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Enumeration of Simple Planar Maps'

Liu Yanpei

RUTCOR, Rutgers University, USA
and
Institute of Applied Mathematics
Academia Sinica
Beijing, China

Abstract. On the enumeration of rooted simple planar maps, the first discussion was in
a recursive way related o the functional equation for enumerating rooted general planar
maps (Acta Math. Appl. Sinca, English Scries 2(1985), 101-111). Then, an explicitex-
pression was found (J. Math. res. and Expos. 4:3(1984), 37-46). Recently, a functional
equation has been derived from the more general case of face panition (Submitied for
publication). This paper provides another functional equation for enumerating rooted
simple planar maps with the valency of the root-venex and the edge number as indices,
from which the results obtained before are extracted more directly and more simply.

On enumerating simple planar maps, of course, the first step is for rooted ones,
the author’s paper (1] discussed by recursive formulae. And, in [2], an explicit
expression was presented. However, in both papers, all the results were related
to the functional equation for enumerating rootced gencral planar maps. In [3],
a functional equation was obtained as a corollary of the one for face partition.
Interestingly, this paper provides another functional equation for rooted simple
planar maps more directly and more simply than those have existed.

Now let S be the set of all the rooted simple planar maps. And, for S € S,
let m(S) be the valency of the root-vertex, and n(S) be the number of cdges
of §. The purpose here is to determine the functional equation satisfied by the
generating function

g=g(z, ) =Y ™MD h=yg(1,y), 6]
Ses

for enumerating the maps in S.

Firstly, we partition S inte two parts: S = S(I) + S(II) such that S(I)
consists of the only map which is the vertex map. The main difficulty is how
to decomposite S(II). In order to do this, we have to investigate what the set
S(IN(R) = {S e R|S € S(II)} looks like, where S o R is the resultant
map of contracting the root-edge R of §. Foramap S € S(II), let the cycle
(eo,e1,...,€em(s)-1) be the rotation at the root vertex. Here, eg = R, and ¢; is

This research was supported in part by the National Science Foundation of China and by the U.S.
National Science Foundation under Grant Number 85 03212 and was completed during the author’s
stay at RUTCOR - Rutgers University’s Center for Operations Research

UTILITAS MATHEMATICA 34 (1988), 97-104.



CRUFETR: AR E R -

Semi-Empty Collections 1n Mathemeties by Y.P.Liu

said to be the i* edge of $,0 < i < m(S) — 1. Further, we introduce a new
operation I on a map S such that I[;,(S) is the resultant map of splitting the 1*
edge of S into a double edge with a new face whose boundary consists of only the
double edge. The new bivalent face of I';(S) is denoted by fs(I7;). Easily to see
ri(8) ¢Ss.

In addition, one kind of maps important for our purpose is what to be called
nearly simple planar maps which are simple save only for one edge, the double
edge with the root-edge, which the boundary of the root-face consists of. Let §
be the set of all rooted nearly simple maps.

Lemma L. Let S(R) = {S — R|S € 8}. Then we have
S(R)=5-5(Dn. )

For two maps Sy S, let (eg,€|,...,€,s,-1) be the rotation at the root-
vertex of Si. The angle (e, ¢, ) on the rotation is said to be the #** angle of S,
i=0,...,m(S1) — 1. Wedefine S; ¢S, tobe §; US; provided §; NSz = {v},
the common root-vertex of Sy and §;. Further, S; o; §; stands for §; ¢ S when
S is in the inner domain of the face to which the i** angle S is incident. We
may precisely define o = op. And, it is easily seen that for S;, Sz, S3, we have
51 0i 82 05 83 = (81 ¢; S2) ¢i+; S3 which shows neither associative nor commu-
tative as shown in Fig. 1. Therefore, we have to indicate that the order of doing
the operations is from right to the left.

50 S Sz O S}
Figure 1.
Lemma 2. ForS € S(II)( R), there exists an integerk > 0 withmapsSp € S,
S; € 8,1 < | < k, in company with integers i, 0 < 4o < m(So) — 1, i},
1 < iy < m(S;) — 2 such that

S = r{n(SO) olo rﬁ(Sl) 0i| "'r‘ikgl(Sk‘-]) O!'g_l Sk (3)

98
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S 6n1(5)—{v IS
Figure 2.
Let S(A) = {S|S € Sand Se R € S}. And, for amap S, let 6,5 denote the
resultant map of splitting the root-vertex v, of S into v,» and v’ with the new edge

(v, v') as the root-edge such that 1 = m(§;S), for 1 < 1 < m(S) + 1 as shown
in Fig. 2.

