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FEE B RFAROABEAN, AMNSEHNRDIEREREERE. YEESHE
TP ERE. FHRIEER, AMIARBIEAREZES, REEERENERFEER
R BET, FREZEMTERNRARBEFH—IEENX, HFEHEDXPRER
BEA, EEREZRMTRABERERBHEEFNNIR, BHELHENAPHIRMK
B T RTFREATHRAOERN. EFEKEZ R, AEER (k) ROeErg
REAW L AMNE, MR NARSaH s T RAEREZRMINER. £
XTHE, UEKHERAROFREENMEEFASCER, ETHRER, RN
SATRER, fRZEKh s T RER LIS T EEK R

RN R TR BRI E F] TR R B EMET X, JHERNTFE
TR RN ERER TR RFENE. X—FAFEEERS, MR EEMED 7
PHELIRE, H{EEE, fhRZRKPS SEYERDS, H{EME, Sturm-Liouville # R
mfEEE, #F57 (kn-k) #oriaERE.

JELAT BB 5 AT A TRRECE R SLE B RB - SUS B ER i 19 M E RO AR =Fi
L. WINTE MESTE. JP, EFIERXEINEANOEM, WAL
HTFEFNERATELHXE, HERNRRELEBRENTS. AXLREAERIAK
(G188 LR AR B b, MRS EIRH FTEGE.

AP, BROZTENAEREZRSFPEEFER, ERENERR, ERET
ARG SRS, TEAHER IE NSRRI BRI BN — e RN EREHEAT T iR, 2%3t4H 3
.

EE 1 B, TR THRZEMNMSLENSROFEE, FETRT 4 MEE.

(1)Banach Z3 6] —¥rsH{E I

(2)Banach %[ — B i1 & [RHR

(3)Banach Z%[d]— Bk a3 {E 155

(4)Banach ZF[d] n Mr4{E M

FENFTERBLT —TMHEERE (MAAER), RAREEA L, HFEHERE
N BRI TFEYE.

EH 2%, §3EP, H7EA Zom |EITRT RIEBHTFHAREFEE. BE
g, XWHLESFITREMES BT —EFARZ . HKEHIENSEAFPRIER,
T T —3 Sturm-Liouille & RiT{EMB, L7 T RB¥ERM, WL T HXX LM B K
4, FEESAERA, 725 2 EMBERE TR T —XEPHLERNFTFEYE, EXHERF
FEMARIMEER BRI TERH, it T HNGR.
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Semi-Order Methods and Differential Equations

Abstract

With the deep-going knowing to the natural world, people have gradually realized
that nonlinear science is playing very important role on the fiedlds including mathe-
matics,physics, and so on.Especially in recent years, people discover that Nonlinear is
just the key which produces chaos. At present, Nonlinear functional analysis has been
a very important branch of modern mathematics, and also it is playing very signifi-
cant role in other branches. Nonlinear functional analysis has been become a much
more important tool for dealing with many nonlinear problems. It is also an important
method for studying the nonlinear equations applied mathematics. While in the Non-
linear functional analysis, dealing with equations with the theory of cone is a visual and
practical way and it is integrated with topologic method to push the development of
modern nonlinear functional analysis forward powerfully. Professor Guo Dajun is the
representative of this xchool of though, and they gain great success in fixed pointsof
domain expansion and compression theory, degree theory,differential equations in ab-
stract space, impulsive differential equations in abstract space, lower-upper solutions
theory and so on.

The theory of Nonlinear functional analysis can be wide applied to nonlinear
BVPs. And it can change the existence of solutions into fixed points existence of some
nonlinear operator in come. So people begin to carry on research on compact weak
compact, continuous, semicontinuous, regular cone, normal cone and fully regular cone
of operator.

In this field, there are so many problems, such as IVPs,BVPs of differential equa-
tion in abstract space, IVPs and BVPs of impusive equation, the singular BVPs of
Sturm-Liouville in R!Space, singular(k,n-k) of differential BVPs, and so on.

In this paper, we apply theory of ordering, measure of noncompactness, fixed
point on noncompact operator and nature of regular cone and normal cone to study
some nonlinear BVPs. Meanwhile we get the results of the existence of fixed point on
noncompact and nonmonotone operator.

In Chapter 1, we disscuss the existence jof solutions on BVPs of differential equa-
tion in the abstract space. There are mainly three questions.

(1)First-order BVP in Banach space

(2) Second-order BVP in Banach space
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(3)Nonlinear first-order impulsive integro-differential BVP in Banach spaces.

