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Foreword

Engineers often encounter elastic-plastic mechanics problems. The seismic performance of struc-
tures during earthquakes must be analyzed and estimated when some building structures are designed.
Engineers have to analyze the working state of mechanical components under various external loads to
make safe and economical designs. Therefore, the basic theories and analytic methods for elastic-plastic
mechanics are essential. Because plastic state does not necessarily refer to a loss of load bearing capaci-
ty,engineers allow plastic deformation in some components to dissipate earthquake energy and to in-
crease the overall structural seismic capability. The fundamentals of elastic and plastic mechanics are
significant in these designs.

To respond to the Ministry of Education of PRC’s promotion of Bilingual Teaching in colleges and
universities, the author had the opportunity to bilingually teach a “Fundamentals of Elastic and Plastic
Mechanics” course. After years of teaching practice and experience, I have compiled “Fundamentals of
Elastic and Plastic Mechanics” in a concise way. This book is suitable for students majoring in civil engi-
neering, hydraulic engineering and mechanical engineering in China.

There are many differences between the contents of a foundational course in elastic and plastic me-
chanics in our country and in other developed Western countries,such as the United States. The original
foreign books are expensive and not suitable for Chinese students. After referring to some classic Eng-
lish books, I chose the suitable parts and rearranged them according to the content system used in
China. Therefore, this book maintains the quintessence of the original foreign books while making the
content suitable for Chinese students.

This book contains eight chapters: Force Systems, Stress, Strain, Stress-strain Relations, Basic
Equations of Elasticity, Problems in Plane Strain and Plane Stress from the Theory of Elasticity,
Plasticity, The Examples of Elastoplastic Analysis. Meanwhile, a large number of English language
exercises are provided.

Throughout the process of writing this book,I have obtained the advice and help of Professor Jin
Fan and several graduate students from the Civil Engineering Department of Nanjing University of Sci-
ence and Technology. I extend my heartfelt thanks to them.

Deficiencies are inevitable because of the limited level of me,and I will appreciate your comments.

Jianguo Ding
December 2013
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1 Force Systems

1.1 Introduction

In our studies of rigid-body mechanics,the deformation of bodies was of no signifi-
cance in the problems we were able to solve. You will recall that,in such problems,
Newton's law was all we needed in order to compute certain unknown forces acting on
bodies in equilibrium. The study of statics did lead,however,to problems where the use
of Newton's law alone was insufficient for the handling of the problem even though the
bodies involved seemed quite “rigid” from a physical point of view. For those problems,
called statically indeterminate problems,the deformation,however small, was significant
for the determination of the desired forces. As an illustration, consider the simply sup-
ported beam shown in Figure 1-1(a) with the freebody diagram of the beam shown in
Figure 1-1(b). You may readily solve for the supporting forces A, B..,and B, by the
method of rigid-body mechanics, provided that there is little change of position of the ex-
ternal loads as they are applied to the beam. We can accomplish this because we know
that the resultant force system on the free body is of zero value. By setting this resultant
equal to zero while using the undeformed geometry of the problem we can easily solve for
the three unknowns. Suppose next that there are three supports for the beam instead of
two as shown in Figure 1-2. Clearly,the deformation of the beam can be expected to be
even smaller in extent than for the two-support system,so there should be no difficulty
in this problem arising from a changing geometry. The total supporting force system
from the two supports is in accordance with the dictates of rigid-body mechanics. How-
ever,we cannot,in this latter problem,determine the value of supporting forces A,C, B,
and B, uniquely since there are an infinite number of combinations of values that will
give the precise total resultant force required by rigid-body mechanics. To choose the
proper combination of values requires the consideration of the deformation of the beam,
small as this deformation might be. We see that the rigid-body considerations afford us a
necessary requirement for the resultant of the supporting force system whereas the de-

formation analysis supplies the additional information sufficient to determine the values
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of each supporting force. Statically indeterminate problems akin to the one discussed will

be one of the classes of problems that we shall undertake to solve.

F, F,
4 f B F, F,

F, F, A C
e { R F, F,
L {w ' B_v ’ ' / ' ‘ ' f B
(b) 4 c " B,
Figure 1-1 The simply supported beam Figure 1-2 The beam of three supports

Next,consider some arbitrary solid in equilibrium as shown in Figure 1-3. Suppose
we pass a hypothetical plane M through the body as shown in the diagram. We wish to
determine the force distribution that is transmitted from one portion of the body A to the
other portion B through this interface. Considering part B as a free body (Figure 1-4),
we can find by the methods of rigid-body mechanics a force and couple at some position
in the section that is the correct resultant force system for the desired distribution, provi-
ded,of course, that the applied forces have not appreciably changed their initial known
orientation as a result of deformation. But just like the supports of the indeterminate
beam problem,there are an infinite number of distributions that can yield this resultant
force system. We must investigate the deformation of the entire body in order to obtain

sufficient additional information for establishing a unique force distribution.

