o7, o o |4
where B = 00 01, , A, x(t—17)),--, x(t—7,)) = Af, ’

For convenience, denote A(x,7)=A(x, x(t—1,),---,x(t—17,)), therefore, the nonlinear system (1) could be

rearranged as

L ¥ L
x(1) = Z,u,-lA,-x(t) +Z Ayx(t—1, )]+Z,u,~B,~u(t)+ BA(x,7)+d (5.1
=1

i=l i=1
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v(t) = Cx(1) (5.2)

3. The design of the output feedback controller

If we do not consider the effect of the A(x,7). Denote A(x,7) =0 in (5.1). Design a controller to guarantee to

stabilize the corresponding closed loop system of the linear part of the nonlinear system (5.1), and make the
H . performance satisfied. Because the state can not be measured, we design the observer-based output

feedback controller.
The overall fuzzy observer and the overall feedback controller are given by

L r E E

20 =D AR+ Z ARt =T+ Y i Bu()+ Y ;L (y(0) = $(1) (6.1)
i=1 =1 i=1 i=l

$(1) = Cx(1) (6.2)
L

w(t)=")" p;K,x(t) (6.3)

i=1 .
where L; and K, are matrixes with proper dimensions.

Denote e(r) = x(r)—x(z) . Using (3.1) and (6) , we derive

L r
é(r):Zy,.[(A,.—L,C)e(r)+ZA,.,e(t—r,)]+d (7
i=l =1

Substituting (3.2) and (6.2) into (6.1), we derive

ZZ/I M [(A; +BK )x(t)+ZA,,x(t z‘_,)]+Z,u,L Ce(t) (8)

=l j=I Jj=1
Denote X(t)=[x" (t),e” (1)]", the closed-loop system is yielded

L L
?(r):Z i 1 [Zz(z)+ZA,,r(x-r,)]+d 9)

i=] j=1 =1
A +B.K

where A =|: Sl } { ] —l:o}.
0 A; LC 0 Ay d

Let us consider the H_ performance: For a prescribed attenuation p >0, the H_ performance is
achieved as

ffir(t)Q.?(t)dtsET(O)PE(OHZf a,xT (MIWdv+ p* f(d”d')dr (10)
=t "0

where P,Q are some symmetric and positive definite matrices, @, (for / =1,2,---,r ) are some positive scalars.

Theorem 1. There exists output feedback controller (6.3) so that the closed-loop system (9) satisfies
the H_, performance (10), if there exist a symmetric and positive definite matrix P , a symmetric and positive

definite matrix (0, and some positive scalars «, (for / =1,2,---,r) satisfying

o . r o I3 1 .
AJP+PA;+Y o' PAATP+Y oyl +— PP+Q <0 (i, j=1--,1) (11)
I=1 I=1 p-

Proof. Choose the Lyapunov function V =%" (t)PZr'(t)+z a, X7 (MX(v)dv
=1

-7

V=3 ()PR(1)+% (t)Px(t)+Zaf,x (HZ(@)- Za,x (t—1,)E0—17,)

=1

L L
:(ZZ;{{-IL{]—[ZU}(I)-’-ZZ”}U—T[ W PE()+X (t)P(ZZ,u,u [A,]x(t)+ZA,,x(t—‘r,)])

i=l j=I 1=l i=1 j=1
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