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A GLOBALLY CONVERGENT METHOD OF MOVING
ASYMPTOTES WITH TRUST REGION TECHNIQUE

QIN NI*

Nanjing University of Aeronautics and Astronautics, 210016 Nanjing, P.R. China
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The method of moving asymptotes is known to work well for certain problems arising in structural optimization. A
globally convergent method of moving asymptotes with trust region technique is proposed in this paper. A convex
separable subproblem is solved in each iteration. The choice of asymptotes is controlled by the trust region radius
such that global convergence of the algorithm is obtained. In addition, preliminary numerical tests are given.

Keywords: Method of moving asymptotes; Trust region method; Structural optimization

1 INTRODUCTION

We consider algorithms which combine moving asymptotes and trust region methods and
which are designed for solving the following bound constrained optimization problem

min  f(x)

st xl<x<xt,

(1.1)

where x € R", the function fis assumed to be continuous in 2 and twice continuously differ-
entiable in the interior of 2, 2 = {x € R": x! < x < x*}, x! and x* are finite fixed vectors.
It is assumed that
bm = min (x* —x!) > 0. (1.2)
I<i<n
The method of moving asymptotes (MMA) was firstly presented in [7], and frequently
used for structural optimization. Afterwards this method was further studied and developed.
Zillober combined the method with a line search, and obtained a kind of efficient global con-
vergent sequential convex programming method [11,12]. For other extensions and develop-
ments see Refs. [2] and [8]. However, the properties of the moving asymptotes approximation
is so far not thoroughly studied, the choice of the asymptotes is not very reasonable, and a
global technique is complicated [9]. These may be a critical point of MMA. It is hoped that
the famous trust region technique can improve MMA.
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The aim of this paper is to propose a globally convergent algorithm which combines the
moving asymptotes approximation with the trust region technique. This algorithm is used
to solve the bound constrained optimization problem. Through the convergence analysis of
the algorithm the properties of moving asymptotes approximation and choice of asymptotes
are analyzed and studied.

At first, we give some definitions and assumptions. The projected gradient Vg f of f is
defined by

)
a—fi, xf <x <xj
) a
[nguﬂi=eranf§), ¥ =% (1.3)
L
a
max (0, —f) . X =x
{ ax; !

A point x € 2 is called to be a stationary point of problem (1.1) if Vg f(x) = 0.
T pivijection operator P on $21s P(X) = (Prlxtl, ..., Palxal) , Where

xf, ifx; < xf

Pi[xi] = {4 x*, ifx; > x* (1.4)

i i
x;, otherwise

We denote the set of all active bound constraints by 7 (x),
I(x) = {i: x; = x{ orx; =xf, x € Q}.
This paper is organized as follows. We discuss the trust region subproblem in Section 2

and propose new algorithm in the subsequent section. The convergence of the algorithm is
presented in Section 4 and numerical tests are given in Section 5.

2 TRUST REGION SUBPROBLEM

The algorithm for solving (1.1) is of trust region type. At each iterate, a subproblem is
defined by

n
i = fi: :(d;
min  m(x,d) = f()+ ) 9i(di)
= 2.1)
st. dl<di<d*, i=1,...,n

where
di = min(A;, x;' — x;), df = max(—Ai,,vcf - Xi), 2.2)

A; is trust region radius,

gidi(u; — x;) gid? el
bildy =4 “iTx T di  (ui—xi— di)gxi — Ui +di) ’ 2.3)
gidi(xi — ;) &id; Ty a

xi—li+di  (i—xi—d)xi —li+d)’
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b= iz g; =0}, 1 . ={l, ... nl /e, €81, vy g,,)T = V f(x). &;,!; and u; are parameters,
which satisfy

li<xi<uj, €>0, uj—x;—d; >0, x;—1;+d; >0, 2.4)

ford; € [df, d/l,i = 1,...,n. Their detailed choice is discussed in Lemma 2.1.
For convenience, some notations are introduced:

aGi=ui—x3;, bi=xi—li;, vi=u =l i=1,...,n. (2.5)
It follows from (2.4) that
ai >0, b;j>0, vi>0, vi=a;+b. (2.6)

It is easy to see that the subproblem (2.1) is separable and convex. It is equivalent to n
independent one-dimensional bound constrained subproblems

