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PHYSICS

THE CONCEPT OF IMPEDANCE-PERTURBATION AS
APPLIED TO IMPERFECT WAVEGUIDES*

Huane Hunc-cHiA (#%%2%) anp Cu’ien CHING-JEN (B3E 1)

(Institute of Electronics, Academia Sinica)

ABSTRACT

In this paper, imperfect waveguides are analysed on the basis of the concept of impedance-
perturbation introduced in a previous paperlll. For a long-distance waveguide, the statistics of
various waveguide imperfections are treated consistently by employing this unique concept. Maximum
allowable mean-squared value of the impedance-perturbation is calculated for a specified added
loss caused by random waveguide irregularities of an arbitrary form.

For the dielectric-coated waveguide and the helix, formulas are derived for computing the
impedance-perturbations due to different forms of waveguide irregularities. With these, the calculated
value of the maximum allowable impedance-perturbation sets the limits for various constructional
defects appearing most frequently in waveguide practice.

As a preliminary study of the above subject, normal modes of a nonconventional waveguide
with a pair of arbitrary wall impedances are investigated. An impedance parameter in terms of
both of the anisotropic impedances is introduced, and the analysis is featured by its extensive use
of the perturbation algebra in the derivation of approximate formulas, which are sufficiently accurate
for many cases of practical interest.

I. InTRODUCTION

The problem of imperfect waveguides has long been a subject of extensive
study. Among the various types of waveguides that have been devised, the
dielectric-coated (or lined) waveguide and the helix stand out most promisingly
in the development of long-distance transmission; so, naturally, in the majority
of the published theoretical work, interest has been focused on these two
waveguide types.

.The earliest work on dielectric-coated waveguide may be traced back to a
paper by Buchholz®. In the last few years, the subject was taken up further
in the papers by Manur!®) and Unger!!, yielding more practical results. In a
paper by Kaueneneu6aym[Pl, the work was extended to the case of a dielectric-
coated waveguide with small wall deformation. More recently, Janseenl®,
Kreipe, and Unger!”) discussed the tolerance problem of the said waveguide type.

* Received April 23, 1963.
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Wave propagation along a helix structure has been a subject of theoretical
and practical interest. The study of slow-wave helix structure dates back to the
end of the last century. The work done in this field before 1954 was briefly
reviewed in a paper by Senisper!®l. For the fast-wave helix structure——the real
waveguide in the strict sense—it is only in recent years that the subject began
to draw our attention. The work on fast-wave helix waveguide was first
published by Morgan and Youngl), who used in their analysis the idealized
boundary conditions originally introduced by Bnanamup and Pierce. In contrast
to the method adopted by Morgan and Young, which is more mathematical,
so to say, Kauenenen6aym'® adopted a more physical approach (the method
of power flow), taking into account more constructional features of the helix,
such as the wire form and spacing. Besides the above-quoted work, Karbowick!'%,
Piefke'!), CmBosl'?| Vcaenko, Manue and Mannual®, and some others have also
made their contributions to the development of helix waveguide theories. In
the literature, circular cylindrical coordinates have been universally employed for
the study of helix waveguide, excepting one paper by Koo!'], who used the
helical coordinates. Indeed his result is more exact mathematically, but never-
theless, the theory is not so practical for an immediate application to the actual
complicated helix structure used in waveguide transmission. Recently, a more
extensive investigation of the helix waveguide was carried out by Unger, who
in his series of papers!” used miscellaneous methods in treating waveguide
itregularities of various kinds. In the meantime, a paper by Nodal on hybrid-
mode transmission appeared, in which both the helix and the dielectric-coated
waveguide were considered.

Although much work has been done in the development of the theories of
imperfect waveguides, the exploitation of this broad field is yet far from ex-
haustive. In the previous work, different types of imperfections have been
studied separately. Thus, while many types of waveguide irregularities have been
tackled with success, others remain unsolved; and, by the usual approach to the
problem, each type of waveguide irregularity will require a new solution of the
very complicated boundary-value problem.

