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#H1eE B R

1.1 REIEEFR

1. MR V(y) B4MO%K, BARXNEFTEY —BROKM, WHE?

True or false? If V(y) is a convex set, then the associated production set ¥ must be convex.

F: X UREAAEIR, BEEIT

AR ERE N RATRE, BRGIRAY . HRIERMNAFEERE I RAZE
KEE:

WEHR: R Y B—gE, BRATTRAMEH, ERIfE(y, -x)F(y, -2 )EEY &
x Fx kYL, —BRE(y+(1-t)y, ~w-(1-0)x)EYH, Bi(y, -+ (1-t)a")) 7
YA, AMTATEL: G5 x Mla'7E V(y) i1, BB4 tx + (1 —¢)x'HEE V(y) Hr, MTTATHE V(y)
R,

TE2E BB ARATEREFAERE HEE, FRAEER (x) =2 #
EHHEAR, EFE Y ={(y, —2)y<s| BRFEMK, ERAEEE (y) = {xa=y| £
MR,

2. % a,#a, B, CES &My = (a3, +a,x,”) - BRI R 42

What is the elasticity of substitution for the general CES technology y = (a,x,” + azxz”)% when
a, #a,?

& NTIHHESREE, HAEITERABEAER, REZIABNARNE L.

of

x, a,x,”"!
TRS= -——F = -—

of azxzpql

ox,

LB ABOTEEE
In|TRS | =lna—l+(l —p)lnx—2
a, %y

Ty . _dln(xz/xl)_ 1
RERRMENEL:  o=" e =

3. BER OEHERENA: o) =LEL. T mm ) =xix, S1AER

ax, f(x)’
PSR A
Define the output elasticity of a factor i to be
f(x)
a0 =8 1

If f(x) =x}x;, what is the output elasticity of each factor?

B fi(x) =ax g, fi(x) =batny”t, AT DERE H BN



() <Ay e e
EABERN PR,
£, (%) =fz(x)f(—x)=bx‘fx2' ol =b

4 WR e(x) RAMBE, £ (x) RER | OFHBE, EH.
e(x) = 3, &(x)

i=1

If £(x) is the elasticity of scale and &;(x) is the output elasticity of factor i, show that

£(x) = Z"lexx)
B WAEREE Y =f(x), 4 y(0) =), Hbo>0, BRI SN

e(x) _dy(e) ¢ _flm) |t
dt Y i1 ot f(tx) t=1
MATHT 2
b, of(ex) _ ¢ Zx af(tx)
Sf(ix) dt SfQx) &7 o,
T = M R e A
_ 8 Inf(ux) “ % of(x) _ =
e Fral D Vs e MRS

5. %t CES =& MME, flx, %) = (x,” +x,°) » HISUEEM R 42

What is the elasticity of scale of the CES technology, f(x,, x,) =(%,” +x2")%?
.

flxy, ) = [ ()% + (0,)° 17 =2  + 2817 =1f(x,, x,)
XERE CES A REUB R BATHAR A, FHILHSERERL 1,
B A AT DRI —452R, miT
sy D | i)
de y |t dt flex) |,
d(eg +238)7 _ di(ah +8) "
dt dt

e = 1 BHHER A SR EIRL (5, %) = (=" +x,°) 7, SEFMEMEER 1,

6. HEMNH g (x) >08, AIRES g(x) BIREEEL, HIBXRE?

True or false? A differentiable function g (x) is a strictly increasing function if and only
if g'(x) >0.

Z: ZEAIER., XEER: WR e (x) >0, AIBERBR IR, HEIX,
MAR—E BRI, BPIREA, BB g(x) =+ BAHA, I A3, HE =0 LHFE
HE,

7. MBf(x) BACBEARES, HE xfMx' £FEHAEN~H, BAxMx'th—F
EFmEREK RN WHERX SR,

2

FRLL - = (2 +20)7



In the text it was claimed that if f(x) is a homothetic technology and x and x' produce the same

level of output, then tx and tx" must also produce the same level of output. Can you prove this rigor-
ously?

iERR: HEBER TR ARRE L.