H}}“ @i (d;)

i 2.9
st.  d' <d; <d, @7
i =1,...,n.Because ¢;(d;) is a strictly convex function, there exists a unique optimal solu-
tion in (2.7). With some calculation, we have
2 2) 2
_&a’_z + ﬁ 9 o - B iely
dm(x, d) ) (ai —d;) vi \(ai —di)* (bi+d;)
— = =¢i(d) = v (28
. okey + hid ! — ! , el
(bi +di)?* v \(@—d)? (b +di)?

where we observe that

aidiz Eidiz &i .ai2 Y bi2
= = — — &
(i —xi —di)(%i — i +di) (ai—di)bi+di)) v \a:—d; ‘ '

The function m(x, d) is a first-order approximation of f, i.e.

m(x,0) = f(x), Vam(x,0) = @;0),...,0,0NT =(g1,...,8)7 = Vf(x).

It is noted that an additional term in ¢;(d;) is similar to those in [8] and [11]. However, it
is somewhat different. The minimal solution point of ¢;(d;) is bounded when ¢; approaches
to O+, which is discussed later. Other MMA approximations with usual additional terms do
not possess this property.

Let ¢;(d;) = 0, i.e.

0 _sia o i Ui fori € I
_ =0 — ri
(@i —d)? v \(ai—d)* (b +di)? i

2 2
e R 10
bi + d; b,-2 g )

which means

By (2.4) and (2.6), we obtain
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where 1
L=Q+£&)
Ei
and X
. aibi(1-2%)  aibi(1— A%) aibjv;
;=

bi+aihi  (+ )b +aik) &l + A (b + aiki)

With the same deduction, we obtain the solution dlf of 45; (di) =0as

dl{ — —Ot;g,'
where
-
a;o;v; ,iEI+ (1+_
o = gi(hi + 1)(b; + Aja;) e
: aib;v; . L
,1el_ T—
gi(Ai + 1)(a;i + Aib;) (

Hence the solution of (2.7) is described by

where

o =

di = —a;gi

o, ifd el[d}, d*]

i’
d
—gi

Lo
L ifd >d"
—&i

ifd <d!

It follows from (2.9) and (2.10) that if g; = O, then dlf = 0;if g; # 0, then

lim ¢ (; +1) =0, lim &x; + DA; = {
gi—0- gi—>0~

and

Ei—>

lim d] =

—b,‘, I € [+
ai, el

vigi,» i€y
—vigi, L€l_

which means the boundedness of the minimal solution of ¢; (d;).

We define three sets by

N1 = {i: d] € [d},d"]},

Jy={i:d <d'},

By ={i:d; =d'}.

gi foriel.

(2.9

(2.10)

(2.11)

(2.12)

(2.13)

In the following lemma, some conditions for parameters /;, u; and ¢; are formulated, which

guarantee the boundedness of o .
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LEMMA 2.1 Assume that the parameters l;, u; and &; satisfy the following conditions:

max{co(x¥ —x!) + A, c1(x¥ —xH} < xi — I < co(x¥ — x)

max{co(x} — x}) + Ai, c1(x¥ —xD)} < ui —x; < ca(x — x}) e
max (81, I—‘Zé—l) < &i = &y (2.15)
i=1,...,n,where0 <cp<ci1<1<c2,0<¢g <g,, b >0.
Then, o) is bounded, i.e.
G Sy, i=Ll...,n (2.16)
where 252 252
U = ST T 20abb) ~ O O gt PM = B D
Proof From (2.10), (2.14) and (2.15), we obtain
1 <A <1+ 2cabeby
c%b,z,l v; <a;bjv; < c%b:’,;,,v,-
Hence, from A; > 1 and (2.6) it follows that
ei(Ai + 1)(bi + Aiai) = &i(Ai + Dvi > 2epv;
and
gi(hi + 1)(bi + Aiai) < 2eiki(bi + Aiai) < 2&iA7v; < 26,(1 + 2c2beby)vi.
With the same deduction, we have
2eiv; <&M + 1)(ai +Aibi) <2e,(1 4+ 2c2b:bm)v;.
These imply that
e <oy, i=L....0
oy > 0 because of (1.2). | |

It is noted that the condition (2.14) is similar to that in [9], however the left side inequa-
lities are different due to the trust region constraint. This means that for given A;, the para-
meters /; and u; have to satisfy

li <xi—Aj, ui>xi+A; (2.17)

which may be a reasonable control of /; and u;. In a practical implementation, A; in (2.14)
can be replaced by ¢A;, (¢ € (0, 1]) when A; is relatively large. For the convenience in the
proof, we only consider the case ¢ = 1.

