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Abstract Shape memory alloy (SMA) reinforced smart struc-
ture can be used to make structural shape and strength self-
adapted and structural damage self-restrained. Although SMA
smart structures without damages were extensively studied,
researches on SMA smart structures with damages have rarely
been reported thus far. In this paper, thermo-mechanical
behaviors of SMA: fiber reinforced smart structures with
damages are analyzed through a shear lag model and the vari-
ational principle. Mathematical expressions of the meso-dis-
placement field and the stress-strain field of a typical element
with damages are obtained, and a failure criterion for inter-
face failure between SMA fibers and matrix is established,
which is applied to an example. Results presented herein may
provide a theoretical foundation for further studies on integ-
rity of SMA smart structures.

Keywords Smart structures - Damages - SMA - Failure -
Meso-mechanics analysis - Variational principle

1 Introduction

Smart structures have attracted more and more attention due
to their dual properties of conventional composite structures
and of functional composite structures. They are being ap-
plied in fields such as aeronautics & astronautics, national de-
fense, architecture, medicine [1-4]. Among them, the shape
memory alloy (SMA) reinforced smart structure could be
used to make the structural shape and strength self-adap-
tive and to prevent structure failures. Although SMA smart
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structures without damages were extensively studied [5-10],
researches on SMA smart structures with damages have rarely
reported thus far [11,12]. In this paper, thermo-mechani-
cal behaviors of SMA fiber reinforced smart structures with
damages are analyzed by utilizing a shear lag model and the
variational principle. Mathematical expressions of the meso-
displacement field and the stress-strain field of a typical ele-
ment with damages are obtained, and a failure criterion for
interface failure between SMA wires and matrix is estab-
lished, which is applied to an example. Results presented
herein may provide a theoretical basis for further studies on
integrity of SMA smart structures.

2 Stress field of SMA reinforced smart structure

In an SMA reinforced smart structure, both the stress distri-
bution in SMA and the interaction between SMA fibers and
matrix are very complicated, because they are related not only
to the shape memory effect, bonding interfaces and bound-
ary conditions, but also to damages of interfaces. Therefore
a simplified mechanical model, a shear lag model, is applied
in the following analysis, assuming that fibers are only sub-
jected to an axial pulling load, and the matrix and interfaces
are only subjected to shearing load [13].

Considering a typical element of the SMA reinforced
smart structure as shown in Fig. 1, applying the shear lag
model to the element, a balance equation of force can be
obtained as

nrios +2nrpridz = wr¥(os +doy), (D

which can be rewritten into

do 21’,‘
—L==t, @
dz ry
where o is the axial stress in the SMA fiber, 7; is the shear

stress on interface, rf is the radius of the SMA fiber.
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SMA reinforced smart structure
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Fig. 1 Typical element of SMA reinforced smart structure

2.1 One-dimensional constitutive relation of SMA

In this paper, Tanaka model is applied as one-dimensional
constitutive relation for SMA, that is,
= D(e —¢gg) + QE — &) + (T —Ty), 3)

a —oyg

where the converse martensitic transformation kinetics

model is
o
)

Equation (3) is applied in three different stages as follows:
In the first stage (before the converse transformation):

__bu
(M — A) S_—A_—AJ(T A )

D(E_Eres)+®(T_TO)- (5)

o — o) =
In the second stage (in the converse transformation):

QSM
[1 — (Af——A)(:A]U _UAg? — D(8 —SA;’)

-T
+O(T — A7) + ey (=L _ ). 6
T — a7+ Q6u( 35— 1) ©)
In the third stage (after the converse transformation):
o — oz = D(e — ea9) + O(T — AF), (7

where €47, 040 and €45, 040 are the strain and the stress
corresponding to A? and A%, respectively.

SMA should be stretched before embedded into matrix,
and fixed at the ends to be prevented from shrinking, thus, the
initial strain of Eq. (3) is just the pre-strain of SMA before
solidifying of matrix, that is, &g = &,,;.

