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Preface

BCK-algebras and BCl-algebras are two classes of the ab-
stract algebras which were introduced By the Japanese mathe-
matician Kiyoshi Iséki in 1960’s, and they are algebraic formula-

tions of BCK-system and BCI-system in the combinatory logic.
. From the point of view of ordering, the essential difference be-
tween BCK-algebras and BCl-algebras lies in the following: Ele-
ment O is the least element in BCK-algebras, while it is a mini-
mal element in BCl-algebras; as expressed in definitions, BCK-
algebras satisfy the condition 0 * x = 0 while BCI-algebras do
not. This, and this alone, posed great ditficulties to the expora-
tion of BCK-algebras. So by 1979, when BCK-algebras had se-
cured remarkable progress, BCl-algebras had made little sub-
stantial headway, not even a proper BCl-algebra sample (mean-
ing BCl-algebras and not BCK-algebras) had yet been found.
Starting from 1980, studies saw a real big advance and many at-
tractive achievements, which aroused international attention in
the field; The “(AMS) Mathematics Subject Classification 1991”
edited by the American Mathematical Society and the “(Zentral-
blatt MATH) Mathematics Subject Classification 2000” edited
by the European Mathematical Society have special entry the
item“ 06F35 BCK-algebras, BCl-algebras”, and reseach papers
in this field are often indexed by the Science Citation Index

(SCI) of the U. S. Institute for Scienti_fic Information (ISI).

Chinese researchers have made outstanding contributions to
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the development of BCK-algebras and BCl-algebras and pub-
lished a great number of articles on BCK-algebras and BCI-alge-
bras in international journals of mathematics.

This book deals with the theory of BCl-algebras. For the
details on BCK-algebras we refer to “BCK-ALGEBRAS, Kyung
Moon Sa Co. , Seoul, 1994” by ]J. Meng and Y. B. Jun.

Chapter 1 contains the basics of general theory of BCl-alge-
bras, which apply to all classes of BCI-algebras. The theory on
atoms and branchs of BCl-algebras is of the basic concepts and
tools, and for a better mastery of this knowledge, readers ought
to read section 1. 3 carefully.

In Chapter 2 we discussed nine special classes of BCI-alge-
bras. Of these, sections 2. 4~2. 9 depict the basic ideas meant to
generalize the concepts related to BCK-algebras into LBCI—alge—
bras. The forms of the defitions of BCI-algebras with conditions
(S) and quasicommutative BCl-algebras are completely the same
as those of corresponding BCK-algebras, respectively, and there
were no difficulties ever found in the process. But great difficul-
ties were met with in introducing definitions of commutative (re-
sp. positive implicative, implicative) BCI-algebras. The reason is
that the BCl-algebras satisfying the corresponding identities in
definitions of commutative (resp. positive implicative, implicative
YBCK-algebras must be the BCK-algebras. Therefore, new con-
ditions must be sought in order to introduce commutative (resp.
positive imp_licative , implicative) BClI-algebras. Here three prin-
ciples are to be followed . (1) there exist proper BCl-algebras to.
satisfy such conditions; (2) the commutative (resp. positive im-

plicative, implicative) BCK-algebras satisfy such conditions; and
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(3) the commutative (resp. positive implicative, implicative)
BClI-algebras keep as much properties as possible of correspond-
ing' BCK-algebras. This work has been fairly well done by J.
Meng and X. L. Xin [2],[4],[5], and M. A. Chaudhry [1],[2].

One of the emphases for BCl-algebra studies is its ideal the-
ory. In Chapter 3, we have explained 13 special classes of ideals.
To characterize special classes of BCl-algebras by ideals, re-
seachers have introdeuced the concepts of associative ideals,
quasiassociative ideals, p-ideals, positive implicative ideals,
commutative ideals and implicative ideals. While the definition of
ideals in BCl-algebras and one in BCK-algebras are remain the
same, there still exists the following qualitative difference: ide-
als of BCK-algebras have to be subalgebras but ideals of BCI-al-
gebras might not one. Hence research of closed ideals, strong
ideals, ( * )-ideals and Nil-ideals is necessary.

Chapter 4 focuses the discussion on the condition for the p-
semisimple part L (X) (resp. the associative part G(X)) of a
BCl-algebra X to be an ideal of X, and by the way the concept of
KL-product BCl-algebras is introduced.

Several ways of BCl-algebra extension are suggested in
Chapter 5. A table of proper BCl-algebras of orders 3—6 is pro-
vided in section 5. 3 for reader’s reference.

