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Multiattribute group decision-making method based on the
information of judgment matrixes
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Abstract : To assign the weights of attributes and experts for multi-attribute group decision-making , seeing
that the weight information of attributes and experts completely consists in the judgment matrixes given by the
expert , so the feature information of the judgment matrixes should be explored enough to assign weights. Based
on the above idea, a multi-attribute group decisiomrmaking method rooted in the judgment matrixes is devel-
oped. This objective method for assigning weights not only has a clear structure and simple algorithm , but also

avoids the inconsistent phenomena that the subjective judgments for experts are different from the experts’ actu-

al decision-making performance. An illustrative example proves that the method is reasonable and valid.

Keywords : multi-attribute group decision-making ; objective method for assigning weight ; judgment matrix
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Abstract: In many real problems, it does not consider the ranking characteristic of criteria to make multi-criteria
decision with classical rough sets theory. By Dominance-based Rough Sets Approach (DRSA), this paper develops
methods for weight assignment respectively under two settings, with decision sorting classes and without decision
sorting classes. Compared to present methods, the advantage of our methods is that: from descriptive set of the given
problem, extracts the inherent rules implied by alternatives dominance relations with respect to each attribute, and avoids
excessively depending on experts’ experience; realizes completely data driving. Finally an example illustrates our

methods are effective and reasonable.

Key Words: Dominance-based rough set, Multi-attribute decision-making, Weight, Unsupervised learning

1 INTRODUCTION

Multi-attribute decision problems widely consist in many
fields. When weights of attributes are completely
unknown, it is a key problem to assign weight in the field
of multi-attribute decision. So researchers extensively
study the problem. Now there are three types of methods
to assign the weights, and they are objective method,
subjective method, and combining methods from two
forenamed [1-5]. The objective method obtains the
weights only based on the known data of the problem,
which is certainly objective, but needs to standardize the
original data; the subjective method generally needs
corresponding transcendent information or experts’
opinions. Now there are distinct differences on the weights
got from different methods and there are not explicit
meanings of weight assignment in some methods. So the
multi-attribute decision, of which the weights of attributes
is completely unknown, still need to further explore.

The most outstanding distinguish between rough sets
theory and other theories of dealing with uncertainty and
inaccurate problem is that does not need any transcendent
information except for the data set being dealt with of the
problem, and rough sets theory is an effective tool to mine
out concealed rule from the apparent data. Some
researchers have developed the method for weight
assignment by rough sets theory [6-8], which do not need
to obtain in advance the quantitative descript of some
characteristics or some attributes and find the inherent rule
concealed in the problem from the descript set of the given
problem. So the method avoids excessively depending on
the experts’ experiences and realizes completely data

This paper is partially supported by National Natural Science
Foundation of China under Grant No.70473037.

driving to finally obtain the weights by making the most
of the data from decision problem itself. However, this
kind of methods just takes the classification characteristic
of attribute into consideration but ignores the
preference-orders of attribute domains or criteria. As well
as the preference-orders of attributes is very important in
many real problems. Moreover classical rough set
approach requires dispersing the values of attribute, which
induces information loss. Researchers discover, in the
process of rough set method being applied to multi-criteria
decision analysis, classical rough sets theory is not adapt
to the attribute that possesses dominance relations and can
not completely declare the knowledge consistent with the
dominance principle in the decision table in which
attribute values have preferential orders. Greco et al.
hybrid the classical rough sets theory with dominance
theory and replace indiscernibility relations or similarity
relations with dominance relations to develop the DRSA
[9-11]. At present the DRSA is widely applied to many
fields such as engineering, aviation, military affairs,
finance et al. [12-14].

Now in many practices it is important to take
preference-orders of criteria into consideration, so it
shows more important to induce the proper weight
information from the preferential information of
alternatives. Thereby it satisfies the real requirement of
preference-orders of criteria to resolve the weights
assignment problem with DRSA. Further more, when the
data have preference relations, the actual range of criterion
can be discrete or continuous and the values of criteria do
not need to be dispersed, so the information loss can be
avoided during the process of dispersing data.