For convenience, Egs. (5)—(7) are written into a uniform
form as
& =& — & =kio+ky, (3)
where ¢”, ¢ and ¢, are the restoring strain, total strain and
pre-strain, respectively, k; and k, are the effective restor-
ing flexibility and effective free restoring strain, respectively,
which are expressed as follows:

Before the converse transformation

1

®
ky = k7=———T—T.
1 2 D( 0)

D’ 9)

SMA fiber ‘

In the converse transformation

Q
k= [ Em ]/D
(Af — As)Cy
QEy
k, = o — Eres [@A’.’— & — ——|T
(cas — Eres) + ; ( Af_A,y)
Q¢
__Bu_ —aAa]/D. (10)
Ay — A £
After the converse transformation
1
k=—,
D
ky = (645 — &res) + [O(AT —T) —04s]/D. (11)

2.2 Linear elasticity hypothesis of shear deformation
on interface

Assume that the relation between shear strain and shear stress
on interface follows the linear elasticity hypothesis. To obtain
the shear strain and shear stress on interface, the shear strain
and shear stress in the matrix should be determined first.
Assuming that w(r, z) is the axial displacement of any point
in the matrix, and ignoring the variation of the radial dis-
placement over axial coordinate z, according to Hook’s law,
the corresponding shear stress can be expressed as

G ow

T = I

" dr

where G,, is the shear modulus of the matrix.
Considering force balance of any cylinder in the matrix,

we obtain

(12)

2rryt = 2wre. (13)
Substituting Eq. (12) into Eq. (13) and integrating
wg o R 9
f w = l‘t_, _r' (14)
IU/ Gm rf r
we obtain
_Gm(wR_wf) (15)
reIn(R/ry)

where w is the axial displacement of the SMA fiber at r =
r ¢, wg is the axial displacement in the matrix at r = R, and
d Wpg

az (16)

= &0,
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where &g is the axial strain in the matrix at r = R, which
is defined as the average strain of the SMA reinforced smart
structure. Substituting Eq. (15) into Eq. (2), one obtains

doy  2Gu(wg —wy)
dz r} In(R/ry)
Taking derivative of Eq. (17) with respect to z and noting that

a7

— —e, = 18
dz =gf = g (18)
and Eq. (8), we have
dzaf 2G,,
= — —ky —k . 19
a2 = P ETTELL L (19
> 2G5k . .
Letm™ = 2——l—, then Eq. (19) can be rewritten into
ryIn(R/ry)
d20'f 2 &0 — kz
52 =" (af =2 ) (20)

The solution of Eq. (20) can be expressed as

3 k2 + Bsinh(nz) + D cosh(nz), (21)
1

where k; and k, are related to the converse transformation
process. As a result of k, depending on temperature parame-
ter T, Eq. (21) gives the axial stress distribution in the SMA
fiber at different temperatures. The importance of Eq. (21)
rests with the fact that the stress distribution of smart struc-
tures can be regulated by controlling the temperature varia-
tion of SMA fibers which are embedded in smart structures
to make the structural shape and strength self-adapted and
the structural damage self-restrained, as shown in Fig. 2.

In Eq. (21), B and D are determined by boundary con-
ditions of SMA fibers. If the length of SMA fibers is 2/, its
midpoint is the center of the coordinate, the boundary condi-
tions can be considered in three cases: (1) oy =0 at z = &/
(ends free) 2) af = —Im/k, at z = =/ (ends fixed); (3)
Op = of at z = =+l (0,r is the dead external stress at the
ends). As an example in the first case, we obtain

O’f =

g0 — ko
ki cosh(nl)
Then, the axial stress of SMA fiber is expressed as

B=0, D=-

—kp h(nz
op=221- 2 o ] (22)
: ky cosh(nl)
fibers large strain domain
il restoring force
SMA fibers ﬁ/_\f ~_
- £ S S ‘.".-. o T
s R
- § AT “;/ } loads
e Y- ‘ J
\_l B T
SR

Fig. 2 Principle of self-adaptive damage control of smart structure

Substituting Eq. (22) into Eq. (2), the shear stress of interface
can be obtained as
nry(go — ka)
2k1 cosh(nl)

It is known by Egs. (22) and (23) that the maximum shear
stress of interface occurs at the ends (z = =+/) of SMA fiber in
the converse directions, but the maximum axial pulling stress
occurs at the midpoint (z = 0) of SMA fiber. The same is
true of other two cases.