Force B
Couple M
Figure 1-3 Some arbitrary solid in equilibrium Figure 1-4 The free body diagram of some arbitrary solid

The knowledge of force distribution in solids is of vital importance to the design of
most systems. It might be pointed out that the spectacular increase in the range of single-
stage chemical rockets in recent years from the 200-mile range of the German V-2 to the
1000-mile-plus range of the IRBM’s has been the result largely of structural improve-
ments rather than of propulsion gains.

We shall therefore be interested in internal distribution of forces in solids as well as

the computation of certain discrete forces in statically indeterminate structural problems



1 Force Systems

like the beam problem.

Until now,we have been centering our attention on the computation of certain dis-
crete forces and force distributions for problems requiring the consideration of the de-
formation of the body. It should be clear that sometimes the information of the deflection
itself may be of paramount interest and not that of the force distributions. Because we
shall limit ourselves to problems involving small deformation,we shall be able to deter-
mine the deflection of the statically determinate two-support beam by first computing the
supporting forces using rigid-body mechanics,and then proceeding with considerations of
deformation. And in the statically indeterminate three-support beam, we shall compute
the supporting forces as well as the deflection at the same time since the deformation is
intrinsically connected with both computations.

Unlike your studies of rigid-body continua in which you consider statics and dyna-
mics of rigid bodies, we shall,in our studies of deformable solids. restrict ourselves es-
sentially to statical problems. However,there is an important class of non-statical prob-
lems for which the formulations of this text can be applied. Suppose that,in response to
a given force system,a body moves while undergoing little change in shape so that by ri-
gid-body mechanics we can compute the motion of the body at any instant using the un-
deformed shape of the body. We then may employ the methods of this text to compute
the deformation of the body resulting from the combined action of the given forces and
computed inertial forces. However, there is an important proviso that the aforementioned
forces vary slowly with time. This requirement is imposed because we shall compute the
deformation of the body at time ¢ as if the applied force system and the inertial force dis-
tribution computed from the rigid-body motion of the body at time ¢ were static loads on
the body. Clearly such an approach for a rapid time-varying force distribution would have
little meaning. The case of the rotating disk is an important example of the kind of prob-
lem that may be suitable for the approach described here.

The dynamics of deformable solids is reserved for more advanced course, where you
may consider the vibrations of beams, plates.and shells; or wave propagation in solids;
or, possibly,shock loading of structures. Others may study the stresses in machines such
as jet engines,or the vibrations induced in rockets by the propulsion system. These are
fascinating problems beyond the scope of this text. Nevertheless,they require the under-
standing of the fundamentals that we shall stress in our studies here.

Since we shall be dealing with forces to a great extent,it is now useful to make cer-

tain classification.

3
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1.2 Types of Force Distributions

We shall at this time set forth classifications of force distributions. Force fields
which act throughout a body,i. e. ,force fields which exert influence on the mass distri-
buted throughout the body,are called body-force distributions. The force of gravity and
inertial forces described in the previous section are the chief examples of such distribu-
tions. Body-force distributions are expressed per unit mass or per unit volume of the
body elements they directly influence. Thus if B(x,y,z,7) is a body-force distribution
per unit mass,the force on element of mass dm would be

dF=B(x,y,z,t)dm (1-1D)

In addition to body-force distributions, we also have surface-force distributions.
These force distributions act on the boundary of a body that we may want to consider.
The surface-force distribution is given per unit of area of the boundary acted on. A sur-
face-force distribution might consist of a force distribution acting on the outside surface
of the body shown in Figure 1-3 or might equally well include also the distribution on a
surface exposed by a hypothetical plane,such as M in the diagram. The force and couple
shown in Figure 1-4 are the resultant force system of such a distribution. We sometimes
wish to distinguish between surface-force distribution at actual boundaries and surface-
force distribution at hypothetically exposed boundaries, such as plane M. When this is
the case,we call the surface-force distribution at the actual boundary the surface trac-

tion. We shall have occasion later in the text to wish to use this distinction.

1.3 Closure

In this chapter,we have attempted to show some connections between earlier rigid-
body mechanics and studies to be undertaken in this text. Also we presented certain defi-
nitions of force distribution that will help us in our study of deformable solids. We shall
next consider carefully,force distributions on internal surfaces which are hypothetically

exposed by the use of free-body diagrams.