The rest of this paper is organized as follows. In section 2,
a general view of classical rough sets is given first, and
then the method for weight assignment by classical rough



sets is introduced. In section 3, a general view of DRSA is
given first, and then the methods for weight assignment by
DRSA are develops. In Section 4, an empirical study and
results analysis is carried on. Section 5 draws conclusions.

2 METHOD OF WEIGHT ASSIGNMENT BY
CLASSICAL ROUGH SETS

2.1 A general view of classical rough sets

Given an information system § = (U, 4, V', /), Where U

is a finite set of objects and is universe, A is a finite set
of attributes, ¥ =U ¥V, , and ¥V, is the actual range of
ae.l

attribute a, f: UxA—V is information function for

each xeU and ae A4 suchthat f(x,a)eV,.

Definition 1: On U for each subset Rc A4 the

indiscernibility relation is denoted by
ind(R)={(x,)eUxU| f(x,r)=f(y,r),YreR}.

In the information system S the family of all the
equivalence classes with regard to indiscernibility relation
ind(R) is denoted by U/R, and one of the equivalence

classesis Y eU/R.

Definition 2: Subset XcU and R is an
indiscernibility relation on U , then the R- lower
approximation of X is R(X)=U{Y eU/R|Y c X}.

Definition 3: In the information system S =(U, 4,V, f),

R,Pc A

pos,(P)= U R(X) is positive region of P with
XeU/P

is an indiscernibility relation on U, and

regard to class R, for short relative positive-region.

R positive region of P is the set of objects, which can
be correctly partitioned to the equivalence class by the
information of class U/R.

Definition 4: A quality of the approximation of P by
means of the attributes from R is defined as
card(pos,(P
}/R(P)= (p R( ))
card(U)
frequency of the objects correctly classified by means of
the attributes from R.

, representing the relative

Definition 5: In information system S=(U, A4,V, f),
R,Pc A

Vre R, and the relative importance of attribute r is
Y. =¥a(P)=¥s..(P).

2.2 The method for weight assignment by classical
rough sets

is an indiscernibility relation on U , for

The multi-attribute decision problem of the weight
information completely unknown, X ={x,x,,...,x,}
the attribute set is
.,a} ; the value of alternative x with

is a finite set of alternatives;
A={a,a,,..

>

regard to attribute @, is denoted as v , and v €V,
1

V. is the domain of attribute a, ; the weights of

o
attributes are W ={w,w,,...,w,} , satisfy Y w =1,
/=1

w >0, and the information of weights are completely

unknown. Then to solve the problem, the weights of
attributes need to be first obtained, and then all
alternatives are  synthetically evaluated to get

f.=2Xwpyv, , i=1,2,...m, on which the rank ordering
=1
of alternatives are drawn.

Here we plan to assign weight with classical rough set
method, and it is assumed that the data table has been
pre-treated, including the attribute values of alternatives
are dispersed and the repeating alternative has been
deleted, namely two alternatives are not completely the
same, for Vx,,x € X, 3a, € A suchthat v,#v, . We

think the multi-attribute decision problem as an
information system S=(U, AUD,V, f), where the set

of alternatives X is universe U, the set of condition
attribute is the attribute set A4 of multi-attribute decision
problem, D is the set of decision attribute shows the
synthetic judge to X . With the assumption that there are
not two completely same alternatives in existence, we
think that the decision class is

U/D={{x},{x,},....{x,}}.

By definition 5 we can get the equivalent method to
compute the attribute importance with classical rough set
in the context of multi-attribute decision.

