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A complete boundary integral formulation for compressible
Navier—Stokes equations
Yang Zuosheng*
O

Department of Aerodynamics, Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China

SUMMARY

A complete boundary integral formulation for compressible Navier-Stokes equations with time
discretization by operator splitting is developed using the fundamental solutions of the Helmholtz
operator equation with different order. The numerical results for wall pressure and wall skin friction
of two-dimensional compressible laminar viscous flow around airfoils are in good agreement with field
numerical methods. Copyright © 2004 John Wiley & Sons, Ltd.

KEY WORDS: boundary integral formulation; boundary element method; compressible Navier—Stokes
equations

INTRODUCTION

The boundary integral equation method is closely related to classical Green’s function method.
In the classical Green’s function method, one applies the definition of the adjoint operator
O to a special function, which satisfies certain suitable boundary conditions to get an explicit
- expression for the solution. however, for non-linear problems as well as for linear problems
with geometry of practical interest, obtaining an expression for the Green’s function may be
hard. It would be desirable to develop computational models of handling complexity, but based
on cause-and-effect concepts accessible to the applications engineer. Such a project is offered
by the new generation of boundary integral methods now starting to emerge. For non-linear
problems, as in the case under consideration, the non-linear terms are formally treated as non-
homogeneous terms. This yield the presence of domains integrals. In this paper the methods
for transformation of domain integrals into boundary integrals presented in References [1, 2]
are extended further and a complete boundary integral formulation for compressible Navier—
Stokes equations with time discretization by operator splitting is developed. The advantages
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Contract/grant sponsor: National Science Foundation of China
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1424 Y. ZUOSHENG

of complete boundary integral formulation are impressive: no mesh is needed external to the
body boundary: very complex geometries can be treated; computation time are vastly smaller;
conventional computers can be employed. The numerical results for the surface pressure and
skin friction of airfoil given by present method show good agreement with field numerical
methods.

THEORETICAL BASIS

The non-dimensional compressible Navier—Stokes equations are as follows:
cplit+V - (pu) =0
pou/ct+ p(a - Viu+ (3 — 1)TVp = (1/Re){V?u+(1/3)V(V - u)} (1)
pCT/Ct+pu - VT + (3 — 1)pTV - u = (1/Re){(7/Pr)V?T + F(Vu)}

where pressure p, density p, velocity u= {u;}, temperature 7 are non-dimensionalized by the
free stream values poo|Uso|?s Poos Uoo, and |uy|?/c,, respectively. Re, My, Pr, ¢, and 7 are
the Reynolds number, the free stream mach number, the Prandtl number, the specific heat at
constant volume and the ratio of specific heat, respectively.

For two-dimensional flow:

F(Vu)=(4/3){(Cu1 /0x )} + (Cuz /¥ ) — (Ouy [Ox ) Cua /Ev)} + (Cuy [Ox + Cun /Oy )

where w1, and u, are the velocity components along x and y directions. For simplicity, only
Direchlet boundary conditions are considered.
On far field boundaries:

p=1
T=Too=1/p(y— 1)M2 (2)
U=y
On the rigid boundaries of body:
u| =0
T=Tg=Too{l +((y—1)/2 )M;} (the free stream total temperature) )
Since we consider time dependent equations, the initial conditions have also to be added:
p(r,0)=po(r), w(r,0)=uy(r), 7T(r,0)=Ty(r)

In order to establish the complete boundary integral formulation for compressible Navier—
Stokes equations, a new variable o= In p is introduced. With this variable, the compressible
Navier—Stokes equations become,

C6/Ct+V -u+u-Va=0
u/ct — uV?u+ pVe=y(o,u,T) (4)
éT/ot — nVPT = y(o,u,T)

