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Unit

Precalculus

In this unit, we'll review topics such as functions, graphs, logarithms, and
trigonometry. We will assume that you're comfortable with the laws of exponents
and radicals as well as with basic arithmetic operations involving real numbers,
complex numbers, and general algebraic expressions.

(Text {'Y) Functions)

Various fields of human endeavor have to do with relationships that exist between

one collection(#4) of objects and another. Graphs, charts, curves, and formulas are
familiar to everyone who reads the newspapers. These are merely devices for describing
special relations in a quantitative fashion. Mathematicians refer to certain types of these
relations as functions.

Example (a) The force F necessary to stretch a steel spring a distance = beyond its
natural length is proportional to z. That is, F=cx, where c is a number independent of
z called the spring constant. This formula, discovered by Robert Hooke in the mid-17®
century, is called Hooke’s law, and it is said to express the force as a function of the
displacement.

Example (b) The volume of a cube is a function of its edge-length. If the edges
have length z, the volume V is g}ven by the formula V=23,

Example (¢) A prime is any integer n>>1 that can’t be expressed in the form n=ab,
where a and b are positive integers, both less than n. The first few primes are 2, 3, 5,

7, 11, 13, 17, 19. For a given real number >0, it is possible to count the number of
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primes less then or equal to . This number is said to be a function of x even though no
simple algebraic formula is known for computing it (without counting) when z is
known.

The word “function” was introduced into mathematics by Leibniz, who used the
term primarily to refer to certain kinds of mathematical formulas. It was later realized
that Leibniz’s idea of function was much too limited in its scope, and the meaning of the
word has since undergone many stages of generalization. Today, the meaning of func-
tion is essentially this: Given two sets, say X and Y, a function is a correspondence
which associates with each element of X one and only one element of Y. The set X is
called the domain of the function. Those elements of Y associated with the elements in
X form a set called the range of the function. (This may be all of Y, but need not be. )

Letters of the English and Greek alphabets are often used to denote functions. The
particular letters f, g, h, F, G, H, and ¢ are frequently used for this purpose. If f is
a given function and if x is an object of its domain, the notation f(x) is used to desig-
nate that object in the range which is associated to x by the function f, and it is called
the value of f at x or the image of z under f. One often writes x> f(x) to denote that
x is mapped to the element f(z). The symbol f(x) is read as “f of x.” We shall use
the notation f: X—>Y to denote the fact that X and Y are two sets and f is a function
from X to Y.

_ Although the function idea places no restriction on the nature of the objects in the
domain X and in the range Y, in elementary calculus we are primarily interested in func-
tions whose domain and range are sets of real numbers. Such functions are called real-
valued functions of a real variable, or, more briefly, real functions(ZZp&%{), and they
may be illustrated geometrically by a graph in the -y plane. We plot the domain X on
the z-axis, and above each point x in X we plot the point (z, y), where y= f(x). The
totality of such points (x, y) is called the graph of the function.

Functions constitute a very important notion in mathematics, and the definition of a
function becomes increasingly sophisticated as your mathematical education progresses.

Example Consider the real-valued function f, defined by the equation f(x) =

_ o =+
|22—1]"°
(a) Determine the largest subset of R that can serve as the domain of f.

(b) A point z; in the domain of f is called a fixed point of f if f(x,)=x,. This

function f has exactly one rational fixed point. What is it?
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Solution: (a)First, the expression in the denominator can’t equal 0, so x=1/2 has
to be excluded from the domain. Next, the fraction under the square root sign must be
nonnegative. Since the denominator is positive for all z5£1/2, we need only ensure that
the numerator is nonnegative; thus, it must be true that xZ=—1. Therefore, the do-
main of f is equal to [—1, 1/2) U (1/2,0).

(b)To determine the fixed point of f, we need to solve the equation f(zx)=ux. Be-
cause of the presence of the absolute value sign, this leads to the two equations (z+1)/
(2x—1)=z* or (x+1)/(1—2x)=xz", which are equivalent to the ¢quations 2x° —x* —
z—1=0 or 22 —2*+x+1=0.

By the rational roots theorem, the only possible rational roots of these equations
are =1 or =£1/2. We can disregard x=1/2, because it’s not in the domain of f, and
simply check the remaining three possible rational roots. None of them satisfies the first
equation, but z=—1/2 satisfies the second. Therefore, the function f has z=—1/2 as
a fixed point, as this calculation shows; f(—1/2)=—(1/ 4)*=—1/2.