(4)Integro—differential equation of nth—order IVP in Banach space.

Nonlinear functional analysis can be used solving problems form Mathematical
and other areas on natural sciences.There are three main methods here:Semi-ordere
methods, Topological methods and variations methods.However,semi-order method is
the base and the earliest.Since it is been look after more,the theorems are very dif-
ficult to improve.This paper improves those theorems both in problems and abstract
theorems.

Through setting up comparison result, applying the method of monotone iteration
and measure of noncompactness, we get the existence of solutions.

In Chapter 2 and Chapter3, first we discuss the existence of fixed points on non-
compact operator by applying Zorn’s Lemma. We believe these theoried will be an
important method on dealing with all kinds of differential equations. Next, We discuss
the solution of Sturm-Liouville singular BVPs by applying the fixed points theory of
increasing operators on the normal cone. This way can simplify the factor about this
kind of questions and make proving more simple. And last we study multiple solutions
on singular(k,n-k) BVPs. And both the ordering method and topological method are
applied and the relevant results are improved.

Key worlds:cone;Upper and Lower solutions;Boundary Value Problems;Fixed points.
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BAH e — A EE2R Bowrbaki 2R, BERHART S, EHAREUR
TERERS LB, LTRE, TERTRAS L. RREeEHWHAUKT, 4
RS ERBEARNEHWEEESA 1, RUSH, AETRZEMEEAN; 2, i
1, BHBE TR AGEY TEXR" 3, LFGH, AHBETRZEN 5" K

. EMESHTRE B, ~#UTBISRAAEAGRET —RIINSN, XELAE
BB AT,

HBAE WM TS A WK o, Xo BESR, NHE A L— R
C, WX T A PHE—1 a,C(a) € X,

SRBABRSNHABLE =LA, HhRERIELF EMXASHAEXM Zom
3.

Zorn 3|3 MERFE X MEMLFTESE LR (FR), U X FOH—MEA
CUNE

1914 4, Hausdorff JEB T i B ATBHMMT “HRREAIL": F 48R S?,
ERETMAWWNHES, S? = AUBUCUD,D RTHSE, A, B,C ZEEifsE
&, {52 BUC #ifeh A &4,

1924 4%, Banach,Tarski 88|T “RkER". T B—ASHRE, BAFEL
RHERXH U AV, 8 T=UUV, fH U,V TLLEIERMHEHES, V XTLLE
AHRAE S T HHES.

— R B RIR MM AR S 4P S EWR SRR, XEEATRETR
EEABNERSNOAE. HXET FTEAESZMNS®R: LR BUHAS, 2 ¥
F SRR 2 — Helner FEAMIL; 3R! f—YITHMETME; 4,Urysohn 3|ER
Rar, H BTG He T,

ROGHRATIRS S — R A MR, BERANRIERABLRRAEE
ABEANTFEEOER. Eit, EAHeeey, B5nsAmRE SN Ams Ry
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BN XEER, BRHHES TRREENRR, TEMBERENERE T RALH.
FKHRIEHIMENSIAS Zorn 5P %, BAT—RAFHRAR AR,

1976 4, H.Bresis i FHFSM—MURE. ¥ Z BEAYFLHE Hausdorff 2
|, W THERG

(DVz € Z,{y € Z|y > =} RIFFIAR.

Q21 <2< S Tp <o > {20} FUK.

BYEtEy : Z — R, TRz < y = ¥(z) < ¥(y)

Ay LFER.

W Z wHgksT.

1985 4, MBAEMLBHT LEEEAE, BIATREBFTHRELUE,
fukft (3) A FERROER: (3)*: Z HFTH.

1971 4§, Zorn [FEMRINER, BB T THA RN TAELE Rt/ ME S8 Ekland
AR, MAHIES T AN EMER. HSH Caristi(1976) Fsh e, Kantrovich i)
A A EHEMHR, AT FERBRET A NOERER.

AR AR N S B AN RTHEN R, AMEARAHFRGEX. &
—ffy Banach 23], JERFEMBEIEIMG S REHRARKIEN BERENNGIA.
& MR R N RS A, TFRMR TR LB E, RIELES)
#epi — M REHE. ’

R, T WA EEEESENTRIAFSHRERGMT. — T EILFHF
b H AR T A BHEASEENEE. TERERERTFHRS QFEERE
EEE; B—HE, MTFENENRSSFESERINEZADIRAIRAES L NRRD
AR, ABESEXFEET T HFOHENER, FooET EANEERR.