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 47:1423-1430
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A COMPLETE BOUNDARY INTEGRAL FORMULATION 1425
where j=1/Re, m=7p/(RePr), f=(y — DTp=(1/7)(y—1)/2+ 1/M3]
WouT)y=—(— DVT +(T —T3)Vs]—(u-V)u
+(1/Re){e”*(VPu + 1/3V(V - u)) — V’u}
youT,)=—(y— )TV -u—u- VT +7/(RePr)(e " — 1 )W2T + (1/Re)e "F(Vu)

Using time discretization by operator splitting methods, we should obtain the following
scheme [3] from Equation (4). In this paper we take 0= 1. For n>0, starting from ", u", 7"
we solve

(o_n+l 4 _ " )/(AI/4) 4 Y + un—rl [ —u" . V(T” (53)

(un+l 4 u’ )/(Af/4) o allv2u11+l 4 =i /;v(’_/HlA — ¢(U".u”. Tn) + h/leu” (Sb)
(Tnvl 4 T" )/(Af/4) o an_vz TIH—lr-l s z(a”.u”, T") (SC)

(().11+3/'4 . o.n+l/'4 )/(Af/z ) + un+3 4V0.n+3/4 = N un+lr’4 (68)

(un+3 4 _ gt 4 )/(Af,/Z) o bllvlun—i»3 /4 _ l//( '3 4‘ un+3/4‘ Tn+3 4 )= a‘llvlun-#l £ /;Va.n+l,/4

(6b)
(T34 — TrHAY(AL2) — brVAT 34 — g™+, w38, T34y = g2 Tl (6¢)
((T'H[ o ‘7110‘3 4)/(Af/4) AN & un-r—l — un+3/4 . Vo_n+3/4 (73)

(W —w"(A/4) — apVPeT! 4 BV = (o PR A TR 4 b B (Tb)

(I — PrRYALA) — anVPTHH = pa™ 4wt TRy L R T (7¢)
with 0<a, b<1, a+b=1 for 0=i:

a=(1-20)/(1-0)=2/3, b=0/(1-0)=1/3 (8)

It can be seen that at both time step n+ 1/4 and n + 1 all require the solution of two same
systems of couple Equations (5a), (5b) and (7a), (7b). They can be written as:

/6+V -u=y 9)
u—2/3uV?u+ Vo = f (10)
Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 47:1423-1430



1426 Y. ZUOSHENG

where /= 1/(At/4), g and f are known functions of ¢, u and 7 at previous time step.

g=—u"-Vd" + 6" (for Equation (5a))
=" . V"4 4 je"4 (for Equation (7a)) (11)
f=yYa" u", T")+(1/3 )uVu" + su"  (for Equation (5b))

= ("4 A Ay 413V 4 ju" ™ (for Equation (7b)) (12)

Taking the divergence of both sides in Equation (10), we have
AV - u=2/3uV¥(V -u)+ pV3e=V - f (13)
On the other hand, Equation (9) yields
V-u=y—/0 (14)
Combining Equations (13) and (14), we obtain
Aie —=Ve=fi (15)

with 2, =22 /(B +(2/3)2p0). fi=(/g =V « [ —(2/3).uV*¢)/(ff + (2/3)A1) in order to have
a well posed problem in o, it is necessary to have an additional boundary condition of type:
o=k on body. After computing ¢ from Equation (15), u may be solved from Equation (10)
which is now reduced to the same type as Equation (15) with the boundary condition (2)—(3)
and then the value of & has to be calculated in order that Equation (9) is satisfied. Equations
(5¢) and (7c) already take the type as Equation (15). A linear variant of Equations (6b)
and (6¢) are obtained by substituting (o V4wV THVA) for (g 34w A T34 in
Equation (6b) and y(o"*V4,u'tV4, Tm+1/4) for y(g"t3/4,u"+34, T"+3/4) in Equation (6¢).
After these substitutions, Equations (6b) and (6¢) are also reduced to the type as
Equation (15). Hence, the problem for the solution of compressible Navier—Stokes equations
are now really reduced to the problems for the solution of a series of equation with the type
of Equation (15). Equation (15) can be solved by following fundamental solution method.
Multiplying Equation (15) with the fundamental solution H, of Helmholtz operator equation
with order zero and integrate it with respect to domain €2, we have