The purpose of this paper is to present a unified and consistent approach
to the theory of imperfect waveguides. More specifically, not only are the
perfect waveguide models described by a pair of surface impedances, but the
waveguide imperfections of an arbitrary form are treated by utilizing the unique
concept of impedance-perturbation!!). By this approach, a single figure, namely,
the maximum allowable mean-squared value of the impedance-perturbation for
a given added average loss of the propagating mode, will be sufficient for a
general specification of the tolerances of all waveguide types. In this manner,
as was pointed out previously in the quoted paper, one is relieved of the tedious
task of performing a new expansion each time when treating a new type of
waveguide imperfection of any variety, and what is left in solving any specific
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waveguide problem is reduced to deriving a pair of surface impedances describing
the nominal wall structure, and to deriving the relevant impedance-perturbations
describing the waveguide irregularities.

In the following sections, normal mode solutions for nonconventional wave-
guides are first studied, and the impedance-perturbation formulas are derived
for the above-mentioned two specific waveguide types. The maximum allowable
impedance-perturbation is then calculated with a particular choice of the surface
impedances. On the basis of this calculation, the tolerance problem for typical
forms of waveguide imperfections is considered.

II. TransmisstoN CHARACTERISTICS OF INONSYMMETRICAL INORMAL
Mobgs IN A Perrect INONCONVENTIONAL WAVEGUIDE
WITH A PAIR OF ARBITRARY IMPEDANCES

As a preliminary study of imperfect waveguides, let us consider the
normal modes of a nonconventional waveguide whose transmission property is
completely described by a pair of wall impedances, i.e., the circumferential im-
pedance Z¢; and the axial impedance Z,, %k denoting a particular mode. The
characteristic equation involving both of these impedances has been independently
derived by Unger!” and by Huang!!. For nonsymmetrical modes, this charac-
teristic equation can be conveniently put into the following form":

£ [ ].(Xza) |2 . K ]:,,(Xga) ) mrE\ _
Xi [],.,(Xka)] +')c,t Ju(X3a) . “’( ia) 0, (2.1)

where & is the radius of the waveguide; 2, the circumferential index;
- X3 = k* 4+ 73 (X, is the separation constant and k, v, are the free space and

mode propagation constants respectively); and 3, an impedance parameter
defined by

=1
3 = (ﬂ = ﬁ) S (2.2)
Zﬂ Ztk

where Z, = »\/yo/eo_

Approximate solution of Eq. (2.1) can be derived by utilizing the perturba-
tion algebra, in case 3 is very small or very large. The numerical results
thus obtained are in good agreement with those obtained with an electronic digital
computer.

1. The Small 3 Case

When both Zo/Zy, and Z,x/Z, are small, the impedance parameter 3 is
small. Since in a nonconventional waveguide the E,,-limit modes can be

1) The term Zog / Zzx in the original equation has been omitted, under the restriction of
Zog/Zey & (mKa[X}ya?)?, which is the usual case in practice.
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considered as perturbed E,,-modes of an all-metallic waveguide when Z,,/Z,
is small, and the H,,,-limit modes, as perturbed H,,-modgs when both Z¢/Z, and
Zw/Z, are small, it is possible to put Xz = p,, + AXa, where p,, for E,,-
and H,,,-modes are respectively the 7-th roots of J,(x) =0 and J,(x)=0.
Substitution of this expression for Xz in Eq. (2.1) yields

A¥g = iDhual 1 £ A/ 1 + (2my4a3/ X} a*)*] (2.3)
2ka(p, — m?)3 — it [1 + /1 + (2my a3/ X} a?)?]

for perturbed H,,,-modes, and

N7 258Dy (2.4)
2ka — 375,01 £ A/1 + (2my a3/ X} @*)*]

for perturbed E,,-modes, with X; and v, both taken as the unperturbed values.
In Egs. (2.3) and (2.4), + or — of the double-sign should be chosen according
as which makes AX the smaller.