= EhHEHEN AR

Banach ZX[E a9 FREIL R =HELUREBEEN —MBFEN L, TR
AFEERAZ BTG RE, ETLMHE R FER LGS Banach 2+
WA B, WATLLE A FRREAREREHSERPOHNERNTE. B, X
g day B NAMNRTIF S B RSB ER M A r BRf 524 M V.Lakshmikantham,
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ik R G ;1]

HAE, PO R TR — RN R,

BEH A1 B R RARE RN, E BN R IR S, R 2,
A B SRy TRS RERSHESRGESE BN, FSETRMTERY
AR T — N EEN L, HERCHXPRIEETAER. FREE MR EES
FHEMEEA A TR, SRR A HILA K R R R R AR
TEAERAEE WA, FEFBAREE, W, B b, MEER (kF
¥) FALTE R I AR, RGN AR A7 H R T SRS &
AFHRR. TEXNE, UBAHMEIRENLRESRMEERAHSER, L TFRE
0, WREARS RS, MR A R LIS TR AR

I RAEIE TR LS A2 A TR SO RS %, FHERE
B AN R TR RS ST, X —FEH IS, MR 5B
VHEFVE, S, Hgos b i FRYIERE, HERE, Sturm-Liouville % 5
HEEE, %5 (kn-k) BOHHIERE.

RS S EES FEFE, AP SR TERE (1-8]), AsERE. &
B, BRSEESFRGHEMBREMEEN. BT RS SRR, E3IA%
B, MG TR AR B, EER RIS RS
K. EHH, RIGET=EMBLENE

(1)Banach ZxfEl—Wh i (A

%’ti = f(t,u(t), (Tu)(t), (Su)(®)), t €J
u(l) = pu(0),8>1

.4 |
[ feC[J x E3 E),J = [0,1]

{ (Tu)(t) = 0} k(t, s)u(s)ds

(Su)(t) = Jl h(t, s)u(s)ds
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(2)Banach Z=[a] sy — B 1 (& (a1 B

v = f(t,u,u,Tu,Su),Vte J

w(0) =6,v/(1) = Bv/(0)
XB J=[0,1],f € C[J x E'4,E],E f&£32 Banach Ela]. >1H
(Tu)(t) = fE k(t, s)u(s)ds
(Su)(¢) = g ht, s)u(s)ds
(3)Banach 25(—WBkM: 3L (I

' % = f(t,u(t), (Tu)(t), (Su)(t)),t € J'

8 Aulpmy, = Lfu(t)),i =1,2,...,m

[ u(1) =pu(0),8<1

B x EAEATRHE, PR T RS R R RS E.

% F Banach Z[EHHENHS TR, HITXFEATRES (5]), FHFRT —%
RN YHERE, BT BAM T, BT BFEN—N D% AFRIRTTLT
REEMEHH R, BFERARREH—NTBEXERNELR.

St FLEE PR TR, RITEEERT R ENE. £ TX7mN TER
£ (16]-[22]), MMMMEITR XX F BRI RIVEEW T —% Sturm-Liouville # 5
WEEE, XRFELARE T, EROMFT EEHFXTEURIEA TR KM,
PR AR EA SHAERIGEMIR R, Bl TRFENZG. SUREVHRERE, RFHLRX
XEHFHT.

MF—AEEERENT, FHAEECERY), ZEZNSEBBBURATAZINE
H ([9],[29)) W98k, WERAT Zorn 51, BHTIERFE—RETHRDSGFENE. X
R, MFHRETLER. X—EERETENSA LWHETFRHGEE A —ENE
WEX, HEREATARNRA, XAEBENH LA RI AR



18 Banach 25 [AH M B LAELER
$ 1% Banach FaPRSBIEILAMEE

§1.1 SIEAMEALR

XTSRS TR, AR ERTFHERSEN AL ERSE. EEFRE%E
A, BREHS—MROHEREE. A, ¥ THK|ZETE, TRZEMXRMUGERHEL
B2 X RRAHFEHRR. TELERER R ERR UFA YRR TR
SFH, ABTREEITRERMRZEFMSBEHNZAFE. B N TROM)I TR,
BIWERERLD, EEE-IRNERE, Kit—L RN — A FER A —FHE
B KPS —WEREMA MTHKEEMSHE, ANGTRERTHHEREM AR
RS, FERETE—RARFEEN ROAMERE, 3HHITHRT —XHEraERN
B St —K— P EE, - ER—-AAEREN A, FEWiHR-KITH
SHEFE, SEiTe T —2bkeh—BhE RS REEE, SRR T BB ERE.
BOLAN SR U AT R e SRR AR, (B [1)-8],) AW REMRERSRX
ik ([9],[10]).