/(/'.,0'~V3rr)H0dSZ: fi1H,dQ (16)
Q2 Q

where H, satisfies equation:
(41 — V*)Ho = d(r) (17)

Here ¢ is the impulse function, r is the position vector.
According to the Green theorem,

/ Ho V2o dS) = /(Ho(“o'/Fn — aCHy/cn)dB + / o V> H, dS) (18)
Q B Q

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 47:1423-1430
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A COMPLETE BOUNDARY INTEGRAL FORMULATION 1427

Substituting Equation (18) into Equation (16), we have
/ (T().] = V3 )H() dQ}= /(H()(A(T//(AH = O'(AH()//;II)dB = /f[ H() ds? (19)
) B Ja

where B are the boundaries of domain 2. Substituting Equation (17) into the left-hand side
of Equation (19) and considering the integrating properties of impulse function o, we have

co(r)= /(Ho(’n'/fn — 6CHy/cn)dB + / J1HydS2 (20)
JB Q

¢ is a coefficient, for smooth boundary ¢=3. In order to transform the domain integral
fszfl HydS2 in Equation (20) into a series of boundary integrals, two new functions 4, and
H, are first introduced. 49 = f1. Hy= (/1 — V?)H,. Thus,

//]H()dSZZ/A()(/| ~—Vz)['h dSZ (2])
Ja Q
According to the Green theorem
/A()VZHI dQ) = /(A()(AH|/(§II — H] (‘Ao/(ﬂ”)dB = / H| VZA() ds2
Q B Q

Hence,

/'/’lHodS'Z:/AO()., —VHH, dQ = /Hl()., — V?)4,dQ
Q 9] Q
— /(Ao(’Hl/F‘n — H,CAy/cn)dB (22)
B

Similarly, if we set 4; =(4; — V?)4y, H,=(4; — V?)H,, then the domain integral on the
right-hand side of Equation (22) can also be rewritten as

/H]().l '—VI)A()dSZZ /(A](QHZ/(A'H—Hz(AAl/(AH)dB—f' Hg().] —Vz )AldSZ (23)
Q B Q

The procedure can be generalized by introducing two sequence of functions defined by the
following recurrence formulae

4/+|:(/|—VZ)A/. H/:(/| —VZ)HH_]. ]:0.1.2. (24)

Thus the domain integral f”f] H,dS2 in Equation (20) can be expressed as the summations
of infinite boundary integrals

o0
/ _/.lH() dQY= Z (A./'(—\.HI'*‘]/F" = H/‘+|(AA_/'/(—“”)dB (25)
Q j=0J8
More generally, the jth order fundamental solution of Helmholtz equation H; satisfies
(},I—VZ)H,:H,_l. _/21,2....

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 47:1423-1430



1428 Y. ZUOSHENG

and can be expressed as [4]

By = I/(:’-Tf)
Hy = B()Kt)(/n-:le')
. (26)
B,’ - B,--,,’(2_/').. ):B()/((z/.vl )I/')
H; = Bi(A\rY K4 r)=Bor K;(2r)/((242 YY), j=1,2,...

where K;(x) represents the second kind modified Bessel function of jth order. Substituting
Equation (25) into Equation (20), a complete boundary integral formulation for Equation (15)
is finally obtained and can be solved by well known boundary element method.

. oo
ealr)= /(Hofa/fn —aCHy/cn)dB + Y [ (A4;¢H/cn — Hj1CA;/cn)dB (27)
B

j=0.JB

Notice that the introduction of factor (2/'.: %)/ j! into the denominator of expression H; guar-
antees the rapid convergence of Equation (27) as j increase, especially for small Ar and the
flow with higher Reynold’s number because the smaller the Az and the higher the Reynold’s
number, the larger the 2, will be.

