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Preface

Polyhedra arose probably from the Platonic age(400-300 B.C.) and far
from then the Eulerian formula on the relationship among the numbers of
vertices, edges and faces of a polyhedron in the mid of 18th century[Orel].
However, maps are now treated as polyhedra and appeared from the four color
problem[Ore2] and the more general map coloring problem[Rin2-3] in the mid
of 19th century. This book is only intended to present a theoretical foundation
of polyhedra which have been developed mostly by the author himself only in
recent years.

The first formal definition of a polyhedron was done by Heffter[Hefl] in
the 19th century. However, it was not paid an attention by mathematicians
until 1960 when Edmonds published a note in the AMS Notices as the dual
form of Heffter’s[Edm1,Liu9]. Now, it is named as Heffter-Edmonds’ model of
a polyhedron.

Although this concept was widely used in literature [Liu6-7,Liul0-11,Rin1-
3, Stal, etc|, its disadvantages for identifying the nonorientability and dis-
tinguishing polyhedra involved do not bring with convenience for clarifying
related mathematical thinking,.

Since Tutte described the nonorientability of a map as a polyhedron in a
new way [Tut1-3], a number of authors began to develop it as combinatoriza-
tion of continuous objects(Lit1l, Liud-5, Vinl, etc]. However, Tutte’s can be
seen from the Klein triangulation of an embedding as the origin. Now, it is
named as Klein-Tutte’s model of a map.

Because of the generality that in any asymmetric object there is some kind
of local symmetry, the concepts of maps are just put in such a rule. In fact,
the former is corresponding to that a group of two elements stick on an edge
and the later is that a group of four elements stick on an edge such that a
graph, or a map, without symmetry at all is in company with local symmetry.
This treatment will bring more advantages for observing the combinatorial
structures of an object. Of course, the former is a specific case of the later.

On the other hand, in early papers[Liu6-7] published in 1979, an embed-
ding of a graph as a polyhedron was dealt with a tree as a starting point for
its construction. However by standard surfaces an embedding can not often
be constructed easily. A surface was further adopted as a polyhedral poly-
gon in monographs|Liu58,62 in 1994 and 1995. Although these have implied
the joint tree model, it did not occur in literature until the monograph|Liu65]
and related articles[Liu67-68,71] were published a few years ago. This book
is for reflecting the present developments of the joint tree model in a variety
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of aspects as a fundamental theory of polyhedra.

The contents of the book covers the following subjects. In Chapter I, known
knowledge about sets, relations and permutation groups are briefly described
for the usage. Particularly, graphs and networks are with a new view based on
partition on a set. The second chapter is on surfaces as sets of polyhedra with
topological classification and combinatorization. The third chapter is for em-
beddings of a graph as polyhedra on surfaces. The joint tree model is deduced
from the Heffter-Edmonds’ model with clarification and simplification. The
fourth chapter is on maps as a mathematical subject from permutation with
conjugate and transitive axioms. The fifth chapter concentrates on duality not
only for maps themselves but also for operations on maps from one surface
to another and for edges of a map with an explanation by diagrams of knots.
One can see how the duality is much simply deduced from the mathematical
concept of a map described in the fourth chapter. The sixth chapter is for
the classification of maps based on basic operations. The seventh chapter is
on the asymmetrization of a map with symmetry for providing an affective
procedure of determining the automorphism group of a map. In the eighth
chapter, a method for determining the number of asymmetrized maps on sur-
faces is established by extracting a functional equation. Chapter IX considers
petal bundles which can be seen by contracting a spanning iree of a graph
on surfaces. Chapter X discusses maps with the same under graph in vertex,
or face partition via a direct method based on joint tree. In Chapter XI, the
number of nonisomorphic maps with consideration of symmetry is investigated
by building up principles from asymmetrized maps. Chapter XII is for maps
with certain orientation on a submap, in particular a circuit, of a map to get
all maps of given size on a surface of given genus. Chapter XIII carries on the
distribution of maps with given size by genus on the basis of joint tree model.
The final chapter, Chapter XIV, offers applications of the theory to distinct
types of objects in mathematics, theoretical physics and engineering.

Each chapter has a section for notices on background and historical re-
marks, complements of the context and problems for further research.

In addition, two appendices are designed for the reader’s convenience to
get and to check preresults. Calculations are done via the computer programs
compiled by Wang Tao based on the theory of joint trees.

On this occasion, some of my former and present graduates such as Dr.
Ying Liu, Dr. Yuangiu Huang, Dr. Junliang Cai, Dr. Han Ren, Dr. Deming
Li, Dr. Tongyin Liu, Dr. Rongxia Hao, Dr. Linfan Mao, Dr. Zhaoxiang
Li, Dr. Erling Wei, Dr. Liangxia Wan, Dr. Yichao Chen et al should be
particularly mentioned for their successful work in related topics. Meanwhile,

/0358
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Chapter 1

Preliminaries

Basic concepts and known related results on sets, partitions, permutations
and groups are stated for the coming usages. A graph is dealt with a partition
of a set and a semi-arc automorphism is defined. The relationship between
automorphism group and semi-arc automorphism of a graph is given. A net-
work is a graph with a weight on its edge set. Two types of finite recursion
principles are exploited. The efficacity is exposed for a theorem with efficiency
of recognization.

I.1 Sets and mappings

A set is a collection of distinct objects called elements which can be arbi-
trary things material or mental, concrete or abstract, except only for the set
itself. If some elements are allowed with repetition in a set, then it is called
a multi-set. Let X be a finite set. By z € X is meant that = is an element
of a set X. For two sets A and B, if £ € A =(implies) z € B, then A is
called a subset of B, denoted by A C B. Of course, any set has the empty(a
set without element), denoted by &, and itself as subsets. The set(or family)
of all subsets of a set X is denoted by 2X. A set of all its elements in A or B
is called the union of A and B, denoted by AU B. A set of all its elements in
both A and B is called the intersection of A and B, denoted by AN B.

Theorem I1.1.1 For any sets A and B, the two operations on sets: union
and intersection satisfy the following three laws:

Idempotent law AUA=ANA=A.

Absorption law AU(ANB)=AN(AUB)=A.

Commutative law AUB=BUA, AnB=BnNA. (m}

Theorem 1.1.2 For any sets A, B and C, the two operations on sets:
union and intersection satisfy the following two laws:

Associative law (AUB)UC = AU(BUC) and (ANB)NC = AN(BNC).

Distributive law AN(BUC) = (ANB)U(ANC)and AU(BNC) =
(AUB)N(AUCQC). o