(Extract taken from Chapter 1 of CALCULUS, VOLUME I by Tom M. Apostol,
Chapter 1 of Cracking the GRE Math Subject Test by Steven A. Leduc. )

E Words anq Expressions !

function % # (quantity whose value depends on the varying values of other)

graph B 7 (pictorial representation of numerical data, or a method of showing the
mathematical relationship between two or more variables by drawing a diagram)

logarithm %} 4&. Let a be any positive number, not equal to 1. Then, for any real
number z, the meaning of a* can be defined. The logarithmic function to base a, deno-
ted by log,, is defined as the inverse function of this function. So y=log,z if and only if
x=a’. Thus log,z is the index to which a must be raised in order to get x. Since any
power a” of a is positive, = must be positive for log,z to be defined, and so the domain
of the function log,x is the set of positive real numbers. The value log,x is called simply
the logarithm of x to base a. The notation log x may be used when the base intended is
understood. ([5]p. 165)

trigonometry = £ % . The study of angles and of the angular relationships of planar

and three-dimensional figures is known as trigonometry.
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assume 18 Z ; f8& (accept sth as true before there is proof)
law of exponents 3§ # & & \

radical #& X.. The symbol +/= used to indicate a root is called a radical. The expres-

4

sion 4/z is therefore read “x radical n,” or “the nth root of z.” In the radical symbol,
the horizontal line is called the vinculum, the quantity under the vinculum is called the
radicand (B FF 5 %0) , and the quantity »n written to the left is called the index.
arithmetic ¥ K& (adj.); £ K@) . arithmetic operation J Kiz
real number 3% #. The field of all rational and irrational numbers is called the real
numbers, or simply the “reals”, and denoted R. The set of real numbers is also called

the continuum(GE4E4E) , denoted ¢. The real numbers can be extended with the addition

of the imaginary number i, equal to /—1. Numbers of the form z+iy, where z and y
are both real, are called complex numbers, which also form a field.

complex number £ £ algebraic X % #

algebraic expression A # X

chart B % (a display of information in the form of a diagram, graph, etc.)

curve ¥ .. In topology, a curve is a one-dimensional continuum. In analytic geom-
etry, a curve is continuous map from a one-dimensional space to an n-dimensional space.

formula 2 X,. In mathematics, a formula is a fact, rule, or principle that is ex-
pressed in terms of mathematical symbols. Examples of formulas include equations, e-
qualities, identities, inequalities, and asymptotic expressions. The term “formula” is
also commonly used in the theory of logic to mean sentential formula (FFf8/A =, also
called a propositional formula), i.e., a formula in propositional calculus. The correct
Latin plural form of formula is “formulae,” although the less pretentious-sounding “for-
mulas” is more commonly used.

displacement 4% #%; R| 4 i& 3 (n.)

volume 4&#R. The volume of a solid body is the amount of “space” it occupies.

cube i 7 4&. The cube is the Platonic solid P, (also called the regular hexahedron).
It is composed of six square faces that meet each other at right angles and has eight ver-
tices and 12 edges.

prime % % (R #0) integer ¥4

correspondence #t i (the relation between two sets where an operation on the
members of one set maps some or all of them on to one or more members of the other)

domain & X 3%. Let R be a binary relation. Then the set of all = such that zRy is
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called the domain of R. That is, the domain of R is the set of all first coordinates of the
ordered pairs in R.

range 1& 3% calculus # AR 4 [F]

real-valued function 5 {& &% 4. A function whose range is in the real numbers is said
to be a real function, also called a real-valued function.

geometry JUAT[%]

mathematics # % . Mathematics is a broad-ranging field of study in which the prop-
erties and interactions of idealized objects are examined. Whereas mathematics began
merely as a calculational tool for computation and tabulation(%13) of quantities, it has
blossomed into an extremely rich and diverse set of tools, terminologies, and approa-
ches which range from the purely abstract to the utilitarian. The term “mathematics” is
often shortened to “math” in informal American speech and “maths” in British English.
According to the Ox ford English Dictionary, the term “math” has been in usage in
London and the United States since 1890. The first usage of “maths” first occurred as a
colloquialism( [ i&4£) 21 years later. The term “math” also means a Hindu convent, so
since the introduction of the variant “maths” corresponds to the period where Queen

L ]

Victoria was empress of India, perhaps the trailing “s” was added to avoid confusion in
India.

subset F %

fixed point X3} & ; [E]Z %. A fixed point is a point that does not change upon ap-
plication of a map, system of differential equations, etc.

rational # #2 &) rational root 7 4%

denominator %4

fraction 4~4%; 4~ X.. A rational number expressed in the form a/b (in-line notation)

a

or 4 (traditional “display” notation), where a is called the numerator and b is called the

denominator. When written in-line, the slash(&#£k) “/” between numerator and de-
nominator is called a solidus. A lowest terms fraction is a fraction with common terms
canceled out of the numerator and denominator.

square root F 7 #k. A square root, also called a radical or surd(#8#3), of = is a
number » such that 7#=z. The function v/ is therefore the inverse function of f(x)=
z* for z=>0.

absolute value % %} {4

equivalent F # #). If A=>B and B=>A(where = denotes implies), then A and B are
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said to be equivalent, a relationship which is written symbolically as A & B.
calculation it &

(Reading Material {'J)

1. Function

A function is a relation that uniquely associates members of one set with members
of another set. More formally, a function from A to B is an object f such that every a &
A is uniquely associated with an object f(a) € B. A function is therefore a many-to-one
(or sometimes one-to-one) relation. The set A of values at which a function is defined is
called its domain, while the set B of values that the function can produce is called its
range. The term “map” is synonymous([&] X f)) with function.