Theorem 1: For this multi-attribute decision problem
S=(X,4AUD,V, f) , the importance of condition
attribute @, € A with respect to the decision class D is
as formula (1).

card(pos,_, (D))

=1
P card(X) i

Proof: to consider the multi-attribute decision problem as
an information system S =(X,AUD,V, f), and then

the relative importance of attribute a € A4 is
card(pos ,(D))— card(pos:,_nl (D))
=¥ }/-I—-n/ - card(U) .

Ya

/

Due to pos,(D):)Llj/oﬁ(}’):{x,,x,,...,x"}z)(, and
U =X, then
card(pos (D)) =card(U) =card(X). Q.E.D.

After getting ¥, with definition 5 or theorem 1,

normalize it and get weight of attribute a €4 is




3 METHODS FOR WEIGHT ASSIGNMENT
BY DRSA

3.1 A general view of DRSA

For information system S=U,AV,f) , let
Cl={Cl ,teT}, T={1,2,...,n} is a set of decision
class of U such that VxeU belongs to one and only
one class C/, e Cl. We assume that for Vr,seT and

r>s such that each element of C/, is preferred to each

element of C/ .

Definition 6: Let S  is an outranking relation on U
with reference to criterion ae 4, for Vx,yeU, xS,y
means that x is at least as good as y with respect to

criterion a,namely f(x,a)> f(y,a).

Definition 7: For Vge P and P c A, if there is xqu,
then x is dominating to y with respect to the set of
attribute P, and denoted xD,y.

Definition 8: Given Pc A and xeU , let
D,(x)={yeU|yD,x} represents P — dominating set
and D,(x)={yeU|xD,y}

represents P —dominated set with respectto x.

with respect to x ,

Definition 9: The sets of upward unions and downward
unions are respectively CI7 =UCI , CIF=UCI,.

SSt

In dominance-based rough set approach, the sets to be
approximated are the sets of upward unions and
downward unions of classes, and the granules of
knowledge used for this approximation are the dominating
sets and the dominated sets.

Definition 10: For re7 and Pc 4, the P - upper
approximation, P— lower  approximation  and
P —boundary of C/* and CI® are respectively defined
as follows:

PCIF)={xeU|D;(x)cCI},
P(CIF)={xeU|D;(x)cCI},

P(C)= U D(x)={xeU|D,(x)NCI* # D},

reClf

P(CIF)= U Dy(x)={xeU|D;(x)NCI; #@},

reClf

bn,(CI*) = P(CI*) - P(CI?),
bn,(CIF) = P(CI*) - P(CI?) .
Definition 11: The quality of approximation of partition

Cl by means of the set of criteria P < A, or briefly
quality of sorting is defined as formula (2).

card(U — ((g bn,(CI7)U (Ll bn,(CL)))
card(U)

r(Ch= )

3.2 Methods for weight assignment by DRSA

In the multi-criteria decision problem a criterion generally
has certain dominance relations. So to mine the sorting
characteristic based on criteria with classical rough set
approach does not completely declare the ordering
characteristic of alternatives with respect to criteria. Hence,
we can try to obtain the criterion importance based on the
dominance relations of alternatives with dominance-based
rough sets. Meanwhile data just have ordering relation and
can be continuous as well, which do not need to be
dispersed.

Referring to the concept of relative importance of attribute
in classical rough sets, above all we define the relative
importance of criterion in terms of decision sorting class
based on the dominance relations.

Definition 12: For information system S=(U, 4,V, ),
Rc A is a dominance relation on U , for classification
Cl and Vr e R, the importance of criterion » in terms
of  decision  sorting class is  defined as
y.(Ch=y (Cl)=y,, (Cl) , or briefly the relative
importance of criterion.