Above analysis results show that the strength of a smart
structure can be self-adaptively controlled by SMA fibers
embedded in the smart structure. But one should also be wary
of a new kind of failure: when the maximum shear stress
7; maxOf interface at ends of SMA fibers is equal to the shear
strength 7}, the initial failures may occur at the ends.

sinh(nz). (23)

P =

3 Failure analysis of SMA reinforced smart structures
with damages

There are three restoring states of SMA in smart structures:
the free restoring state, the restrained restoring state and the
controlled restoring state. Consider the controlled restoring
state, which is near to the actual situation.

3.1 Analysis model and typical element

Assume that the analysis object is an SMA reinforced one-
directional composite, with partial failures of interface at the
ends, but still with bridge and friction effects between peeled
faces, resisting further peeling damage development. We use
the equivalent friction shear stress 7, to denote the degree of
resistance effect, and assume that

l
Tp = ‘L'()Z, 24)
where 7, denotes the instantaneous equivalent friction shear
stress just after initial peeling, and 0 < 7y < 7;, (when!/ = L
7o = Tp), Tp 1S the shear yield strength of the interface.

A typical element of the SMA reinforced smart structure
with damages is shown in Fig. 3, where L is half length of the
element, / is the length of a portion without damage, L — [ is
the length of a peeled portion, 7y is the radius of SMA fiber,
r 1s the radius of any cylinder in the matrix. Let R denote the
radius of the maximum cylinder in matrix, and we still define
&o as average strain of the SMA reinforced smart structure,
then, we can obtain wr = oz by Eq. (16) and the boundary
condition (z = 0, wp = 0) . P, is a concentrated load at ends
of SMA fiber, and we have P, = mr}a,. in which o, is the
average stress at ends of SMA fiber. -

3.2 Variational principle on failure of SMA reinforced
smart structure with damages

We consider only a half of the typical element because of
symmetry, the strain energy u“ of the typical element is com-

oA
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Fig. 3 Typical element of SMA reinforced smart structure with
damages

posed of the tensile strain energy u/ of SMA fiber and the
shearing strain energy u™ of matrix. Therefore, we have

u® =ul +um, (25)
where
i !
u’ = —Ufede, (26)
-3
! 2
m = dv
T fvr
1 Lopam R e (2
= =T drdfdz
2Gm/0/0 f,f (rt)r :
1 L 2w R rs 9
— - drdodz
+2Gm[/() /rf(rtp)rr
wriIn(R/rs) (! wriIn(R/rs) L
i SO 9 f £ 2
= - Pt —L dz. 27
G, ‘ﬂn 2+ G, .[rpz 27
Substituting Eq. (8) and Eq. (18) into Eq. (26), we obtain
wr2 (L dw,\2 d
P | [ s _k_wf]d 28
“ =2 1 (dz) 74z 1% (28)
Substituting Eq. (15) into Eq. (27), we have
m ITG,,, ! 2
== —wyg)d
In(R/ry) fo LA i
wr21n(R/rs)
+fG*ft§(L -y (29)

Thus, the functional of the potential energy can be expressed
as

L
e = Z(uf +u™ — Pawe(L) + / fpwfdz), (30)
1
where f), is the equivalent friction shear stress of the peeled
portion in a unit of length, and f, = 27rst,.
According to the principle of the minimum potential en-
ergy [14,15], the first variation of the functional of the po-
tential energy is equal to zero, that is,

ST1°[w ()] = 0. (€3]

Then. we obtain

l‘f e <7duvr,' dow,

2ky Jo dz dz T odz
TG

+ln(R/rj-)

o déw )d:

!
/ 2wg —wp)Bwg — dwy)dz
0

L
—R,Sw_,-[L +f fréw,pdz =0. (32)
!