In order to obtain a main results about the subproblem, we estimate the difference bet-
ween ¢; (0) and ¢; (d;) in the following lemma.



288 QIN NI

LEMMA 2.2 Assume that d; is the solution of (2.7) given in (2.11), then we have

oBig?, i€l
$i(0) — ¢i(di) = | —d!Bigi, i (2.18)
—d/Bigi, i€ J3

where
s , ielind
(@i +o;8)(Ai + 1)
bid;
- , iel-NJ
(bi —o;g)(Ai +1)
Bi = 1 (2.19)
a;ib; .
] ] , L€
(ai —d)bi +d)(x; + 1)
ajb; .
, L€ J3
| (@i —d)(bi +d)(Ai +1)

Proof 1Ifi € Jy, then it follows from (2.3) and (2.10) that
$i(0) — i (di) = ¢i(0) — pi(—c;gi)
=a;g; Bi.
Ifi € Jo,theng; >0, i € I+ and
i (0) — ¢i(di) = ¢ (0) — ¢i (d})

—-df + sidl-l
_ »
a—-d \& T i+ d

L
—d4; (giaib;i + d'(gia; + &)
= ‘aibi ‘(g;a; i
(@ —dh(b; +dh) BT TS

The definition of J, means that df > —a,’.g,-. Taking into account the condition (2.6), we
obtain

l

(a; —d"(b;i +db)

_dfgiaibi |- viaigi/ei +1) ) cf. (2.10)
(ki + 1)(bi + airi) o

¢i (0) — ¢;i(d;) > (giaibi — o gi(giai + €i))

T (@i —dh(bi +dh

_ —d!gia;b (A + D)(bi +airi) — (i +a; (A2 = 1) ¢f. (2.10)
(a; — d{)(bi +df) (Ai + D(bi +airi)
Al oab .
- d;8idibi Mvi o f 26)
(@i —d)(bi +dDH(Ai + 1) bi + aiki
—d!gia;b;

-
(@i —dYbi +dH(+ 1)

=Bi(—d})g:. (2.20)



A GLOBALLY CONVERGENT METHOD 289

Ifi € J3, then —d} > c/g;, gi <0,i € I_ and

#i(0) — ¢i(di) =i (0) — @i (d}")
dj

" (@i - di)(bi +d) ((=giaibi — di' (—=gi)bi + 1))

From the definition of J3 and condition (2.6), we obtain

P di' (—&:) R TS T
$:(0) — ¢i(di) = @; —-d‘u)(b, +d;‘)(albl ai(( 8i)bi + ¢&;))
d/(—giaib; Aiv;

(@i —d)(bi +d}) (A + 1)(ai + Aib;)
- d;'(—gi)aib;
T (ai —d)bi +dfY(Ai + 1)

= Bid; (—gi)- (2:21)

Thus, the lemma is proved. |
Now we define

h(x) = P[x — DV f(x)]—x (2.22)

where D = diag(a}, ..., o), @], ..., a, are the same as in (2.10), then a main result is

described in the following theorem.

THEOREM 2.3  Assume that the conditions (2.14) and (2.15) are satisfied, then we have
: Am o)
f(x) —m(x,d) > Bmin (1, b_) RGN~ (2.23)
M

where 8 = minlsis,,(,B,-/a;) >0, Ap = minj<i<p A;.

Proof 1Ifi € Jp, then
hi(x) = Pi[x; — o gi]l — xi = —al gi.

From (2.18), we obtain

6:(0) — ¢i(di) = %h?(x» (2.24)

If i € J>, then we have from (2.13) that df > —a;gi, & > 0and x; — ajg; < x! because
of @’ > 0 and df < 0. Consider three cases in J3.

1y It % =xf, then
hi(x) = Pi[x; — a;gi] — x; = 0.