2. The Large 3 Case

By the large 3 case, it is meant that Zgz/Z, is again small, but Z.,/Z,
is large. In this case, solutions of Eq.(2.1) can be considered as perturbed
modes of an “ideal helix” with Zg; =0 and Z,; = oo (i.e., 3 = 00), Then,
it becomes legitimate to put X;z =0,,, + AXa (0,, is the product of the
guide radius and the cut-off wave number for either H,,- or E,,-modes, when
the axial impedance, starting from zero, becomes infinity along a capacitive branch
in the mapping of v as a function of Z,). When this expression is substituted
for Xxa in Eq. (2.1), we obtain

AXa = 1 . (2.5)
2 iiG,,,,, Ka _.21ca3
emn m yra 6,,,,,

in which the 4+ and — signs are for the perturbed E,,- and H,,,-modes respec-
tively.

To facilitate numerical computation of Eq. (2.5), the authors present a short
table of the 6,,,-values (Table 1).

Now it is worthy of note that to say a given value of impedance is small
or large is meaningful only in a relative sense. In fact, it depends on the value
of ka and on the type of mode considered. On certain occasions, classification
of the small 3 and the large 3 cases can not easily be ascertained before the
mapping of the propagation constant as a function of the impedance parameter
is somewhat exploded. In Section V.2, the above point will be made clearer
by considering a practical example in the use of the above-derived perturbation
formulas.
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A Short Table of Roots of Characteristic Equation (1.1) for the Large 3 Case. (ka2 = 23)

(a) 6Omp—Values for the Electric Modes

” ” 1 2 3 4
0 3.83171 7.01559 10.17347 13.32369
1 5.14048 8.42521 11.63964
2 6.39222 9.77946 13.03980
3 7.60982 11.09606
4 8.80463 12.38520
5 9.98306
6 11.14919
7 12.30601
(b) 8,,,~Values for the Magnetic Modes
. " 1 2 3 4
1 2.40208 5.51486 8.64555 11.78038
2 3.82447 7.00233 10.15425 13.29849
3 5.12104 8.39332 11.58680
4 6.35604 9.73414 12.96600
5 7.55254 11.01246
6 8.72180 12.26864
7 9.87038
8 11.00261

III. ImpeDANCE-PERTURBATIONS DESCRIBING CERTAIN FORMS OF

WaveGuipe IRrReGULARITIES FOR H,,-MoODES

For a long-distance waveguide, impedance-perturbation formulas for the

H,-mode will be needed the most.

Certain formulas for the other modes are

useful in case coupling coefficients involving the relevant modes caused by some

forms of irregularities are required.

II1.1. NonNuniForRM IRREGULARITIES OF A DIELECTRIC-COATED W AVEGUIDE

For the dielectric-coated waveguide, nonuniform irregularities are essentially
of two types: the nonuniform wall deformation and the thickness irregularity.

Wall Deformation

Let p =a + & be the radius of the deformed waveguide, z being the
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nominal radius, and &, the small wall deformation. For the circular electric
waves, the boundary condition at the nominal surface is

E; = joudH, + Z H,, (3.1)

Z, being the circumferential wall impedance, which may be taken to be zero
for the all-metallic waveguide with a dielectric lining. Equation (3.1) may be
written in the form of E¢/H, = Zo + AZy, yielding the following simple
impedance-perturbation formula for wall deformation:

A—g‘”& = jk&, (3.2)
0

2. Irregular Thickness of the Dielectric Coat

Let & = 8, + A8 be the thickness of the irregular dielectric layer, in which
8, and Aé are respectively the nominal thickness and the deviation of the thick-
ness from the nominal value. From the transmission-line equations, the im-
pedance-perturbation with respect to the nominal surface is readily found to be

Y=
[tanX{a —-x—k tan X,{AB] w
x_ k - i !: tan x;au,
7"—+tan Xr 6 tan X, AS k

k

AZo, — ;@
Pk ka

where the second term at the right side is the surface impedance for a uniform
dielectric layer with thickness &;, and the first term, the impedance at the inneg
surface of the dielectric layer. (Xg)* = k%, + 7%,

Under the assumption X;A§«K1, the above equation can be simplified to

the following form:

BZy j <M>ZK3A5(8, —1), (3.3)
Z, X5

which may be further simplified to

0

~ joiA8(e, — 1), (3.4)

when X;8,<1, and to

Ao jant [s(e, — 1)¥515A0, (3.5)
0

when ka2 > 1, so that (Xg)*=: k*(e, — 1). In all the above formulas, &, is
the relative dielectric constant of the coating.
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III.2. Tue Imperrect Heuix Wavecuipe!