PR ARR—P— KPR G B, BaER, R (o) BAMAE, HEMNY
ERUFRREAx) =g(h(x)), HFr(-)RE—KFRE, g( ) RBPFEKH

BT o M P RRKFR =, WA g(h(x)) =g(h(x")), XHENEE g( - )&
I, BTLALLA h(x) =h(2'), TR:

ftx) =g(h(tx)) =g(th(x)) =g(th(x")) =f(1x")

BV tx ) ax” th— 58 A 7 RV RE K (7 H-

8. MRSf(x,, x,) RECIER, EEAEE(x,, x) DHERBREETEE (x,, &,)
AR ARERE,

Let f(x,, x,)be a homothetic function. Show that its technical rate of substitution at (x,, x,)
equals its technical rate of substitution at (#x,, tx,).

B UREBTUS R g(h(x)), Ho h(x) B—RKFREE, g( ) BREREH I
fﬂ@ﬁf(xl ’ xz)’—&(mﬁ ’ tx»ﬂ:ﬁ{]ﬁ?ﬁ%{’t%ﬂﬂ?

a%i.(‘x) a%f(tx)

TRS(tx) = - = -
Sy ()
0%, 9%,

MERTUES, — MBI AR BN R SHE M — K FR B EARERERM
S T — KPR REHE (v, , %) W (tx,, tx,) AR ABRRAEE, B CIRKTE (5,
xz)ﬁ%ﬂ(mﬁ ’ txz)ﬁ%&*%'fﬁ%m*ﬁ%o

1 kY
9. %’:ﬁ CES &R #: f(xl ' xz) = (alx‘p +¢22x2") ?o ﬁﬂﬂ?ﬁum?gﬁkj(xl s xz)
1
=A(p) [bx," + (1 -b)x," 17 WA,
Consider the CES technology f(x,, %,) = (a;x" + azxz")%. Show that we can always write

this in the form f(x,, %) =A(p) [bx? + (1 —b)x,” 7.
E: MEABRWT:

1
o

L a, a,
f, ) = (a4 am®) 7 = [ (a +a) (o + )|

1
ir a a e
= (a, +a) 7 [ =2t + —2—t]
a, +a, ' a,+a,
a, L
%Eé\bz(a +a )9 A(p) =(a‘1 +a2)p
1 2

10. RiGYRBR—NETE, MRy EY DMy EY REKRBEy +yY'EY H, RTLUAZK
BRARMERN, MRy EHEY R, HEANEENOsi<1, y EYH, RTADZEARRATS
M, AR : MR—BHEABEMENNRTHERN, B Y —EROAEREH MR
AR,

Let Y be a production set. We say that the technology is additive if y in ¥ and y' in Y implies

3



that y +y is in Y. We say that the technology is divisible if y in Y. and 0<t<1 implies that ty is
in Y. Show that if a technology is both additive and divisible, then ¥ must be convex and exhibit

constant returns to scale.
E: HTZEARRBE M, XMBERENTEENNT 0B 1 ZEELE e, 1 M
(1-t)y #EY H, MMENMBREREZ My + (1 —1)y’ BEY P, g HEEIEIER,
SHERRT 1 R, BEEAUER =[] +(e-[e]) , HP(e] Fm o BEES,

{¢]
mFe>1, FRULe]=1, HFH (¢-[t]) e (0, 1), XM, HyEY S, WHFTINHE, Z)

= [tlyEYH, Bhaot, -0y ®EY S, BRAARTME, [tJy+ -[t])y
=ty WY, XHERE ZBR R AR ER

11. WEMRAERE, YIEHETHZENE, 2PAMM/ AN, BESHafd
AR 7= oK F R4 A IE

(a)V(y) ={x,, x,tax,=logy, bx,=logy]}

(b)V(y) ={x;, x,2ax, +bx,=y, x, >0]

(e)V(y) ={x;, xiax, +/x,x, +bx, 2y}

(d)V(y) ={x,, x;tax, +bx, =y}

(e)V{y) ={x,, x;x,(1-y) =a, x,(1-y)=b}

(£)V(y) =1{x,, x,}ax, "«/R"’bxzz)’i

(g)V(y) ={x;, x,7x, +min(x,, x,) =3y}

For each input requirement set determine if it is regular, monotonic, and/or convex. Assume
that the parameters a and b and the output levels are strictly positive.