Integrating the first term of the above equation, and noting
that Swg = 0 (where wy, is defined as the known displace-
ment), we have

2 5 2

wry dwy Lo drwyp kg L

- (=5 swrls | bwrgs dz) Lou,|
L TG
In(R/rp) Jo

I
—PL,Swf|L +/ fpéwrdz =0.
1

Because dw (0) = 0, Eq. (33) can be rewritten as

!
2(wg —wy)(—dwy)dz

(33)

2
B kgﬂrf

(77."'; dUJj
L 2](1

k—le

— Pa)éwf’L

ki Jo
2nG,,
In(R/ry)

L
+/ fp(Swfdz =0.
l

Now introduce the function
. _J1, 0=<z=l
“””‘[o, I<z<L.

The domain of definition of the function is [0, L].
Thus, Eq. (34) becomes
nrt d kymrr?
f awy 20y
—_— | - — P, )6
(kl dz It 2k ) il
T [y
ky Jo dz?

2w Gy L
_m/o (wr — wp)(z — Ddwdz

L
+/ fo(1 = (z — I)bwdz = 0.
0

To any small virtual displacement, the first term of the above
equation gives the boundary condition

l
/ (wR = wf)Swfdz
0

(34)

(35

6w/-dz

(36)

wri dw, kymr?
Frpdag] OOV 37)
kl dz ¢ 2k1
And other terms give the governing equation
nr} d*w 2nG
T —(wg — wy)(z — 1)
k; dz In(R/ry)
+fp(1={z—=1)=0. (38)
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Expressing Eq. (38) in different portions and solving it,
we have in the portion 0 < z <1,

ar 2w I7G
& Wy TGm
- - — = 0. 39
ky dz2 In(R/ry) wig ] w4
" 2k1G,
Let n© = TR and note that wg = &gz, then the
ry In(R/ry)
above equation can be written as
d*w 5
L 4 n(goz — wy) =0. (40)
dz?
5 % g 5 dlUf
Differentiating Eq. (40) with respect to z, and let y = e
z
we have
d2
d_z': — 112)7 — —1‘1260. (41)
The solution of Eq. (41) is
y = C; sinh(nz) + C, cosh(nz) + &g. 42)
Therefore,
C Csy
wy(z) = . cosh(nz) + - sinh(nz) + oz + Cs, (43)
where Cy, C, and Cj3 are coefficients to be determined.
In the portion / < z < L, we have
ar: d*w’
bl S
- =10, 44
I\] de * fp ( )

where w” denotes the displacement of SMA fiber in the
peeled portion. The solution of Eq. (44) is

kit
P Ot C,

urf = (45)

ry
where C4 and Cs are coefficients to be determined. In addi-

tion to the boundary condition expressed as Eq. (37), there
are other four boundary conditions as follows

wyly =0, (46)

Wy |/ = u{',’l,, (47)

dw du"; "

dz ‘/ T dz ‘/' )
G (uwp — u’//')

= : (49)

s~y
reIn(R/ry)

where wg = goz. Therefore, we can establish equations for
the coefficients through Eqgs. (37) and (45)—(49)
C
=5 €2 =0,
n
2k1 Tpl

C; sinh(nl) + C; cosh(nl) + o = +Ca,
C C

=L cosh(nl) + —= sinh(nl) + eol + Cs

n n

3
=22 4 Cd+Cs,

rf
wrt ok kpmrr?
__f_(__l-r_pL_JrC“)__ 2 f—Pa=0,
k] ry 2k1
o, rrIn(R/r¢) kit
()Z|L— ki / £ p22|L+C4Z|L+C5. (50)
G f
The solutions of above equations are
k 2k ol
Cs= = +0oky — ——, (51)
2 rf
k2 Tolrf ln(R/rf) k] ToLI
Cs=(eog——= — o,k1)L 4 ; 52
5 (80 > ~ 1) G.L Py (52)
Ci — &g sinh(nl) — negyl cosh(nl)
' 1 — cosh(nl)
kytol%[nl cosh(nl) — 2 sinh(nl)]
[1 —cosh(nl)]Lr
{nl cosh(nl) — sinh(nl) ; n cosh(nl) Cs. (53)
1 — cosh(nl) 1 — cosh(nl)
., = 2](1‘[()12 C4
2T Lrycosh(nl) ~ cosh(nl)
& - Cy sinh(nl)‘ (54)
cosh(nl) cosh(nl)
C
=i, (55)

n

In the portion 0 < z < [, we can solve for the shear stress
of interface between SMA fiber and matrix via the shear lag
model.