1. Deformation of the Helix Structure

The first type of irregularity to be treated is the wire deformation of the
helices. Usually, such irregularity form makes the largest contribution to the
total impedance-perturbation. To derive the impedance-perturbation formulas
for the Hy-modes, we again employ the approximate boundary condition (3.1),
in which Z, stands for the nominal surface impedance of a perfect helix model.
Since the term involving an arbitrary surface impedance is cancelled in the
final result, the impedance-perturbation formula for a helix waveguide turns
out to be of the same form as Eq. (3.2). It is obvious that these formulas are
in fact applicable to wall deformation of other waveguide structures as well,

irrespective of the values of the nominal wall impedance of the particular wave-
guide structure.

2. Irregular Pitch Angle

The rest of the irregularity forms to be studied are all peculiar to the helix
structure. In order to estimate the contribution of irregular pitch angle ¢ to
the total impedance-perturbation, we assume that the pitch angle is very small
(this, of course, is usually the case in practice), and the nominal circumferential
impedance can be neglected. Then, with the boundary condition E3j =

+
— E; tan ¢, we immediately have AZg = — tan ¢ E—:_", and thence?
zk
+
AZox _ Zik $?, (m=0) (3.6)
ZO ZU

in which ¢ = ¢, + Z 6,, (s::)rsx me, g 'being the nominal pitch angle, and 6,,,
m

the coefficients of a Fourier expansion.

1) The meaning of some of the symbols used in describing a helix is explained in the Appendix
at the end of this paper.

2) The axial and the circumferential impedance-perturbations for the nonsymmetrical modes
can be derived in a similar manner as:

Xk\?
AZu _ o ek () 1% Za 6.7
Zy oy _ sxr} om%  Z, ' ’
dp K*a 0@p
AZ¢&= iK(’)HS
Z, + kRl % m 0, (3.8)

where the upper sign on the right-hand side of both equations is to be used when & refers to a
forward mode, and the lower sign is to be used when k refers to a backward mode.
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3. General Irregular Winding

For circular electric waves, impedance-perturbation due to nonuniformity
of the helix winding, e.g., the nonuniformity of pitch and wire spacing, the
nonuniformity of the cross-sectional form and size of the helix wire, etc.,, can
be derived in a straightforward manner from Eq. (A.10b) in the Appendix. In
general, the “filling coefficient” of the wiring is quite large (say, ¢ > 0.5), and
we have the following simple form for the circumferential impedance-perturba-
tion:

Blok _ I (AL + AL, m=0, (3.9)
Z, 2

where Al, and Al; are respectively deviations of the parameters /, and [; caused

by the nonuniformity in periodicity and wire diameter, as well as by the small

variation in wire form, of the helical structure. Figure1l shows explicitly, for

typical values of the nominal period (p =0.2mm) and nominal wire diameter

(p = 0.15 mm), the value of AZ, wversus the deviations in p and ¢.

4Z¢

0.03

0.02

0.01

—0.01

—0.02

Fig. 1. AZgy versus diviations in p and ¢ (nominal values of p and ¢ are 0.2mm and 0.15mm
respectively).

4. Irregular Shielding

Physical reasoning reveals that radiation through the wire spacing and the
oblique helix wire are the two main sources responsible for the field outside the
helix. Consequently, each of these two sources contributes its share to the
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circumferential impedance-perturbation resulting from irregularity of the shielding.

The former part of the impedance-perturbation can be derived from
Eq. (A.10b):

Ao _; B — b (sec Xi do)? = > 4,5 mp, (3.10)
> 4 [_" tan X5 d, 4 St h) l’)] g
Xk 2

where d, is the average distance from the shield to the helix wire, and 4, is the
m-th component in the Fourier expansion of the variation in the distance from
the average value.