(a)V(y) ={x,, x,:ax,=logy, bx,=log y|

(b)V(y) =1{x,, %, ax, +bx,=y, x, >0}

(e)V(y) ={x,, 2,0 ax, +m+bx22yl

() V(y) =1{x,, %7 ax, +bx, =y}

(e)V(y) =1x;, %1%, (1-y) =a, x(1-y)=b|

(D V(y) =1{x,, 5,0 ax, =/x,x, +bx, =y}

(g)V(y) ={%,, %%, +min(x,, %) =3y}

E: ENMEREMNFAE y=20T5, V() B—1TESHHAE, ENEEKRE SFEER
AR BT R P R B R B KPR,

HERRMRFEV(y) S, FHx'=x, A, o' =x W V(y) P, RREEEWREREM
EHREENSREE™ HEIKE,

MR RAEINR « Fl 2 ERIE V() ), B4, AN TOMI ZEM tTiE, o+ (1 -1)x’
WAE V(y) Fo

(a) RAZREW R IENHE, B RO,

(b) BAZEKEH L IENE, FEEL RN,

() BABERERLEMERN, (2, x,) WRHEHRIER, FUERRBEEN. b T%
PR EEA, A RBEREMMEEMN(HARLERN), ATRIEXS, AL

7R B R EOE - NMERE, HBERTAEE ., BREENSE - ETELE—1
4



REATHIE, B EFBELHE - HERKTHIR.
f(x) _ 1 31 *f(x) 1

= ~—x, 2x

ox’ 4 dx, 0%, 4

1 3212 _1__ 12 -172
1 %2 45‘71 %

1 Jin 1 n_-3n
49‘1 2 ‘4"1 2

1 -
D = -—x, S/Zx;/z <0

-1 -1

D, :11—6x, %, T'x, ' =0

1
- fg"l
PFTABABERERDER
() BABRER RIENE, B RN,
() BABEREAHEEMNYE, HAMEBRKT 1 N> &, REELREET HROE
A, B EWHE PR
(D|ABEREREMEN, I TREERNE, BTESRR(2) =a, /5,2, +bx,
A7 R ORI R BUE E «
Q_L(Q 1 2

=a-—% 'x
0%, 2 2

ﬂmﬂﬁ§a>a§ﬁ,iﬁﬁﬁm,@mﬁAgzﬁ#xaﬁaﬁmo

BRE () (IERERE, HAAKXANT, BFE -1 EFIXNE. HHBEERESRT
HEFIWT F(o) B, (BRI TRAZRE o(y) ATLHNHARLK, BEHIT:

ax, ~/t%, +bxy =y, SHHRBEAE: ax, +bx, -y =/01x,, WXARFRHAFEHGE AT
R MEE SR, FFE ax, —/xx, +bx, 2y RIEEMSMBRBAESE -RBHFT, EAR
R, BBo(y) ARDHY,

(1) X— RSt S5—BERBRREMNESZH, UEREE XA RBTHEA R
BravER, AFENM., REERSHE,

1.2 SR{LSIBiFRR

1. Linearly homogeneous production fonctions are expressed, quite frequently for the
sake of convenience, in “ per capita” terns, The trick is simple: one input is factored
through the equation (that factor is usually labor, and hence the use of the “per capita ter-
minology” ).

Consider, for example:

y=f (x 1 x;)

where f(x,, x,)is homogeneous of degree one . It is possible to define a new function

&é(X). by dividing through by x, so that



Y =x,f((x,/3,), 1) =x,(X) (1)
where, X=(x,/x,). Alternatively,
(Y/x,) =¢(X), is the per capita production function in terms of x,.
Questions :
(a) Express the profit-maximizing conditions in terms of w,, w,, and ¢(X). under
the assumption that the price of output y is unity.
(b) Show that
g ® (0 [6(X) -Xg'(X) ] 2)
X¢(X) @' (X)
(c)Show that if f(x,, x,)were a standard CES production function of the form
Y=(axi +(1-a)x})"”,
then the expression offered in part (c¢)would be consistent with
o=1/(p-1) (27)
"(d) Return now to the more general function defined in equation (1). Suppose that
x,and x, were to represent capital and labor, respectively. Investment would then correspond
simply to an increase in the stock of x,. Assume further that labor“owned” no capital, and
that it saved s, - 100 %of its wage earnings (w,x,). Let the capitalists, meanwhile, provide
no labor while they save s, - 100% of their income from capital(w,x, ).