NUMERICAL RESULTS AND CONCLUDING REMARKS

In 1987, a GAMM-workshop was organized to bring a small number of scientists highly
concerned with the numerical solution of the compressible Navier—Stokes equations to calcu-
late the assigned test problems [5] and to compare the results presented by the contributors
each other. One of the assigned test problem was external 2D flow around a NACAO0012
airfoil with Direchlet body boundary condition at M., =0.8, Re=73 and 500, respectively,
angles of attack z=10°. All the methods used by the contributors in Reference [5] were
field method (finite differences, finite elements and finite volumes). In order to compare the
results given by present complete boundary integral method with the results [6] given in
Reference [5] the same test problems are calculated in this paper. One of the contributors
[6] in Reference [5] solved the problems by using a new explicit Navier—Stokes code based
on a combination of central finite differencing and rational Rung—Kutta time stepping. It is
a more accurate field method. So it’s results is used for comparison. Figures 1 and 2 show
the laminar viscous wall pressure coefficient and skin friction coefficient on NACA 0012
airfoil calculated by present method and the results of field method given in Reference [6].
No field values (such as streamlines around airfoil, etc.) are compared because the results of
the solution of boundary integral formulation are the values of variables on the wall boundary.

For the flow with M, =0.8 and Re=73, if we take time step A7r=0.1 then we have
u=0.014, =126, ~.=40, 2, =979.792. The relationships between j and H,/(r/K;) are as
follows:

J H,-/ij, )
0 0.159
Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 47:1423—1430
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b triangle: upper surface, present method
0.8 Hi square: lower surface, present method
g diamond: upper surface, field method
' I triangle: upper surface, present method ¢ g circle: lower surface, field method
3 square: lower surface, present method |
10k diamond: upper surface, field method
L‘ circle: lower surface, field method
F free stream M=0.8, Re=73
15 F
_2'0-....1...L1L*. e 2 b §9 gm0 i TR G OIS T TS A U ) O U O (VI VI W G C
0.0 02 04 06 08 1.0 0.0 0.2 0.4 0.6 08 1.0
(a) X (b) X
Figure 1. (a) Surface pressure coefficient cp: and (b) skin friction coefficient cf.
1.0 06
05 triangle: upper surface, present method
0:5 square: lower surface, present method
N 0.4 : diamond: upper surface, field method
r 03 F circle: lower surface, field method
g.05L . = 0.2 free stream M=0.8, Re=500
T . triangle: upper surface, present method L -
square: lower surface, present method 0.1
-1.0 diamond: upper surface, field method
[ circle: lower surface, field method 0.0
15 F free stream M=0.8, Re=500 01 _
2oL - bt e s g ] o R (P ST P I
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(a) X (b) X

Figure 2. (a) Surface pressure coefficient cp; and (b) skin friction coefficient cf.

1 2.540 x 1073
2 2.029 x 1073
3 1.080 x 107
4 4313 x 10710
5 1.378 x 10~ 12

The solutions are convergent at j =4 and the maximum value of the relative difference of
pressure coefficient between j and j — 1 (¢cp; — ¢p;—y)/cp; is less than 1077,

For the flow with M, =0.8 and Re =500, if we take time step Ar=0.1 then we have
1=0.002, =126, .=40, 2, =1218.58. The relationships between j and H;/(r/K;) are as

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 47:1423-1430
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follows:

H;/(r'K;)
0.159

2277 x 102
1.631 x 1073
7.787 x 1078
2.788 x 10~
7.988 x 10713

G G B e i &

The solutions are convergent at j=3 and the maximum value of the relative difference of
pressure coefficient between j and j — 1 (¢p; — ¢p;—1)/cp; is less than 1077, The computing
results show good agreement with the field method [6]. It can also be seen that even for low
Reynold’s number, the solution can still be converged at a small number of j. Obviously, the
number of ; for convergence will be reduced as the time step is further reduced.
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ABSTRACT: The generation and evolution of turbulent
spots in the open-channel flow are simulated numerically by u-
sing the Navier-Stokes equations. An effective numerical
method with high accuracy and high resolution is developed.
The fourth-order time splitting methods with high accuracy is
proposed. Three-dimensional coupling difference methods are
presented for the spatial discretization of the Poisson equation
of pressure and Hemholtz equations of velocity, therefore,
the fourth-order three-dimensional coupling central difference
schemes are constituted. The fourth-order explicit upwind-bi-
1sed compact difference schemes are designed to overcome the
difficulty for the general higher-order central difference
scheme which is inadaptable in the boundary neighborhood.
The iterative algorithm and overall time marching is used to
snhance efficiency. The method is applied in the numerical
simulation of turbulent spots at various complex boundary
conditions and flow domains, The generation and the develo-
ping process of turbulent spots are given, and the basic char-
acteristics of turbulent spots are shown by simulating the evo-
.ution of the wall pulse in inclined open-channel flow.

KEY WORDS: turbulent spot, Navier-Stokes equation, nu-

merical simulation, three-dimensional coupling difference

scheme, wall pulse

INTRODUCTION

The local turbulent regions in the laminar are

i

observed often in the natural transition process
from laminar flow to turbulence in wall-bounded
shear flows, and have been termed a turbulent
spot. These spots randomly appear in different po-
sitions of the wall region, and grow and upraise
gradually as they travel downstream, then mix each
other and form full turbulence. Turbulent spots
were observed first by Emmons on a free-surface

water table. and then it is thought to be an impor-

tant role in the transition process’, which lead re-
searchers to give attention widely, and made many
research works by using the experiments™*) and the
numerical methods™. Up to now, the some signifi-
cant results on turbulent spots in boundary layer!®’
such as Poiseuillet®™ and Couette!” flows have been
obtained, whereas in complex geometric shape,
such as the open-channel etc. , only few investiga-
tion have been made, which remain to be further re-
searched.

The behavior of the forming and developing of
turbulent spots are investigated in a inclined open-
channel flows. A group of high-order compact
difference schemes for incompressible flow have
been proposed to simulate effectively turbulent
spots. The accuracy and resolution of this method
are high, and don’t require harshly boundary condi-
tionst™ which appear in the general spectral meth-
od. It will be applied to boundary neighborhood in
which it retains also high accuracy™. The method
is very effective to the research deeply the multiple-
scéle turbulent spots in complex flow-field, and is
used to simulate the stable flow and the evolutions
process from wall impulse induced by ridged wall to
turbulent spots in the channel. Finally, the basic
feature and properties of turbulent spots are shown
in the different results.

2. GOVERNING EQUATIONS

An inclined open-channel flow will be studied
as shown in Fig. 1 where, normal direction (y),
span-wise ( z ) and stream-wise (x) length are Ly,

Lz and Lx , respectively, 4 is oblique angle of the

%  Project supported by Doctoral Foundation of Ministry of Education of China (Grant No:20030287003).
Biography: ZHANG Li (1956-) , Male, Ph. D., Associate Professor
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Fig.1 Governing domain and coordinate
open-channel to the horizontal plane.

There is the gravitational fluid flow towards
the right along the open-channel, which are gov-
arned by the non-dimensional Navier-Stokes equa-
tions written in the form

vVeeU=0 1

U . e st
r,)t+(U V) vp-{—F—i—RevU (2)

where, U= (u, v, w)T is the velocity vector, F is
gravity, p is the static pressure, Re = ah/y, is
Reynolds number, where A is the half-width of the
open-channel, & is the streamwise velocity on the
center of upper part of the open-channel, and y is
the kinematic viscosity.

For simplifying Eq. (2), we introduce symbols
F =— v g(— zsinf + zconf) ,
I = p+ g(— zsinf + zconf)

and Eq. (2) becomes

W, .U =—— v+ Ltvw 3
at Re

3. NUMERICAL METHOD

In the section, the fourth-order compact differ-
2nce methods would be presented for solving Egs.
(1) and (3).