With regard to the multi-criteria decision problem of
weight information completely unknown

S=(X, AV, [f), the decision aim is to rank or choose

one from alternatives. As well as the approximated sets are
the sets of upward unions and downward unions of
decision sorting classes in the dominance-based rough set
approach. So without decision sorting classes we cannot
assign weights of criteria with the approximation method
by granules of knowledge. However though the decision
sorting classes are unknown, the dominance relations of
alternatives with respect to condition attribute is the
objective existence. Moreover, decision classes do not
influence these dominance relations on the basis of
condition attribute. So we can refer to the method of
computing the relative importance of attribute with
classical rough sets. By deleting a criterion, then to
examine the change of dominating set of each alternative
before and after deleting the criterion, we can mine the
importance of the criterion in terms of dominance
relations of alternatives. Because in this way the
importance of criterion does not be decided in terms of
decision sorting classes, so we call it criterion importance.

Definition 13: A multi-criteria decision problem
S=(X, A,V, ), which criteria have dominance relations,
then the importance of criterion a, € A is defined as
formula (3).

card({x, € X| D, (x)c Di(x)})

= 1 3
T, card(X) )

For Vx, € X, the alternative in the set of alternatives X

can be divided into 3 types. One type is the set of elements
dominating x, with regard to criterion set A, namely

D; (x,) ; another type is the set of elements dominated x,

with  regard to condition attribute A4 , namely



D, (x,)—{x,}; the third type is the set of elements that
cannot be definitely judged dominating or dominated x ,
namely U-D;(x)-D,(x,) . Now we examine the
change of dominance relations of alternative x, after
getting rid of a,€ 4. We know Vx, € D{(x,) means
f(x,,a)2 f(x,,a) for VaeAd . On A-a,

deleting criterion a , there isstill  f(x,, a)2 f(x,, a), so

after

+

x, € D}, (x,), namely the element in set D;(x,) still is

A-a
the element in D*H/ (x,); Vx, €D (x)—{x}, there is
f(x,a)= f(x,a) for VaeA . On A-a,
deleting criterion a , 2 results come out. One is still

J(x,a)2 f(x,a) ,

D (x)~—{x,} Iisstill in set B, (x,) —{x,} ; another may

after
element in set

namely the

be f(x,,a):f(x/,a) , namely the element in set

D (x)—{x,} may  change to Di, (x)
Vx, eU-D;(x)-D;(x,) , some aeA makes
f(x,a)> f(x,,a) , but other beAd makes

f(x,,b)< f(x,,b), so on A—-a, 3 results come out.
When
f(x,,a,)< f(x,,a,), then x, changes to D;_aj(x,).
When deleting the
f(x,a)= f(x,,a,), then

third result is still that x,

To sum up, after deleting one attribute, the element in
Di(x) is still in Dl (x) , the

criterion a,

deleting the making

attribute a, making
x, changesto D, (x).The

cannot be compared with x, .

element in
D (x)—-{x} is still in D, (x)—{x} or changes to
D]_”I (x,), and the element in U — Dj(x,)— D, (x,) is still
in U-D;, (x)-D;,(x,), or changes to DJ, (x,) or
D, (x). If one criterion influences the dominance

then the results of
j(xl)DD,;(x,) may come

relations of alternatives,
D, (x)>Di(x) or D

out. As well as the dominating relation and the dominated
relation is in relative terms. For example, x, must

A-a

dominate x, because x, is dominated by x, . So after

deleting some criterion a, e A, for Vx € X we just
need to compare Di(x,) with D{, (x)) instead. As
Dy, (x)< Di(x,), it shows that criterion a, has no

influence on the dominance relations of alternative x, .

4 EMPIRICAL STUDY
4.1 A Case
We carry on empirical study with the case in literature [6].

The set of alternatives is U ={l,2,3,4,5}, the set of

condition attributes is A4 ={a, b,c,d}, and the set of
D={e} (Table 1). Based on
classical rough set approach, we just take the
indiscernibility relation into consideration and get the
attribute  weights w, =0.25, w, =025, w =0, and
w,=05.