e Gm(u’R 0 'wf)

: (56)
g II](R/I‘_/')
Substituting Eq. (43) into Eq. (56), we have
(& C>
G,,,[ a cosh(nz) — — sinh(nz) — C;,]
T, = & L (57)

I'f ll'l(R/I'_/‘)

Thus, the maximum shear stress of the interface can be ob-
tained at point 7 =/

c G
Gm[_ —L cosh(nl) — — sinh(nl) — C;]
n n

(58)

T max =

ryIn(R/ry)
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In the portion/ < z < L. a testing analysis is undertaken via
the shear lag model. From the following relations

o duy )
gy = o (59)
7 l 2
LE d()’l»,
T = ?j d;r 2 (61)
We obtain
B =Tp (62)

This result is completely in agreement with the initial
assumption about the equivalent friction shear stress, there-
fore, italso provides a proof that the variational method of the
issue is correct. Through the above analysis, we can obtain
the distribution of the interface shear stress t; as shown in
Fig. 4.

3.3 A criterion of interface failure for SMA reinforced
smart structure with damage

Substituting C, C, and C5 into Eq. (58), we finally obtain
kyGn(L —1)
~ 7 In(R/ry) ["“
Tol

L

When t; max reaches the shear strength 7, of interface, the
interface failure takes place. Therefore, a criterion of inter-
face failure for SMA reinforced smart structure with damages
can be established as

Ti max

‘L'ol(L = l) &0 k2 ]
Ll’f k[ 2](1

(63)

Timax = Tp-

(64)

Equation (63) actually contains two kinds of actuation:
dead-load and temperature. The temperature is reflected in
parameter k. It is not difficult to see that there are many
factors in a failure criterion for interface failure, including
interface properties, dead-load, temperature, thermodynam-
ical properties of SMA, initial debonding length L — I.

Let 7; max = Tp, then the stress o, is defined as the deb-
onding stress, and denoted by o/

o reln(R/r¢)(tyL — tol)

= kiGnL(L—-D

T()l(L —l) &0 k2

fp— = - 65

er * k1 2k1 ( )
T

1/ | %
1 | | | | —

L =l 0 \ z

Fig. 4 The distribution of the interface shear stress 7; of typical element
of SMA reinforced smart structure with damages

3.4 An example

Considering three cases for the sake of comparing with each
other.

(1) case 1: Taking NiTi fiber reinforced composite for an
example, the composite modulus of the material in the
tensile direction is Ec = 6.82GPa (Ec = E,V, +
E,V,). and the shear modulus of matrix is
G,, = 2.94GPa. The NiTi fiber’s residual deformation
in martensitic is 3%, that is, &,., = 3%, its radius is
ry = 0.75 mm, its volume percentage is V, = 10%, and
other parameters of the material are listed in Table 1. Let
L =250mm, / = 200 mm, and R/1; = 3. 7, and 7y are
determined from experiment [ 12—16] as shown in Table 2;

(2) case 2: &,o5 = 2%, V, = 10%, and other parameters are

the same as those of case 1;

case 3: €, = 3%, V, = 20%, and other parameters are

the same as those of case 1.