Unfortunately, the term “function” is also used to refer to relations that map single
points in the domain to possibly multiple points in the range. These “functions” are
called multivalued functions (or multiple-valued functions), and arise prominently in
the theory of complex functions, where the presence of multiple values engenders the
use of so-called branch cuts.

Several notations are commonly used to represent (non-multivalued) functions.
The most rigorous notation is f:x— f(x), which specifies that f is function acting upon
a single number x(i. e. , f is a univariate, or one-variable, function) and returning a
value f(z). To be even more precise, a notation like “f:R—R, where f(z)=2*"is
sometimes used to explicitly specify the domain and range of the function. The slightly
different “maps to” notation f:z[> f(x) is sometimes also used when the function is
explicitly considered as a “map”.

Generally speaking, the symbol f refers to the function itself, while f(x) refers to
the value taken by the function when evaluated at a point . However, especially in
more introductory texts, the notation f(x) is commonly used to refer to the function f
itself (as opposed to the value of the function evaluated at x). In this context, the argu-
ment x is considered to be a dummy variable whose presence indicates that the function
f takes a single argument (as opposed to f(x, y), etc. ). While this notation is depre-
cated by professional mathematicians, it is the more familiar one for most nonprofes-

sionals. Therefore, unless indicated otherwise by context, the notation f(x) is taken in
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this work to be a shorthand for the more rigorous f:x—f(x).

multivalued % 148 branch cut 4~ % ¥1 %]
multivalued function % {4 & # univariate ¥ X ¥4, — T
multiple-valued function % {8 & # argument f £ ¥, ¥ T
complex function £ & # dummy variable “& % &

multiple value % 14

2. Graph

The word “graph” has (at least) two meanings in mathematics.

In elementary mathematics, “graph” refers to a function graph or “graph of a func-
tion,” i.e. , a plot.

In a mathematician’s terminology, a graph is a collection of points and lines con-
necting some (possibly empty) subset of them. The points of a graph are most com-
monly known as graph vertices, but may also be -called “nodes” or simply “points”.
Similarly, the lines connecting the vertices of a graph are most commonly known as’
graph edges, but may also be called “arcs” or “lines”. :

The study of graphs is known as graph theory (i), and was first systematically
investigated by D. Konig (#] J& & (1884—1944)) in the 1930s. Unfortunately, as M.
Gardner (&4 (1914—2010)) notes, “The confusion of this term [i. e. , the term
“graph” to describe a network of vertices and edges| with the ‘graphs’ of analytic ge-
ometry [i. e. , plots of functions] is regrettable, but the term has stuck.” Some educa-
tors use the term “vertex-edge graph” for a connected set of nodes in an attempt to pre-

serve the common usage of “graph” to mean the plot of a function.

plot B (n.) arc I\
node % % line &, &, A4
3. Arithmetic

Arithmetic is the branch of mathematics dealing with integers or, more generally,
numerical computation. Arithmetical operations include addition, congruence calcula-
tion, division, factorization, multiplication, power computation, root extraction, and
subtraction. Arithmetic was part of the quadrivium taught in medieval universities. A

mnemonic for the spelling of “arithmetic” is “a rat in the house may eat the ice cream”.
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The branch of mathematics known as number theory is sometimes known as higher
arithmetic. h

Modular arithmetic is the arithmetic of congruences.

Floating-point arithmetic is the arithmetic performed on real numbers by computers
or other automated devices using a fixed number of bits.

The fundamental theorem of arithmetic, also called the unique factorization theo-

rem, states that any positive integer can be represented in exactly one way as a product

of primes.
numerical #1869; & F & extraction of root KAk, 77 ik
numerical computation #{& i+ modular arithmetic 4 3 K
arithmetical K #5, R L& floating-point arithmetic # % iz ¥
congruence B &, B & X bit e 4¥, 45, —#t #)4%

extraction 4%, F#

4. Imaginary Unit

The imaginary unit is often loosely referred to as the “square root of —1”, however
care should be taken as there are in fact two square roots of —1 (namely i and —i). A
naive use of this idea thus may lead to difficulties.

By definition, the imaginary unit i is one solution (the other solution is —i) of the
quadratic equation( R &) z*+1=0 or equivalently 2 =—1.

Since there is no real number that produces a negative real number when squared,
we imagine such a number and assign to it the symbol i. It is important to realize,
though, that i is as well-defined a mathematical construct as the real numbers, despite
its formal name and being less than immediately intuitive.

Real number operations can be extended to imaginary and complex numbers by
treating i as an unknown quantity while manipulating an expression, and then using the
definition to replace any occurrence of i’ with —1.

With its second order polynomial with no multiple real root, the defining equation
x*+1=0 has two distinct solutions, which are equally valid and which happen to be ad-
ditive and multiplicative inverses of each other. More precisely, once a solution i of the
equation has been fixed, the value —i (which is not equal to i) is also a solution. Since
the equation is the only definition of i, it appears that the definition is ambiguous (more

precisely, not well-defined). However, no ambiguity results as long as one of the solu-