2 Stress

2.1 Introduction

In the previous chapter,we discussed two types of force distributions,namely,body-
force distributions and surface-force distributions. We shall now consider the latter in
greater detail. You will recall that surface-force distributions may be found on an actual
boundary,in which case they are called surface tractions,or they may be considered at
internal sections of a body exposed by the technique of free bodies. Clearly any internal
interface of a body may in this way be exposed so as to have a surface-force distribution
associated with it. By this reasoning we can think of surface-force distributions pervading
the entire body. Indeed,it is by such a viewpoint that we are able to describe quantita-
tively how external loads are transmitted through a body.

Consider a small area A of a hypothet-
ical interface of a body in equilibrium, as
shown in Figure 2-1. Notice that the rigid-
body resultant force Fx and couple My have
been shown for the whole interface. For the
area element there will also be a resultant Figure 2-1 A body in equilibrivm
force F and a resultant couple 8M as indicated in Figure 2-2.

If this area element is decreased to infinitesimal size, the couple can be neglected be-
cause the force distribution across the area then approaches that of a uniform and parallel
distribution which can be replaced by a single force,as we learned in rigid-body mecha-
nics. We will then delete the couple 8M from the ensuing remarks since we shall soon go
to the infinitesimal limit. It is convenient to decompose §F into a set of orthogonal com-
ponents,as shown in Figure 2-3 in which one of the components §F, is normal to the area
element whereas the other components §F, and §F, are tangent to the area element.

We may now define the normal stress ¢ and the shear stress z, by the following li-

miting processes
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oM oF, 34

SF

Figure 2-2 The area element of a body Figure 2-3 A set of orthogonal components

in the area element of a body

8F, _dF,
SA—0 BA dA
thFS aF, (2-1)
sa—-0 OA dA
8F, dF,
=im T = A

We see that shear and normal stresses are intensities of force components given per
unit area. Note that they are scalar quantities. Giving shear and normal stress distribu-
tions is our way of describing a force distribution over a plane interface and,as we shall

soon see the distribution of force through a body.

2.2 Stress Notation

In the previous section, we showed how we could describe a force distribution over a
plane interface inside a body. We can in this way set forth normal and shear stresses for
any interface at a point,hence, we can describe the manner in which external forces are
transmitted throughout a body. With three stress components set forth for each interface

a point, it becomes imperative to formulate an effective and meaningful notation to
identify the stresses. For this purpose, consider in a deformed body an infinitesimal ele-
ment with faces parallel to Cartesian reference as shown in Figure 2-4 where each of
these faces forms and infinitesimal rectangular parallelepiped. Stresses on three faces
have been shown. Notice that a double index scheme has been utilized. The first sub-
script indicates the direction of the normal to the plane on which the stress is considered;
the second subscript denotes the direction of the stress itself. The normal stress must
then have one indice, since the stress direction and the normal to the plane on which the
stress acts are collinear. The shear stresses,on the other hand, have mixed indices. For
example,r,, is the shear stress acting on the plane parallel to the xz plane whose normal

proceeds in the y direction whereas the stress itself is oriented in the x direction.



2 Stress

X
Figure 2-4 An infinitesimal element with faces parallel to Cartesian reference

As for the sign convention, we shall follow these rules: a stress acting on an area element
whose outward normal points in the positive direction of any coordinate axis will be taken as
positive if the stress itself also points in the positive direction of any coordinate axis( The axes
for the area vector and stress need not be the same axes). A stress is positive also if both the
area vector and the stress point in the negative direction of the same or different coordinate ax-
es. Thus you will note on inspection that the stresses shown in Figure 2-4 are all positive stres-
ses. If now the area vector and stress are not directed simultaneously in either positive or nega-
tive coordinate directions,the stress is negative.

We shall see,in the next section,that knowing the stresses on three orthogonal in-
terfaces at a point,we can determine, by employing transformation formulas, stresses on
any interface at that point. Therefore, specifying distributions corresponding to interfaces
parallel to Cartesian set of axes is tantamount to specifying the stress distribution
throughout the entire body. The notation that we have presented will then prove to be
extremely helpful.

It should be clearly understood that stress is not restricted to solids. Our conclu-
sions here and indeed throughout the entire chapter apply to any continuous medium ex-
hibiting viscosity of rigidity.

We now proceed to develop the aforementioned transformation formulations for

stress.

2.3 Transformation Formulations for Stress

Let us consider a small tetrahedron of a continuous medium as shown in Figure 2-5.
The orthogonal edges of the tetrahedron are of length Az, Ay and Az respectively. Posi-
tive shear and normal stresses have been shown on the faces parallel to the reference
planes. On the inclined surface whose normal has been indicated as n,we have shown the

normal stress ¢, and the total shear stress z,. It is convenient to denote the direction co-