% E 2—A4 Banach %[, E f—AIEZMAMR P mRHETHERMSF, BRIVRKF P
B E $i—1

(1) E8#AE r,y€ P,a2 0, >0,faz+ Py € P;

2) zeP,~zcP=>zx=90

Ll b TR, R EEMAL.

@aE ERpE P. M F € E,ye€ E, 5INZCRRE < T

y—1 € Pz <y, BHRIF, HRXFETRENXRE—FEFLER, KW
R T HEER:

1) z<z

@ mRz<yy<zlz<z

@ Fz<yy<zRz=y

feAHBH, MERAEFAN, RISREE Banach Z[H E PHEFRE £ T4
TEMES AL, FRIENZRERZ—1¥F Banach ZE[H.



$1E Banach Z3[d] A {E A LA WA
EX 1.1.1. P REMRARIEHFEERE N, #8

0 <z <y= |zl <Nyl

EX 1.1.2 P ZENKRMERERF LAMHE R LFI#bcsk, B

21<225...8{2p<...5Y%

o
Jim |}z — =" =0
513 1.1.1 3 P RIERIR, W P RERM.
EX 1.1.3 % S B E AR 2

n
a(8) = inf{6 > 0: S = | J Sk,diam(S) < &}
k=1

im’
0 < a(S) < 0.

a(S) mif S ity Kuratowski JEEERIEE, RipRIFRIEMEL.
AEEHRIEE R Hausdorff &4EiR MGy, FRER M RAMEEZANEETEK.
B, TN R —F “EEmE. B B E R AT iR RN TR R
g, W [10].
BER 1.1.2 L EHRE LA FTEER (ST #% E PHARL, o REH)
(Da(S) = 0 & SRAXRHE.
(2)SC T = o(S) < (T)
(3)(S) = a(S)
@)a(SUT) = max{a(S),a(T)}
(5)a(aS) = |a|a(S), HaS = {z : z = az,z € S}
6)a(S+T) < a(S) + a(T), XES+T={z:z=y+2y€S,z€T}
(T)a(@S) = a(S)

(8)la(S) — o(T)| < 2dn(S, T),



B1E Banach ZZ[8] {5 H{E I JLAEIRE

K dy(S,T) -8R S 1 T Z[A]¢Yy Hausdorff EENY, HP
dn(S,T) = max{supd(z,T),z € S;supd(z,S),z € T},

XE d(,-) B <SFIRAEER.
5132 1.1.3 t H C C[J, E] BRAFRM, FEEEN, W o(H(Y) £ J L&, H

a({ /J #(t)dt : z € H}) < /, a(H(8))dt

5|32 1.1.4 (Ascoli-Arzela) 2 H C C[J,E] RHIMERHLERH KRR H 2
LRGN, FAME te J, 8 H() B E FasRE.

HEEMEFNER, CLRNERESNMIENLR, AXEERE [9)15].

#3 1.1.4 i E £—4 Banach 2], Ie€Ru:I— E HE—PHBEY

X 1.1.5 mE

tllvntlo u(t) = u(to)

VUFF u(t) 16 t = to sikbiEL. MR

u(t + At) — u(t)
At—0 At

RIS MR YRR ERO S, T (0). BHAY, THIMRMEL
RSN, MAMRERERE [ L E—SBTE, WENSEER—HRES, FLT
Bt — 53 AR SRS

%X 1.1.6 i E £—A3 Banach 25, u(t) : [o,5 » E R—MHREH, XF
la,b] BAERTSNE T

a=to<t1<---<_ti<ti+1<'--<tn=b,

it o = __ilu(fi)Atia Her & € [tioy, 6] BB, Aty =t —t—1(i = 1,2, --n). RY
MT) = maxAt; - 0B}, o %€ B TR I, W u(t) % [a,b] L Riemann 7
£, o8 I W ut) 75 [a,b] L8y Riemann 4}, MHELSY, io# [ u(t)dt; B

/b u(t)ddt =I = lim iu(&)At,'
¢ i=1

AMT)—0



B, Banach 23 [q] 5 AR B JLAN )58

513 1.1.5 # z(t) 7£ [a,b] 3£4E, W z(t) £7E [a,b] EFHL
5138 1.1.6(1) # z'(t) 7E [a,b] LFFFEM H#ELE, N Newton-Leibnitz A XM L.