Ever since the birth of Boolean algebras, due attenttion has
been given by mathematicians to the study of logic problems by
using algebraic methods, and therefore various algebraic systems
have come into being. These algebraic systems are called logic
algebras. And the investigation of the connections among logic

algebras can be found scattered in many kinds of literatures. In
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Chapter 6, we have given a survey of the connections among 30
more classes of logic algebras and have an important discovery
BCK /BCl-algebras constitute a unifying framework for treatment
of logic algebras.

BCl-algebras has very rich connotations and .is widely con-
nected with mathematical logics, abstract algebras, topologies,
fuzzy mathematics, and so on. This book, limited for its size,
cannot deal with it more comprehensively. The choice of tdpics

of this book most certainly reflects the authors’ interests.

Jie Meng Yong Lin Liu

Department of Mathematics Department of Mathematics
Northwest University , Nanping Teachers College
Xian 710069 Nanping 353000, Fujian
People’s Republic of China People’s Republic of China

January 2001
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1.1 FEARMmR

AR 4 H BCL- RBHI BAYE K.

EX 1.1.1 —(2,0) BIFAR(X; * ,0) Mg BCI- R,
WMREHL:

BCI-1 ((x*y) % (x*2)) * (z % y) = 0;

BCI-2 (x* (x*y))*y=0;

BCI-3 x*xx = 0;

BCl-4 xxy=9y*xx=0ZKRx = y.

MBEME <y %HNYz*xy=0, LRABBTEHN
(x*y)* (x*2) K 2*y; |
xx (x*y) < y;

r <. I3

< yMy<xzHMBx = y.

1 BCK-A#EBCI-REAHERAPHIMAEOxx=0
w,. &k BCK- %2 BCI- {L3.
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* | 0 1
010 1
1 1 O

25 BISIE(X; * ,00 B—ABCI- REL T 0%x1=1%0,FUT
AR BCK- % '

&2 AR B BCK- UEERRE BCI- REERH —THE T .
Z e BAVR—4 AR BCK- fU%# BCI- UECH £ BCL- R 4.

EFHE1.1.1 #BX; *,00) B— 4 BCI- &%,V x € X,
2*0=0HMr= 0Bl s <O0FWx = 0, XFEH 0 ZL—/ 1]
).

wEBH &% x * 0 = 0. i BCI-3 1 BCI-2 1§
Oxaxr=(r*x0)*xx=(r*x(xr*xx))*x =0,

WA x*x0=0%%4,58H BCIl-418 x = 0.

F 3 K. Iséki[2] BF 4 BCI- ¥ A & G R BCL] ~
BCl-4 M xx0 =04z =0 fiMRFEZHEELIEH T &
1.1.1, R B K. Iséki E/]/\}EH}EETZE_L% X—EEERT
1985 £ R RIEERF, HIEFL1] .

*xF BCI- (B — AL,/ T ik

EIE1.1.2 RigEX; *,00 B—4 BCI- %, TS A
3
(1) Hrx<y,Mlzxy<zx*ax;
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(i) HFrxa<yMy<z,lx<<z;

(1) (x*xy) ¥z = (T *2) * y;

v) (x*x2)* (y*xz) < x*%vy;

(V) < yHBrrxzyrxzflzxy<zxx;

(vi) %0 = x.

B wa<y, M
(xy)x(z*xx) < (x*xy) =0,
bl 2z y <<z %2, (1) WO,

MBS yHly<:z2,P2HD B xxzxxy BE

AN

2 BB x << 2. (i) ®I.
BAx* (x*xz) <z,HOW 8

Jr <y

L rxy=0,FRx*z2< 0l < z2. THMIEH T, a <y My

(xxy)*xz (rxy)*(x*x (x*x2)) X (x*x2) %y,

MR AFRB R vy Mz HEEFR. BT

(x*xy)*xz = (x*2)*Yy,

(iii) B 3L
4 BCI-1 #l () 4&
((xxz) * (y*z)) *x (x*y)
= ((x*z)* (x*y)) * (y*z2)
:0,
Bl (x *2) * (y*z) <x*y. (iv) 5L,
(iiD) M Gv) HE/ V).
AR x*(x*x0) <0, fFRL x << 2+ 0. AH I HY,
BCI-3, & {1F
(x**xx=(r*xx)*0=0%x0=0,
K 2% 0 < 0. B 2 = x * 0. (iv) BT,

(1) ]