On the base of the third-order time splitting
methods™, we have developed the fourth-order
time splitting scheme, which is used in the temporal
discretization of the Eq. (3), and the semi-discrete

system are given by

U —8U"+6U"' —8U2/3+U/2 =

—At[4U" « U —6U™" « YU +

4Urr—2 ® qu—Z __Un—3 . vU:r—B] (4)
U'—U =—nmvp™ (5)
25U /6 —U" = At 7*U™" /Re (6)

where U’, U” are the intermediate velocity fields.

Furthermore, we conduct spatial discretization
to Egs. (4)-(6). Corresponding to the fourth-order
temporal splitting schemes, the fourth-order differ-
ence scheme will be used in the spatial discretiza-
tion, and consistency of accuracy still remain.

The fourth-order upwind compact difference
scheme is used first in the discretization of nonlinear
terms on the right of the Eq. (4). In order to illus-
trate discretization scheme, we take udu/dx as an
example,

Let
a = Cu+|uld)/2,a, =Cu—|ul)/2
sfui =2t (u.'ij

—ui)’

o s Bum + 13u; — Suipy + uis

12h
so
u % _ a dTus +a;otut o(ht)
dx

where h is a step along x direction. Other nonlinear
items can be obtained with the same method. Final-
ly, let a,.a, and 6* be three-dimensional vectors,
and the fourth-order explicit upwind finite differ-

ence schemes on U’ can be written as
U =8U"—6U"' +8U"%/3—U%/2—
Atlda, » 6 U +a, « 6t U —

6Ca, « 6 U +a, »-6TU ) +



O

4Ca;, 6 U +a, 67U —

(a, »6 U +a, - 6"U"?] (72

In order to make intermediate velocity field sat-
isfy incompressible constraint, we take the diver-

zence of Eq. (5), and obtain

v U —v U =—pvir

Let

V.U =0

then

v = LU )
At

For the discretization of Eq. (8), we propose
the three-dimensional coupling difference method,

and the difference scheme is given by

2

2 2
123z +ah’¢z$ +8261)H,,+,

128 +a;sz+ai§)ﬂw _

(

12f(z,y,2) + (2 + 8+ f(z,y:2) (D)

where h,, h, and k. are the step sizes inx, yandz ,
respectively, f(x, y, z) = v «U/At,8" is difference
operator defined by

Yoot = —amt +

This is a fourth-order three-dimensional cou-
pling central difference scheme, which not only has
high-order accuracy, but also has higher resolution
and is applied to nearer boundary points. Finally,

let
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S = kUt —f
and Eq. (6) becomes
(10)

Iy = f’

Eq. (10) is similar to Eq. (8), and is studied
using the same method. Then it can be written as

following discrete form

2
1282 + 8292 +a’a.)U"H+

( A

(1235 +a§f§ + 8393
h

y

et +

128z + 8% + 8%5%

hZ .V)Uer__

120 + k(3% + 80D)HU™ =
12fCxry,2) + (82 + 8 + &) f(x,y,2) (11)

This is also a fourth-order three-dimensional
coupling difference scheme.

Equations (7), (9), and (11) have composed a
equation systems for solving the Eqs. (1) and (3).
The method not only have the high-order accur.acy,
but also have the higher resolution and stability. It
could be used to simulate various steady and un-
steady flows. The boundary conditions and initial

value will be given according to actual subjects.

4. BASIC FLOW FIELD (STEADY SOLUTION)
We will simulate the steady flow in the open-
channel as the basic flow field. The boundary con-
ditions and initial value are given later.
4.1 Boundary conditions on the wall
Velocity boundary conditions

Ujes = Upeo = Usep, = 0 (12a)

Pressure boundary conditions

aITrH - w o
(W)’“ o [4(9.2:3 +9x3 D3m0

)"U +

313y 3 ay