/ " & (t)dt = 2(b) — z(a)

X% R A A AR — 25 EAEY, ERSH IR [10], XEAHIFH
£X 1.1.7 & E, M E; #& Banach @), D & Ei F¥RAHFE, A:D -
Ey,x0 € D. #H¥F1E B € L(Ey, — E2) (%

A(zo + h) — Azo = Bh + w(zo, h),

HeH w(zo, k) = o(|[R]]), BP
- lw(zo, I _
ur{lulf»o (iRl 0

MBRET A £ zo &b Frechet A[f#, Bh W A 7€ zo &% F h & Frechet #5}, igHh
d[A(zo)h]; BT B mfif A 1 zo i Frechet ST, iBH A'(z0)., FHFH F AL

§1.2 Banach F[EP—X£—HrR4 - Mo HIZDERRGOE
& E R—4 Banach 358, I€R'u:I— EHE—THMREH. MR
tllntlo u(t) = u(to)

B u(t) 7 t = to MALELE. MR

u(t + At) — u(t)
AtS0 At '

e, RATIEE MR O MR RS, T (1) FRAY, TR B
RN, MAMRREERN [ LTS, NEHSRER— MR R, FLT
PE— IR S EEE.

& E e—A43: Banach 2, u(t) : [0,0] » B B—A-HBRL, XtF (a,b] QUET
T

a==t0<t1<"-<ti<ti+1<"-<tn=b,



HWi1E Banach %38 434 (B R JLA(B1

fEf o = g.l u(&)A, B & € [tio1, t] FERR, Aty =t —ti1(i=1,2,---n). MPEY
MT) = maxAt; » 0B, o %€ E FRTHRMBRM 1, U u(t) & [a,b] L Riemann &f
B, FER T W u(t) 7 [0, ] L#y Riemann R4}, MRS, 2 [7 u(t)dt; B

/ "ut)dt=I= lim 3 u()dk

AT)—0 -1
AR T AR (1.2.1)
o = f(t,ult), (Tu)(t), (Su)®)),t € J
(1.2.1)
u(1) =pu(0),>1
XH
( feClJ x E%E),J=[0,1]
t
) (Tu)(t) = {k(t, s)u(s)ds (1.2.2)
(Su)(t) = ({lh(t, s)u(s)ds
e

k(t,s) € C[D,R4],D ={(t,s) € J x J,t > s}
h(t, s) € C[J x J, R3], Ry = [0, +00)
£ (122) b, % 4 =1, WREAMERNE, EHEAETHERB--12. H0<4<1,
Ma A T =1t 4R B> 1 HHE.
& CJ, E) = {u: J — E}Y(3 u iE8E) , W ClJ, E] FEHK
llull = sup{u(t),t € J}

TFJR— Banach %F{d].

I 1.2.1 1% p(t) € C[J, E] MR &M+ (1.2.3),(1.2.4):

P (t) < —a(®)p(t) — b(E)(TP)(t) — c(t)(Sp)(t),t € J (1.2.3)



Wi Banach ZZ[8] P ifsril (Y LA EIE

p(1) = Bp(0)
He
a(t), b(t), c(t) € C[J,Ry]
LUE
B{ /0 l [a(t) + b(t) /o ' k(t, 8)ds + c(t) /:) ' h(t,s)ds]dt} <1
B, p(t) <6

iEBR %t Vg € P*, 4 v(t) = g[p(t)], W
v(t) € C'[J, R}, v’ = glp(t)), 9{(Tp)(t)] = (Tv)(t), 9[(Sp)()] = (Sv)(t)
FRRBINE:
v'(t) < —a(t)u(t) — b(t)(Tv)(t) — c(t)(Sv)(t),t € J

v(1) = pBv(0)
TEiEH

v(t)<0,VteJ
B v(t) < 0,t € J FRY, FiHEE
max{v(t),t € J} = v(r1) > 0
H v(1) > Bv(0), BR 1 #0. FR 7€ (0,1]. &

min{v(t),t € J} = v(o)

(1.24)

(1.2.5)

(1.2.6)

(1.2.7)

BR v(n) < 0. FMm (1.26) A o(t) £ J LB, X5 v(1) 2 Av(0) F&. &

v(m) = —X > 0, HFFHERITE.
i 1: o€ [0,1) WA

v(n) = v(m) + /ﬁ V(t)dt < -2 - fn [a(®)v(t) + b(t)(Tv)(t) + c(t)(Sv)()])dt

<A+ /o la(t) + b(2) /0 " k¢, s)ds + o(t) /o " h(t, s)ds]dt < 0.

10