From (2.3) and a'f = max{—A;, xf — x;} = 0, it follows that

$i(0) — ¢i(d;) = ¢:(0) — pi(d}) = 0. (2.25)
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) If x; > xf,x,- —xf < Ai, thendil = xf — Xi, Xi -—afgi < X; +df = xf, and
hi(x) = Pi[x; — a;gi] —x; = xf —Xx;i = df.
From (2.20), we have that

Bi a1 Bi
—ldillo;gil = =
o ;

$i(0) — ¢i(di) = 3 (x). (2.26)

3) Ifx; > xf, Xj — xf > A;, then df = —A;. From (2.22), we obtain
|hi ()| = | P;[x; — ejgi] — xi| < min(x; — x}, |ojgil).
From (2.20), we obtain

8.0~ i) = ~dlgifi = Pt 2 BB )

i

Ifi € J3, then we have that g; < O and x; — oe;g,- > xf because of &’ > 0 and d/ > 0. With
a similar deduction, we obtain

Bi

¢: (0) — ¢i(d;) = ?h?(x), if x; = xf',
ﬁ{ (2.28)
¢i(0) — i (di) > a_',h,.z(x>, if x; > x4, x4 — x; < A
i
Ifx; <x/, x{! —x; > A;, thend! = A;, and
,Bi )
$:(0) — di(di) = = h2(x). (2.29)
o) x4 — x!

P

The inequalities (2.24)—(2.29) together imply that (2.23) is valid. In addition, Lemma 2.1
and (2.19) imply that 8 > 0. |

In addition, we have the following statement.

LEMMA 2.4 Let x € Q, D is defined by (2.22), l;, u;, &; satisfy (2.14) and (2.15). Then x is a
stationary point for (1.1) if and only if

h(x) = Plx —tDV f(x)] —x =0

forallt > 0.

Proof FromLemma?2.1, we obtain that D is diagonal and positive definite. Hence, this lemma
results immediately from Proposition 1.35 of [1]. |

3 ALGORITHM

We are now able to outline the new algorithm, which combines the moving asymptotes
approximation with trust region technique.
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ALGORITHM 3.1

Step 0 Choose xg € Q, k = 0. Choose the constants cy, c1, ¢2, €1, 4, be, 01, 12, r1, r2 and
rysuchthat0 <cop<ci<1l<c2,0<6 <6,,be>0,0<n <m<1,0<r <
r2 < 1 < r3, and define the initial trust region radius A? >0,i=1,...,0.

Step 1 Compute f(x*), g, and define a subproblem (2.1). Let d* be its solution (see (2.7)).
Ifd’c = 0, then stop.

Step 2 Compute

_ fr+dY - fxh)

E= 3.1
If
Pk = N1, (3.2)
then x**t' = xk + dk otherwise x¥t1 = xk,
Step 3 Update Ag.
(A, AY], ifpr <m
EL Ll 2] f e < m (3.3)
(A, r3Af], otherwise

t=1,....0.
Step 4 Update ll’.‘H, uf“ and E{-H_l such that (2.14) and (2.15) are satisfied.
Step5 k=k+1,go0to Step 1.

Remarks

(1) An iteration in Algorithm 3.1 is called successful if the test (3.2) is satisfied, and
unsuccessful otherwise.

(2) If the solution of (2.7), d (see (2.9) and (2.10)) is nonzero, then the test (3.2) is easily
satisfied, if the trust region radius is small enough. If 4 = 0, then a stationary point is
reached, which is described in the following lemma.

LEMMA 3.1 Letd be a solution of (2.7). Then d = 0 if and only if Vo f(x) = 0.

Proof From (2.9) and &t} > o > 0 in Lemma 2.1, it follows that
di=0+=g; =0, foralli e J;.

If i € Jb, then from (2.11) to (2.13) we have d; = df, gi > 0, min(0, g;) = 0, because
O‘:’ > 0 and df < 0 (see (2.2)). Hence, we obtain

di =0+ df =& xf = x; (because A; > 0),
i.eL
d; =0 <= x! = x;, and min(0, g;) =0 foralli € J» &> (Vaf(x)); = 0.
With a similar deduction, we obtain
di =0 = x/ =x;, and max(0,g;) =0 foralli € 5 (Vaof(x));=0. N

This lemma means that if x is not a stationary point, then d in (2.9) is nonzero.
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4 GLOBAL CONVERGENCE PROPERTY OF THE ALGORITHM

In this section we discuss the global convergence of Algorithm 3.1. We first define
S = {k: the kth iteration is successful in Algorithm 3.1}

and the curvature of the differentiable function f along the step d (d # 0) and based at the
point x € Q2 by

1
w(f,x,d) = W[f(x +d)— f(x) = Vfx)Tdl. 4.1)

In a similar way we define

w(m,x,d) = W[m(x, d) — m(x) — Vam(x, 0)7d] 4.2)

where d # 0. It is noted that the function f is assumed to be continuous in € and twice
continuously differentiable in the interior of €2 in the following lemmas and theorems.
Now we have the statement for w( f, x, d) and w(m, xk, dk).

