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Preface

Advanced Mathematics is a basic course for the college students , which is also a disci-
pline with highly logical, abstract and rigorous academic curriculum system. At the same time,
the level of acquiring the curriculum knowledge directly affects the college students’ subsequent
academic study. With the higher education becoming increasingly international and trying to be
in line with international standards, it is extremely necessary to carry out bilingual teaching in
colleges and universities. Because of the strong logicality in the Advanced Mathematics, the bi-
lingual teaching can enable students to change the inherent passive exam — oriented thinking
mode. Cultivating talents is the starting point and also the ultimate goal of bilingual teaching.
In the world of natural science, knowledge updates at an alarming rate. The most part of infor-
mation and materials on science and technology is published in English globally. A good com-
mand of English in terms of the mathematical knowledge helps to keep up with the latest a-
chievements in the natural science abroad. By means of bilingual teaching the students can en-
large their vocahulary, especially the mathematical terms in foreign language, and show keen
interest in learning. In this way, the students can apply the knowledge of English to math
learning. What's more important, they can realize that learning is very practical, helping lay
the foundation referring to data in foreign language in the future. Bilingual teaching of Ad-
vanced Mathematics can not only improve students’ communication skills, but also stimulate
their learning potentials to acquire mathematical knowledge when they use English as a tool.
Offering the bilingual teaching in Advanced Mathematics helps cultivate the students’abilities
both in Mathematics and English. The book is completed under this background.

This book is exclusively designed for undergraduates major in engineering as bilingual Ad-
vanced Mathematics course. It can also be used as a reference book for teachers and students
of the similar level and interests.

The outstanding advantage of this textbook lies in its brevity and clarity. We try to com-
bine the advantages of foreign original teaching materials and the domestic textbooks, making it

possible for the students to learn with ease and interest. Because of our efforts in carefully se-
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lecting the materials with the proper level, the students can enhance their reading ability, the
ability to think and the ability to solve practical problems. The textbook is also characterized by
its integrity, being systematic as well as intuitive and practical.

The textbook emphasizes the basic ideas in calculus, such as the concept of local linear-
ization, the method of approximation, the method of optimization, the micro — element method
and variable substitutions. In order to cultivate the students’ consciousness, interest and ability
to solve practical problems, examples and exercises are chosen to relate to practical problems.

The books learn from the original books, showing some strengths of foreign materials, con-
sidering the actual situation of the students, embodying the editors’ rich experience in several
rounds of bilingual teaching. But owing to our limitation in some aspects, the books are not
perfect in a way. So, comments are welcomed from readers. At the same time, the books are
on the way to be improved constantly through the editor’s practice in bilingual teaching.

The books are supported by textbook publishing fund in Beijing University of Technology.

In the end, we would like to acknowledge those who offer help to the completion of the books.
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Chapter 1 Functions and Limits

1.1 Sets and Elementary Functions

1.1.1 Sets

Set is an important concept. Here we just have a quick review. A set is defined as the
collection of all objects with some specified property. Sets are denoted by capital letters A,
B,---. Each of the objects in the set is called an element of the set,usually denoted by letter
a,b, . The relation a € A means that a is an element of the set A ,whereas a ¢ A means that a
is not an element of the set A. A set conlaining no element is called the empty set,denoted by
. A subset B of A is a set which consists of some elements in A, denoted by B C A. Some
specific set are listed as follows

N =10,1,2,3,---| ,the set of all natural numbers.

Z ,the set of all integers.

@ .the set of all rational numbers.

R ,the set of all real numbers.

Intervals are a class of important number sets. Let @ and b are real numbers,a < b. The
number sel

(xla<x<b|
is called an open interval  denoted by(a.b) .i. e.
(a,b) ={xla<x<b},
a and b are called endpoints of the open interval. Here a ¢ (a,b)and b g (a,b).

The closed interval[ a,b | is defined as the set
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ixlasx<bl|,
here the endpoints ae [a,bland be [a,b].
Any open interval with center a and radius 8, where 8 >0 is called a §-neighborhood of a
point a ,denoted by U(a,d) ,i. e.
Ula,8) ={xla-8<x<a+8}.
Sometimes, we need to delete the center of a neighborhood, which is said a deleted
neighborhood , denoted by
U(a,8) ={x10<Ix-al <8},
where 0 < [x — alrepresent x #a. For convenience,the open interval (a —§,a)is called the left

d-neighborhood of the point a, whereas the open interval (a,a + &) is called the right 8-

neighborhood of the point a.

1.1.2 Functions

Definition 1. 1. 1( Function) Suppose that both x and y are variables,if D is a number
set,and for every x € D, there is only one y € R corresponding to x according to some
determined rule f,then [ is called a function defined on set D, denoted by

y=f(x),xeD.
where x is called an independent variable, and y is called a dependent variable, the set D is
called the domain of function f(x) ,denoted by D, whereas the set {yly =f(x),xe D] is
called the range of function f(x) ,denoted by R,.

For example,y =x” ,y =sin x,y =In x,y = ¢* and so on, which are all familiar functions we
have all known.

Definition 1. 1. 2( One to One Function, Inverse Function) Suppose that y =f(x)is a
function with domain D and range R. If for each y € R, there is only one x € D such that f(x) =
y. Then we can define a function from R to D, such that x =g(y) if and only if y =f(x). The
function x =g(v) is called the Inverse Function of y =f(x) ,denoted by x =/ ' (¥) ,and the
domain of function v = g(y) ,denoted by D, ,is just the range of the function y =f(x) and vice

versa, that is, the range of x =g(y) is just the domain of function y =f(x).
. . T . . ;
For example,y =sin x,x e [ 5 .7] has an inverse function y =arcsin x,xe [ —1,1].