For the latter part (due to oblique winding), substitution of Egq.(A.11)
into Eq. (3.6), with d replaced by its perturbed value, yields

AZ ok = (xk_(p)z . (esc X;do)z
Z K& [ctg Xxdy — 1o &

r

= > ds " mp,  (3.11)
xk-ll] o cos

the meaning of 4, being the same as in Eq. (3.10).

IV. Mope CourLings Due To WAVEGUIDE IMPERFECTIONS

In this section we shall show how the coupling coefficients due to various
forms of waveguide imperfections can be derived very simply from the set of
impedance-perturbation formulas already obtained. From this, one will easily
appreciate that the impedance-perturbation approach is featured not only by its
consistency in the method of treatment, but also by its simplicity in the mathe-
matical manipulation involved.

A purely physical reasoning would reveal that the couplings of modes must
be proportional to the amount of impedance-perturbations concerned. In the
previous paper!!, the coupling coefficients originating from an arbitrary impedance-
perturbation have been derived. With reference to Section IV of the quoted
paper (attention being called particularly to Egs. 4.15, 4.17, and a foot-note on
page 772), the coupled-wave equations together with the coupling coefficients
can be put into the following form:

cZAit= F nAEF D (kh AE + ki AP),
4 k

Kii

/ 2x
YiYk sispX2X3% S ALy IEM¥de +

= SLei

2 = 0
4 ja__ & szx ANZ [61‘[,{__ sk(ﬁ)z an;:] [611,. B s~(l'_f>2 fﬂ] i
T2y Ze Lo k/ adel L dp ‘\&/ adpl "
(4.1)

0




10 TR ST T E L L VS R L g

1294

If the index i denotes a H,,-mode, then Eq. (4.1) is reduced to

2%
VIiTk o6, 230G AiAr]o(Xi) ] Xia) j Ay
,C 0

0

L cosmep de,

(4.2)

where + and — refer to forward and backward waves, AZq/Z, and AZ,/Z,
are normalized circumferential and axial impedance-perturbations re:nectively.

o a
Kri = Kgi =2—.
]

The above form of the coupling coefficients is applicable to the general case
when neither Zg nor Z, selected for the reference waveguide is vanishing, and
equally to the special case when Zo =0, Z,2 0. For the latter case, AZ,
in the first term on the right-hand sides of Egs.(4.1) and (4.2) should be re-
placed, of course, by the total circumferential impedance Zg of the actual wave-
guide.

Let us first consider the couplings due to wall deformation of a dielectric-
coated all-metallic waveguide, or of a helix winding. For couplings involving
the Hy,-modes, substituting Eq. (3.2) for AZ,; in Eq. (4.2), we obtain

+ a ‘\/‘)’i‘?’g 292 "
K% =-? 5 SiSkXiXk AiMg]o(X ;@) ] (X i) . 6 cos mp de,

= ;& K SZ” & cos mep dep (4.3)
T 0
the latter form being more convenient for numerical calculation. For a descrip-
tion of the symbols involved in Eq. (4.3), the Appendix at the end of the paper
may be consulted; D;; is expressed by Eq. (5.5).
Now consider the nonuniform lining of a dielectric-coated waveguide. From
Eqgs. (3.3) and (4.2), the following formula is directly obtained:

£ vk Adgsis [t—%] (e, — 1)Jo(Xia) [ (Xsa) +

2R
. s A6 cos m@ d<P;
0
= 2 .3 2
— [ %" 2 (o — 1) Dy, [ 25 cos mp dop, (4.4)
X ™ !

For a helix waveguide, coupling coefficients originating from different sources
of waveguide imperfections can be derived by putting Eq. (3.7) through Eq. (3.11)
into Egs. (4.1), (4.2) and performing the integration. The following is a sum-
mary of the results:

For nonuniform pitch angle, we have

5 = \/ LB A Hi) oK) [ wsingde,  (45)