LEMMA 4.1 There exist constants c3 > 0 and c4 > 0 such that

lw(f, x,d)| <c3, (4.3)
IV £ lloo < c4, 4.4)

whered € R",d #0,x,x+d € Q.
The proof of this lemma is easy and is omitted.
LEMMA 4.2 There exists a constant cs > 0 such that
0 < w(m, x*, d*) < cs (4.5)
where d* # 0 is the solution of 2.7) at x*,

cacobm + &4

cs = (4.6)

2,2
cobm

Proof From (4.1) and (2.1) it follows that
Id* 12 (m, x*, d¥) = (m(x*, @%) — m(x¥, 0) — Vam(x*, 0)T )
n n

=Y 6@H—) ¢'0df
i=l1 =1

=Y (p(df) — gid})

i=1

= % Z oi (df)? 4.7)
i=1
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where oy; is obtained after simple calculation

2gi A 2¢; el
s i
b —df T @ -dbHeE+ah B
=N 2 2¢; )
el_

+
k k k k t
bf +df  (af —db)(bk +db)
From (2.14), (2.15) and (4.4), it follows that
ak — d{‘ > co(x} — xf) > cobm, bf-‘ +d{‘ > cobm,

and
0 <o < 2cs- |

If we define

2
max <j<n(A?
Akm = min (A¥), Agy = max (AD), te= L(’)
1<i<n l<izn mmls,'f,,(A?)
then it is easy to see from Algorithm 3.1 that
Aber Saghc. . (4.8)

The following statement is somewhat different from general trust region methods, but
the proof is similar.

LEMMA 4.3 Consider a sequence {x*} generated by Algorithm 3.1, and assume that
there exists a constant ¢ > 0 such that

lh(x*)ll = & (4.9)
for all k, where h(x¥) is defined by (2.22). Then there is a constant c7 > 0 such that

Agm 2 c7 (4.10)

Proof From (4.8), lemmas 4.1 and 4.2, it follows that
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We assume, without loss of generality, that

. (c3 + ¢5)ce e .
i s 4.12
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where B refers to Theorem 2.3, n; refers to Step 3 in Algorithm 3.1. In order to derive a
contradiction, we assume that there exists a & such that

1
5 (€3 +cs)ecsbm Am < 1B = n2)e* (4.13)

where ry refers to Step O in Algorithm 3.1 and r is defined as the first iteration number
such that (4.13) holds.
With Step 3 in Algorithm 3.1 we obtain

cscebm Ar—1.m < (c3 + c5)c6bMAr—1.m
e (c3 +c5)cebmDrm

< - ' (4.14)
<2(1 — m)Be’.
From Theorem 2.3, it follows that
g Ar—l,m )
fxr=1) — m(xr—1 +dr—1) = fmin (1, TM—) lAGe—)"
Without loss of generality, assume that
Am
S 17 k = 1’ 2» ’
by —
Then we have
Ar_1m&>
i1 3 oy 3 EEELRE (4.15)
bum
(3.1),(4.11), (4.14) and (4.15) together means that
by = 1] =2 |f(xr—l +dr—1) —m(xr—1 +dr-1)|
" | f (er—1) = m(xr—1 + dr—1)|
(c3 +cs)cebm Ar—1.m
=
- 2B¢2
<1-—ns. (4.16)
This implies that p,—; > 12, and therefore Ay > Ar—1 m. Hence, we obtain that
1 1
5 (€3 + c5)CebuBr—1m < 5 (€3 + c5)esbu Arm < rif(1— n2)e’ (4.17)

which contradicts the assumption that r was the first index satisfying (4.13). Therefore,
(4.13) never holds, and

1
5 (€3 + es)ceby Am > r1B(1 = n2)e?

for all k. Hence we obtain

for all k£, where B
_2n B —m)e”
77 c3 + cs)cebu