Definition 1. 1. 3( Composite) The composition of two functions y = f(u) and u = g(x)

is defined as
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(fog)(x) =f(g(x)),
denoted by fog.
For example,if f(x) =« and g(x) =sin x,then (fog) (x) =f(g(x)) =f(sinx) =
sin® x,and (fog) (x) =g(f(x)) =sin «°. It is clear that composition is not commutative.
There are four possible ways to represent a function:
(1) verbally,by a description in words;
(2) numerically , by a table of values;
(3)visually by a graph;
(4 ) algebraically , by an explicit formula.
The analytic representation and graphs are widely used.
-1,x<0;
Example 1. 1.1 The function y =sgn x = 0,x=0; is called Sign Function, which
1,x>0.
is a piecewise defined function,a function consists of several components on different subsets of
the domain of the function.
Example 1. 1.2 (the Greatest Integer Function) The function whose value at any real
number x is the largest integer less than or equal to x is called the greatest integer function,

denoted by[x],xe ( —o , + 0 ). For instance,[ —-1.2] = =2,[1.4] =1.

1.1.3 Properties of Functions

Now that functions play a very important role in mathematics, it is necessary to understand
their properties. Now,we introduce some primary properties of functions.

Definition 1. 1. 4( Bounded) Suppose that y =f(x)is a function with domain D. If for
any x € D, there exists a number M >0, such that | f(x) | <M, then we say that f(x) is
bounded on D.

Definition 1. 1. 5( Monotonicity) Suppose that y =f(x ) with domain D,and ACD. If
Y two points x, ,x, € A and x, <x,,there holds
S(x) /(%) (f(x,) 2f(x,))
then f(x)is said to be monotonic increasing( monotonic decreasing)on A. If
SCxy) <flx) (f(x,) >f(x,))
f(x) is called to be strictly monotonic increasing( strictly monotonic decreasing)on A.

Theorem 1.1.1 A strictly monotonic increasing monotonic ( decreasing ) function y =
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f(x)with domain D, range R, has a strictly monotonic increasing ( decreasing ) inverse function
x =f'(y)with domain R, and range D,.

Definition 1. 1. 6 ( Even and Odd Functions) Let function y =f(x) with domain D, and
if Y xeD,there holds

f(-x) =f(x),
then fis called an even function,whereas if ¥V x e D ,there holds
S(=x) = -f(x),

then f(x) is called an odd function.

Graphically, an even function is symmetric along y-axis, whereas an odd function is
symmetric about the origin.

Definition 1. 1. 7 ( Periodicity) If a function y =f(x) with the real number set R as its
domain and if there is a constant T#0(T >0) ,such that f(x +T) =f(x) ,then y =f(x) is
called a periodic function with period 7.

0,x is an irrational number;
Example 1. 1.3  There is a function f(x) = { ) ) which is
1 ,x is a rational number.
periodic but without the smallest positive period.

Solution It is easy to check that any positive rational number is a period of the function
but there is no smallest positive rational number.

Definition 1. 1. 8( Basic Elementary Functions) The following functions listed below ;
Power Function(y =x”) , Exponential Function(y =a”,a >0 and a#1 ), Logarithm Function
(y =log,x) , Trigonometric Functions(y =sin x,y =cos x,y =lan ¥,y =col x,y =sec ¥,y =
cse x)and Inverse Trigonometric Functions (y = aresin x,y = arccos x,y = arctan x,y = arccol
x) ,each a is a constant,the five types of functions are called by a joint name Basic Elementary
Functions.

Definition 1. 1.9 ( Elementary Functions) A function that is made up of Basic
Elementary Functions and constants by a finite number of arithmetic operation steps and
compositions of functions which can be expressed by a single expression is called an Elementary

Function.

) == 3 . 3 o

For example |y = V1 —x oy =In(x+ 1 -x"),y=sin" x are all Elementary Functions.
However , the sign function is not an Elementary Function , because it can not be expressed by a

single analytic expression.
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Exercise 1. 1

1. Determine whether the function is even,odd,or neither.

() =InCa e VT+20) (i =212
(3)/(\) :a—xt)—(f;; (4)_.V=x(-\’—l)(;r+l);

(5)f(x) =sin x —cos x +2.
2. Prove that any function f(x)with the real number set R as its domain can be expressed
as a sum of an even and an odd function.
1, lxl <1

3. Let f(x) = 0,1xl =1; g(x) =e¢'. Find f(g(x))and g(f(x)),and sketch the
-1,1xl >1.

graphs of the two functions.

1.2 Limits of Functions

In this section we see how limits arise when finding the tangent to a curve or the velocity

of an object.

1.2.1 The Tangent and Velocity Problems

For a circle we could simply follow Euclid and say that a tangent is a line that intersects the
circle once and only once as in Figure 1. 2. 1(a). For more complicated curves this definition
is inadequate. Figure 1. 2. 1 (b)shows two line [ and ¢ passing through a point P on a curve C.
Though the line [ intersects C only once, it is obvious that [ does not look like what we think of
as a tangent. The line ¢,on the other hand,looks like a tangent but it intersects C twice.

Now we take a tangent as the limit of the secant lines,we will give detailed explanation in

the following example.