Consider now, an economy progressing along a steady state balanced growth path in

macroeconomic equilibrium, so savings equals investment. That is to say , assume that
(investment) =x, =s,w,x, +5,w,X, = ( savings)

and require that(x,/x,) remain fixed even though x, is growing at a rate n. Dot nota-

tion again denotes time derivatives, so the steady state requirement can be expressed
(x,/x,) =0

Should the laborers encourage the capitalists to increase s, ; i. e. , would their wage in-
crease if s, were to climb? Show that the answer depends on both the size of the absolute val-
ue of and the sign of (s, -s,).

Solutions:; (a)With the prices properly normalized so that p =1

=8f(x1, %) =6(x2q')(x)) _

w, ax, o, - (%) (x,/x,) +P(x) =¢p(x) —xdp'(x) (3)
while
w, = 6f(x(919;1 X,) _ a(xz(;;l;fx) ) =x2d)'(x)x2_l ' (x) (¥rx,)
(4) slope=w, A
For any, then , (w,, w,)can be illustrated graph- W,
ically. “ Slx/x,).1]
Notice from Figure 1 —1 and w, declines and w, in-

i . x,/x,)
creases as x increases. To see this, observe first of all

that the slope of the per capita production function Bl 1-1 A HREKFIEREAL
6



fl (x,/%,), 1]at (e. g) point A is simply w,, that is the message buried in equation(4). Equa-
tion (3) meanwhile instucts us that the intercept of the line tangent to the production schedule at
point A is w,. ITtis , then , clear that the intercepts of lines like the one tangent to the production
function at point A [ direct measures of w, ] climb while their slopes[ equally direct measures of

w, fall as x increases.

(b) In light of the representations of w, and w, produced in part (a), it is more convenient to

consider

-1 _a(wl/wz) %
- ox w,/w,
_(d-2¢")d"+2¢'¢" 2($-2")
(p-xp")’ ¢’

__ xpd”
o' (p—x")

g

Clearly, then

_(0)[9(x) -2 ()]
7T W) (o) )

(c¢)For the standard CES function,
¢(x) =[ax’ + (1 -a)]"” (6)

and so , from equations (3)and (4)

w, =a($(x)/x)' Pand

w, =d(x) —ax(Pp(x)/x)' "
so that

&_Q—ax(gz/x)l_p

0 a0

1
x

o
=( ¢ -
Finally, using equation(6), it can be seen that
1-p 1-p
2o (2 e + (=) (1-a) -
w, a a
=(1 _a)xl—p (7)
a

Furtermore, since

¢'=a($) (9 (1-p)

notice that
ddp'x =a(dp/x) " (¢ -x4") (p-1)
and equation (2) predictably reveals that

_'(d) —xp’ _ 1
T= dP"x “p-1

(d) The macro equilibrium condition stated in the problem requires that savings equal invest-

7




ment ; notationally,
X, =5 =5,W,%, +5,W,%, (8)
As a result,
%)
. =s,w, +s,w,(1/x)
The requisite of steqdy state growth in equilibrium also holds that (#,/x,) be constant over
time, so
0(x,/%,) %
= P

Recalling (3) and (4) , equation (8) mandates that the impact on w, of a change in s, must

X %
= - =s5,w,x +5,w, —nx (8")
X %,

be traced along a growth path such that
519’z +5,(p—2") —nx=0
Consider, then
dw, _ow, | dy
ds, 9x ds,
along such a path . It is immediately clear from equation (3) that

(9)

dw2 ' ’ "
g S T x>0
The second term of (9) is thus the critical expression, as it can be evaluated by implicitly dif-
ferentiating (8') with respect to s, ;
" ﬁ ' ’ ” ﬂ_ _ _d_{ —_
—s2x¢(ds1)+4)x+sl(q‘) +x¢)ds, n =0
Clearly, then,
dx _ xg’
ds, [Mi)"(sz -s5;) = (59" =n) ]

Two observatios will now facilitate the evaluation of (10). First of all, equations(2) and (3)

(10)

combine to show that

x¢p” - x¢’ "% W,
D Gy “ee (b
In adition, it is seen from (8') and (3) that
519" —n=-sw,/x<0 (12)
i.e., (s;¢'—n)/f <0. Equations (11) and (12) therefore conspire to show that the sign of
(9) is the sign of

dn _ x

ds; [(sz_sl)wz/(bo'-(sld)"n)/f']

and can be negative only when s, <s, and ¢ is small in magnitude. Otherwise , the second

term in the denominator either dominates, or it is joined when s, >s, to guarantee that the overall
effect is positive.
To conclude, then;

dw,
@d—~>0, s, >s,ors; <syand | ol large
S1