In the data table all the alternatives have the same value in
terms of attribute ¢, so we think the attribute is
redundancy and delete it. About patients’ disease symptom
and health condition, we think that attribute domains have
preference-orders, namely think the value 1 is preferred to
the value 0 and they do not only show different
classification. The classes of decision attributes are sorting

decision attributes is

Tablel. Original Data Table

a b c d e
1 1 1 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
4 0 1 0 1 1
5 1 1 0 0 1

classes. Let CI={C/,Cl,}, then CI; =Cl, ={3,4,5},
Cli=Cl, ={,2} . But
inconsistent. So we cannot compute the relative
importance of attribute based on upper approximation and
lower approximation of the sets of upward unions and
downward unions of sorting classes C/. The reason is
that: A(CIZ)=@ , ACE)=U , bn,(CE)=U , and
according to complementarity property
bn (Cl;)=bn, (CI7), so the whole set of alternatives is
not completely approximated in terms of decision sorting
classes C!/ with respect to condition attribute A .

here the decision table is

Due to the data table inconsistent in terms of classes C/
next we do not take the decision attribute e into
consideration and just compare with the attribute values of
alternatives to extract the importance of each condition
attribute in terms of the dominance relations of
alternatives (table 2).

Table.2 The Data Table after Deleting the Redundancy
Attribute and Decision Attribute

a b d
1 1 1 1
2 0 0 1
3 0 0 0
4 0 1 1
5 1 1 0




On the whole set of condition attributes A :

Dih={y , D@={L24 , D@G)=U |,
D;(4)={L4}, Di(5)=1{l5};

After deleting one attribute a:

D, . .(h={.4 , D, 2={,24 , D, ,O3)=U ,
Dy (4 ={1,4}, D (5 ={1.4,5};

After deleting one attribute b :

D,,mH={} , D,2={24 , D,3)=U,
DI, (4)={4}, D,(5)={14,5};

After deleting one attribute d :

D;-(/(l) = {1’ 5} B D;-d(2) =U B DL:I (3) =U P

D;,4)={.,4,5, D ,(5)={15};

According to definition 13, compute the importance of
attribute:

2 1 3

YVo=7"s Vh=7T5 7, :gv
After normalizing, then we get the weights of attributes:
w, =0.3333, w, =0.1667, w,=0.5.

Furthermore to solve the multi-criteria ranking problem of
weight information completely unknown, we compute the
comprehensive score of simple additive weighting as
follows:

f=1, f@=05, fB3)=0, f(4)=06667 ,
f(5)=0.5.

Then the ranking of alternatives is 1>4>2>3 and
1-4>=5>3.

4.2 Compare two methods for weight assignment by
above case

The result of examination shows that the method in this
paper can get some conclusions that the classical rough set
approach cannot get. For example, after respectively
getting rid of attribute a and b , according to
indiscernibility relations, the classification results with
classical rough set approach are

UlA={{1}, {2}, {3}, {4}, {5} },
U/(A_ a): { {ls 4}5 {2}, {3}’ {5} } >
U/(4-b)y={{1},{2,4},{3},{5} }.

So the importance of attribute a and b are the same;
however we can get more abundant results with
dominance-based rough set approach: deleting attribute «
the dominance relations of not only alternative 4, but also
alternative 5 change; but deleting attribute b , the
dominance relations of only alternative 4 change. So we
know attribute @ is more important than attribute b .
Thereby, we can get but the classification characteristic of

’

alternatives with regard to attributes with classical rough
set approach, moreover with DRSA we are just able to
explore the outranking characteristic of alternatives with
regard to attributes.

5 CONCLUSIONS

In many real problems, it is important to consider the
outranking characteristic of attribute. However as
assigning weight with classical rough set approach, we
cannot explore the kind of outranking characteristic. By
DRSA, this paper develops methods for weight
assignment, which can effectively improve above
limitation. Further, these methods are completely based on
data driving and are objective weight assignment methods,
and if the decision makers hope to combine their or
experts’ subjective opinions with the objective weights,
they can realize it with simple additive weighting method
that is simple to implement.
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