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+ Byis an M-martrix; BG) = cof (P00 a o 1D &
(hoiry = A_:r;ff.__ojj,(z + 53,480 {2y, + o] -» [0.o2) is continuous such that
() <Dt and’f_;:b— A(#) -+ oo as ¢t —+ oo,
Then there exists a constant M, 2> 1 such that
p M pll fort 22656 = 1.2.... 51, (2.2)
,EJ,“LP'(”‘_"O’ i== 1,240 52, (2.3

where

kol = 3 sup _pi(s) <+ oo,

F=l (—ﬂﬂ..r“
Preof. First, we prove (2.2). Ifk, > 0, from (2. 1)we have
by <k™ig () 2 {a;pi(t) + b5 (1)} for t > ¢, (2. 1)
j'-'l
Substituting s for # in (2. 4),then multiplying both its sides by exp (k;” ‘a,.—J g:{u) du dand

integrating with respect to s from £, to ¢ ,we obtain

ki*la.;J‘ gi(u)du}
‘y

2.0y = p G dexp

- -S:J-‘ k,"lé,".-(s)(a”ﬁ',-} PI(S) —+ b;;ﬁf(S))CXP( k,-"lct,-.‘]"g.-(u)du) ds fot' t 2 Ly (2.5)

Fogh UM
Where f.?,: = 0,3,‘:' = 1!1 ;é 7
Let
Qi e b, .
m (2} = sup p;(s). uy,, == d, + -. £57=1:2,...,m.
1 Sase |a|'|' | | &

in view of (2.5) we have

p) = 1+ zj k() Cagdm, (&) + b, (my(e> + || p | ))exp{k,—la..,J'g,-cumu]ds
=1 fo x

S el + Zwm @) + Mol pl for ¢ 2> 1, (2.6
where My, = max{Z_,5,;/|ai|).
1=i=n
Note that the right hand of (2. 6)is nondecreasing, we obtain
m, (1) < :T»:lw,.,m}(z) 4 U +MIEpl fore=r. (2.7)
if k, = 0 ,from (2. 1)we have
Py < _:‘,‘1 %3‘; 2 4+ T%_—"-lp,(z) for t == ¢,. (2.8

Similar arguments apply to (2. 8), we can also obtain

mi(t) < Swm () + A +M) | pl fort >, (2.9
F=1

Since (A -+ B)is an M- matrix, by[12,theorem 2. 3]there exists a group of positive num-
bers d,.. .. +da such that 2% (a,; + b )d.d; 7" <Ofor j = 1,2,.,. sn. Namely 2w dd, 7 <<
1for j= 1.2.... 40,

Set
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o
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@ = max iw,-,d}-_ld,v <1, M=+ Mn)_i'dj.

15 1=1 =1

dy = maxid,.... . d.}, M, 2

Saa-a =k
Then, from (2. 7)and (2. 0) we have

Sdom(t) < 3 Swydid, dm, () + M| p|

=] =1 im]
< a%d}m}-(t) +Mipll  fort>t,.
Namely
Emt) < g — | <M Upll  dorezr
re=1 {1l — a}
Thus
P <m ey <M | p |l for t = tyef = 1,24, 41,

Secondly, let us conclucie that{2. 3). Since — (A 4 B)is an M - matrix, we can choose a
positive number T" which is sufficiently large such that - (a;; + b;; + |a; |8, exp (— 8T )., 18
an M —matrix, whered, =1 —48}.i,j=1.2,...,n,6 = (rgig |a; | Yo/ {1+ rgagxk,). Hence

155 15
there exists a group of positive number d,,. .. ,d. such that
i (ﬂ,, -+ bs,‘ + Iaﬁ|aﬁexP(— (?T))d;'d.'hl <0 for i = 1,2,....n.
i

Namely,

S':(w”- +5.Uexp(_‘ W))d‘id'_‘—l <1 fOrJ - 19294.. s o

=1
T.et

ﬂ'u = max i (‘w,-;- + 3,,6)([)(— a“r))d}d’_l < l’

150Fsen fm ]

Hm (4 pCe)) = 0, fori=1,2,...,n

P

Obviously, ¢, 220 for i = 1,2,...,n,and 6, = Max{G,+... »%.} <+ 0o We claim that o, = 0,

H o >0 et gsatisfy 0< 3 < (1 — ap)o;/(1 + @), byt — A@) —+ ccast =4 oo and the
properties of superior—lirait we can choose a sufficiently large T, 2= ¢, + T such that

d AP s) <o -+ fore — T <s <t 2>Ti =1,2,... .0, (2.10)

d, ' p (T >0 + 1. (2.11)

H k, > 0, replacing ¢ in (2.4) by s, then muliiplying its both sides by

¥
exp (k,” la,,J gi(e)du) and integrating with respect to sfrom¢ — T to ¢ .we obtain

¥

piio < puce — Trexp{ k| _gituodu

+ -‘3:]_ ! Tk;*lg;(s)(aljé';}pj(_g) + 51,f,-($))83cp(k;'la"’[“g;(u)du)ds (2.9)
Jo=lut [ .