(3)

Suppose that NiTi fiber reinforced composites is ortho-
tropic, ignoring the Poisson effect resulted from transverse
strain, we obtain

oc re\2 aaT
o= % (2
Ec R/ E¢
where 7r20! = 7 R?0¢ by the shear lag model.
Substituting the above equation into Eq. (65), we have

T RzEckl [rf ln(R/rf)(rl,L = 'L'()l)
g =
“ RzEckl —r} lemL(L_l)

wl(L —1) ky ]
er 2](1 )

To different actuating temperatures, k; and k, should be
calculated in the corresponding transformation stage, where
04s is determined by Eq. (5) corresponding to the end of the
first stage and 047 is determined by Eq. (6) corresponding to
the end of the second stage. Furthermore, it is known by the
constraining condition of the interface that £4- = & in the
second stage and €47 = & in the third stage.

A numerical result is shown in Fig. 5. In Fig. 5(a), if a
point M with two kinds of actuation (dead-load and temper-
ature) is in the shadow domain, the interface failure will not

(66)

(67)

Table 1 Material parameters of Ni-49.2% at Ti fiber

D Q © My M, Ay Ay Cs Cy
(MPa) (MPa/°C) *C) (MPa/°C)
1.8 x 10* —489.8 —0.4 -3 2 45 63 148 148
Table 2 Experimental value of 7, and 7y
Transformation state 7,/(N-mm?) 7o/(N-mm?)
before converse transformation 0.96 0.72
in converse transformation 0.86 0.65
after converse transformation 0.75 0.56




Z.1.Huaetal

10 20 30

40 A, 50
T/°C)

604,

Fig. 5 Numerical result of the interface failure

occur; if the point is on the boundary of the shadow domain,
the interface yielding begins; if the point is out of the shadow
domain, the SMA reinforced smart structures will fail in self-
adaptation. In the temperature domain of A, < 7T < Ay,
the failure boundary turns with a considerable slope upward
since SMA fiber is in the temperature actuating state. In the
temperature domain 7y < 7 < A; and T > Ay, the failure
boundary declines since the matrixes soften with tempera-
ture ascending. In the above example, A, = 63°C, and let
Tp = 0°C, the range of actuating temperature is defined as
Th<T<A £

In Fig. 5(b), it can be seen that three cases have the same
actuating temperature of transformation since they have the
same NiTi components.

4 Conclusions

The study on interface failure of SMA reinforced smart struc-
ture paves a way for an integrity evaluation of smart struc-
tures, is also a necessary link and the basis for the application
of smart structures. The interface failure of SMA reinforced
smart structures with damages are studied through the var-
iational principle and the meso-mechanics method in this
paper, some important conclusions are obtained:

(1) Thermo-mechanical behaviors of SMA reinforced smart
structures with damages are analyzed through the shear
lag model and the variational principle, mathematical
expressions on the meso-displacement field, stress-strain
field of a typical element with damages are obtained. Re-
sults show that the strength of smart structures can be
self-adaptively controlled by SMA fibers embedded in
smart structures.

(2) The criterion of interface failure for SMA reinforced smart
structure with damages is established, that is, when 7; .«
is equal to the shear strength 7;, of the interface. the inter-
face failure begins. The failure criterion is related to two
kinds of actuation: dead-load and temperature, and the
temperature 1s reflected by parameter k-.

59.6 4
56.4 1
53.1 1

40 4

ol /MPa

30 1

20 1

10 A

10 20 30 404,50 604,
T/°C)

(3) The criterion of interface failure for SMA reinforced smart
structure with damage is applied in an example.
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Integrated Optimizing Design of Radome

Hu Zili Yang Zhongqing
(Institute of Unmanned Aircraft, NUAA, Nanjing 210016)

Abstract Researches on essential problems, key techniques and integrated designing methods of airborne ra-
dome in helicopter are made on basis of existing designing methods, and a computer aided design( CAD) of air-
borne radome is conducted by means of 3D ray tracking technique. The experiential expressions are given to lay
components of preventing lightning, and selection and spraying criteria of microwave absorbing material are dis-
cussed. Electric experimental results show that measured data such as power transmission coefficient, reflection-
lobes and radiation characteristic of antenna with radome are in agreement with calculated data and satisfy the de-
sign requirements.

Key words Radome, Integrated optimizing design, 3D ray tracking technique
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