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A golden bridge between the finite and the

infinite: Mathematics

Lizhen Ji, University of Michigan
December 31, 2013

1 The infinite

Ever since the beginning of the civilization, people have been thinking about and
exploring the meaning of the infinite. In their finite life time and limited space and
ability, they have often met difficult situations and have to turn to the infinite, or the
God (or Gods), for many purposes.

Philosophers have also been thinking deeply, trying to understand and explain
the infinite. But what is the infinite exactly? More precise questions on infinite
phenomena were raised by the Greek philosophers and mathematicians thousands of
years ago. They knew how to add and divide finite numbers. But how to understand
infinite processes and handle infinite numbers?

A precise and systematical theory of infinite was a recent creation by a single
mathematician, Cantor. In comparison with finite objects, people used to think that
there is a single infinite set or quantity, which was isolated from the rest and had not
much structure. But Cantor said that there are infinite sets of different sizes, and the
world of infinite sets is complex and even richer than the world of finite sets, and it
has a direct bearing on the latter.

The theory of Cantor, or rather his perspective, had forever changed the land-
scape of mathematics, starting from the foundation of mathematics to the forefront
of the contemporary mathematics. In order to understand and enjoy mathematics:

Its subtlety and beauty, it is necessary to meet and become familiar with the infinite.
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The book “A dreamy encounter with the infinite” by Zhao, Ying and Zhang
gives a basic introduction to the theory of infinite from a mathematical, historical
and philosophical point of view. It contains real mathematics, yet it is interesting
and accessible to high school and college students. I wish that I could read this book

when [ was studying calculus in the first year of university many decades ago.

2 Limit and continuity

How to apply the infinite perspective and quantities to finite functions and spaces?
There are infintely small and infinitely large quantities and spaces, and the interaction
between them is like an eternal tango which has stimulated the never ending flow
of the mathematics river. One of the best example is probably the dual theory of
differentiation and integration, related by the fundmental theorem of Calculus.

In both theories, the notions of limit and continuity are crucial. How close is
close enough? How big is big enough? The former requires something which is as
small as desired, and the latter something as big as desired. In both cases, it is an
infinite process.

Before defining these concepts, the spaces where functions live must and can
support these infinite operations. The set of rational numbers is not sufficiently
complete for these purposes, and irrational numbers need to be added in by an infinite
process in spaces between rational numbers to form a set without hole or break, the
continuous set of real numbers (or the continuous line R of real numbers). The book

starts with the basic set theory, and the Dedekind cut construction of real numbers.

3 Completion

The completion of the set @Q of rational numbers to the set R of real number is
probably the first completion of Q. There are several, or rather infinitely many,
related completions and compactifications. Every student knows that the partial
sums of the infinite sequence 142422423+ .. form a sequence of rational numbers

which diverges to the infinite of the real line R, i.e.,
142422428 +... = 4oo.
But if we apply the famous formula,

L +r+ai+2+-= ,
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without remembering the condition |z| < 1, the answer should be
[— 1 e
=y i

We have obtained a finite value —1 out of the infinite. But how can the sum of

1+2+22+28+... -1.

positive numbers be negative? It sounds impossible. Yet, it can be true and desirable
to do so if we complete the field Q of rational numbers in a different way. We can
declare that when n is really large, 2™ is really small. Such a measurement is true in
the field of 2-adic numbers Q2, a special case of the field of p-adic numbers Q,,, where
p is a prime number.

One basic point of modern mathematics, or number theory, is that the embedding
@Q — R is only one of the infinitely many completions of R, one for each prime number
p and the infinite oco.

We need the infinite perspective to deal with finite rational numbers. The above
example also shows that relations between the infinitely small and infinitely large can
be more interesting than expected.

The heart of analysis consists of derivtives and integrals. We all know that
Newton and Leibniz co-discovered calculus. What was the difference between their
works? And what was known before them, who else made essential contributions?
What happenned after their work?

This book gives a careful and lively discussion to answer these questions. Which
calculus student does not want to learn the full story?

The introduction of integrals of continuous functions can be viwed as the begin-
ning of another type of completion, which are infinite processes built on the earlier
infinite process.

Given a finite interval, say [0; 1], the space of continuous functions on [0; 1] with
a distance defined using the integral is not complete as in the case of the field Q of
rational numbers. To understand this space better, we need to complete it by adding
some ideal functions. This infinite process leads us out of this topic of this book (or
out of functions considered) and into a much bigger world of functional analysis, one
of the expertise of the first author of this book, Prof. Zhao.

As in the case of completions of Q into R and @Q,, there are also infinitely many
completions of this function spaces (Banach spaces and Hilbert spaces), which are
filled in by measurable functions. These concepts are not important at this moment
for the reader who does not known them yet. The essential point is that we need the

infinite process to understand finite things.
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4 Compactification and degeneration

There is another related interaction between finite and infinite objects. The real line
R is infinite. If one walks on it in either direction, one can never reaches a point.
But if we add one point at infinity, two directions at infinity of R wrap up, and we
have obtained a circle. The crucial point here is to add an ideal point at infinity. The
essential point of the Dedekind cut is to add ideal points between rational numbers.

The theory of compactification and the idea of going to infinity is used extensively
in the contemporary mathematics. It is also related to considering degeneration of
mathematical objects, for example, manifolds. This approach has been used to prove
important results from the famous Mostow strong rigidity to the proof of the famous
Poincare conjecture in the three dimensional topology by Perelman.

This book often merges philosophical discussions with mathematical results. This
idea of taking a bigger perspective, viewing things from the infinity, is also useful in
life. It filters out unimportant things and shows people what is really important in

life, which is also how it is often used in mathematical proofs.

5 Conclusion

This book is a labor of love. The authors have tried to convey their enthusiasm
towards mathematics and its broad connection with humanities, for example, the
ancient Chinese literature, and the Chinese and Western philosophy. The book gives
well-rounded descriptions of basic results and examples in mathematics related to the
notions of the infinity, limit and calculus. It also covers both the continuous and
discrete mathematical worlds. This book can be a good supplementary book besides
the standard textbooks on calculus since many comments and historical facts will
enlarge the reader’s horizon. It can also serve as a bridge to the more advanced topics
in mathematics as the above brief discussion shows.

Another feature of this book is that contains many quotes from famous mathe-
maticians from the last few centuries. By reading this book, the reader can explore
an essential concept and its ramifications together with the many great minds in the
history of mankind.

This book is only one of the many books by Prof. Zhao and his co-authors to
present a comprehensive picture of mathematics in a friendly and fun way. These

books will contribute to a better understanding of mathematics for the people who
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are willing to pick them up and read or browse them. Their efforts and courage to
carry out such a large project will be admired and appreciated by the educated public,

mathematics students and mathematicians.
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