Jor t 2= t; + T. Hence, from (2.20),(2. 11)and(2. 12} ,we have
o — '3? < d;_lp;(Tl) f;_: (U; + ’?)E'Xp("" W) —_— (U; -+ q)d;_‘] éw”{fj

= (o~ ) 5 Gy, + Sexp(— 8T))dd,
J=1



< w, (o, + 1),
Thus 72> (1 - a3)a;/(1 + ;) , which contradicts the choice of 7. Ifk, = 0 , we can also con-
clude the contradiction from (2. 8), (2. 10)and (2. 11). These contradictions show that the
above claim is true, This completes the proof of theorem 1,

Remark 1. (i) By different choosing of k in theorem 1, we can obtain some important differ-
ential - difference inequalities,

(i1) If A(#) in theorem 1 is bounded, by making use of the methods of [ 107, we can obrair
the following more exact estimation,

.él £i) < |l p || sMoexp(— alt — 2,)) for: >,
where M, 2> 1and @ 2> Qare constants, || p || » = 31, sup. £.{ts + s),Ais the bound of A(z)
— A

(iii} We can obtain the following nonlinear differential - difference inequalities by making
use of the similar methods.
Assume that the functions p;(¢)( = 1,2,...,n); R -» R, are continuous and satisiy the

nonlinear inequality

k,p,(6) < g S Aplt) ye oo o pu(@)  Br(E) oo B, () 5
ijl(u)p,(t — wWdu,. .. ,J“A,(::)p,(: — @du)
i [+]

{Ol’féta, £ = 1!2,-. « a1 9Where

(a) k; are nonnegative constants;

(b) g.(¢) > 0 are continuous for £ > ¢, , and lim| g,(s)ds =+ oo for ¢ > t; are uniform;

remad gy

() p(e) = _digl;g’ﬁp. {t 4+ 0),A0):[ts, + o] — [0,00]is continuous such that &) <7 ¢

and & — A(t) =+ coast-»+ ooy

(d) A{u) > 0 are continuous for # 2> 0 such thatf A ) du <+ oo ;
(e)the functions f, are continuous such that
Fil@ysn s s T o s Va2 o0 52,) < fi(Tse . 113100 e 1 Vi Zy sy 3 Z,)
forz, = Fix, S, # Dy; S Fisz, LG =1,2,...,n);
(f)there exist a continuous function f{a;) and constants a, = Osuch that £(0) = 0 and

Sila b, .. e 8ie0. .. e0;1850,. .., 58 <— F() <0
for 6 == 0 and 5, = FA,(u)da,f = 1.2, 1
[H]

Thea there exists a constant M > 1 such that

Py<<M|pl| fort >4,i = 1,2,... ,n:
Iimp;(f)=01 f=1,29...,ﬂ,
e toe

when

I p1l = max{supp, (¢ + &), s=1,2,....n}.
)

L
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THEOREM 2- If the function p(¢) = col(p,(t),...,p.(2}):R — R% is continuous and satisfies
the differential - difference inequality
p) = f(O(ApQ) + Bp(z)) for ¢ > ¢, (2.13>
or
£ = Fyp (e (Ap () + BpYi)) for t > ¢,. (2. 14}
where p,{¢) are positive and nondecreasing on (— o0,4,),i = 1,2,...,2;

fie)y = diag(Sfr(e) ... fut))
15 positive and continuous for £ = ¢, such that wa,(det =00, = 1424, .. 475

P = diag(pVE(e),. .. YD),
PVHEY = col(pVECe),. .., P},
PQ@Y = col(B,(2),...,5.()),
PG = colpl?(),... BLEG)),
FUE(EY = colBVE(t),. .. W BR()),

ﬁ(r)z Sup p;(t‘]‘f)g R T TV T
X 14 ¢ RoF o)

A [te, + =0 ] = [0, - o0) is continucus such that A(z) <{zand ¢t — A(¢) =+ coast 004
A = (a;),xaand B = (b,;)n X n constant matrices such that a; > 0.a, <X 01,7 7% j,b,, < 0,1,
J=1,2,...n,and that A + Bis an M - matrix.

Then

Ei (P () + p8) +... + p(2)) ==+ oo

Proof, Assume that(2.13)hold. Since A + Bis an M - matrix, there exists a group of

positive numbers d,.... ,d, such that

a; = }_Lf,](a,.,- +5)dd >0 fori=1,2,... . (2.15)
Set

y(#) = max{d,'p,&),....d, 'p. ()} for t € R.
Obviously,y(t) is continuous for ¢ € R and non—decreasing for ¢ << t,, we claim that y{¢) is
nondecreasing for ¢ == #,. 1f the above claim is false. we can choose ¢, = £, a sufficiently small
con —stant p and integer k such ¥(2) is nondecreasing on ( — 0,#, ] and monotonically decreas-
ing on [ t;,4; + p] . furthermore

() = d, 1p(8) for ¢, =<1t 4+ p. (2.163

Thus, we have
d 7'ty = y(t) < 0, (2.17)
d,7pt) =< y(2) for —co <t <Lt i =1,2....n. (2.18)

On the other hand, by (2.13),(2. 15), (2. 16)and (2. 18)we obtain
dk_lpk(fl) 2 dh__'l(fk(tl)) él(ak}PJ(tl)d}_l 'J[_ bk;‘p;(:l)d}_’i)d‘o’

> fult) Z (@, + b d Ty )
—_ a._fh(ti)y(tl) > 0!

oy
R, .
o