Lemma 3. For S(4), we have

S(4) = E{BI(S'),Bz(S),--- ym($)+1(8)} C S(ID). @
SeSs

Furthermore, let Si(IN(R) = {S|S € S(IN(R) and § = I, (So) <4
-+ 04 3 iy, (Sk—1) 04, , Sk as indicated in (3) }. Then, the following two lemmas
may be found.

Lemma 4. Fork = 0, we have
So(Il) = 8. 5

Lemma 5. Fork > 0, we have

m(So)-1 & m(S5;) -2

SInm =% 3 1D D {Tu(Se) o Ti(Si)ey

SOES—S(I) io"o j=1 Sjes i1=1

Tt oi.-z rig_g(Sk—-]) oig_] Sk}
In what follows, we have to introduce another operation denoted by . For two
maps Sy, Sz, S| © S means Sy U S, provided 8§ N S; = {A}, the common
root-edge, and S; is in the inner domain of the finite face incident Lo the root-

edge of §;. Thus, from Lemma 5, by splitting the root-vertex, we may obtain the
following lemma as shown in Fig. 3.

Lemma 6. ForS(II) we have

S(IT) = S(A)Y + Y L 8S(ID(R), (7)

k>0
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=DER

Figure 3.

where the following notation is employed

m(So)—1 k-1 m(S;)=2 m(Sk)
sS(ID(R = Y, Y H(E > )Z >

So€S-S(I) 1g=0 =1 SjEs i,"] SgES =2 (8)
{6;'0+1r;'°(So) & 6i1+2ri|(Sl)D
o0 8y ye2 T (Sk-1) & 8, Sk}

Now, we are allowed to discuss how 10 determine the cooresponding generating
functions gs¢ry, 8, 94, 9k, £ > 0, and gy;, 0f S([1), 8, 8(4),88(I)(R), and
S(ITI) related to g respectively.

Lemma 7. For S(I), we have
gscny = 1. ©)
Lemma 8. For 8, we have
0=zy(g—1). (10)

Proof: By using Lemma 1, and noticing that for § € 8, m(8) = m(S— R) + 1,
nS) = n(S — R) + 1, from Lemma 7, the lemma follows.

Lemma9. For S(A), we have
I

ga=7——(h—19). (1)
— T

Proof: By using Lemmas 3 and 4, we find

ga = yz(z+ 2+ .. 4 g y™S
S€S

1 — g™+ ™
= -, m8)
oy 3 LTy,
SES
from which, the lemma is obtained.
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Lemma 10. ForéS.(II)(R), we have

2 k—1
gk=zzy(h_g) (1+Ih'9) k>, (12)

1—1z2 1—2

Proof: From Lemmas 6, 7, and 8, we may derive

Ses-8(I)

gk =2y (fw Z (l+z+ ---+:::"‘(S)")y“‘s’)
Se$

k-1
* (z_l!l—zzwy(z+ TP 4 Im(S)—Z)yn(s))

» (I—ly—z Z(“ 24 Im(S)-—l)yn(S))

se$

_p2ptmD (=D oo zh — ¢ (z—*y-' = _g)x_l |

l1—2z | .
By using zh — 8 = zy(h — g),and 2*h — 9 = zy(1 — z + zh — g), the lemma
is proved.

Lemma 11. ForS(II), we have

(13)

_ Ty 2 (h—g)?
911—1_1(’1—19%‘1 y(l—:c)(g—zh)'

Proof: On accountof g;; = 3", gk, and g4 = go, we find, from Lemmas 9 and
10, that B

TV (h—g)+ iy (28 22 14 2A=8 k
= ——(h— z  — .
= g Y\ T<z 11—z

k>0

After evaluating the summation, the lemma is obtained.
On the basis of g = gs(ry + g1, and Lemmas 7 and 11, we may finally deduce
the following theorem.

Theorem 1. g satisfies the quadratic functional equation as {ollows:

g> —(zh+zy(l —2)h+ g+ 1h=0. (14)
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From the equation, we may easily extract two paramctric expressions of y and
h with £ as the parameter. In fact, the only thing we have to do is to solve the
following equations simultaneously:

{ (Eh+E(1 —E)yh+ 1)> — 4k = 0; a5
(ER+E(1 —Eyh+ 1)(h+ (1 =& yh—Eyh) —2h =0,
Thus, we may find the expression as follows:
_E-D" 1)? (26 —1)2
h = ——p—. 16
REED) & He
By introducing the substitution
26 —1
t= i (17)
$
we have . 152
(;)tg——), h=12(2 -1), (18)
which is what we found in [2]. And, nolicing that
Hp) = Sh=t, (19)
dy

we may, by using Lagrangian inversion, obtain //(y) as a power series of y in
which, fortunately, all the coeffecients are a summation with all the terms positive.
Finally, by integrating H (y), the following theorem is again deduced.

Theorem 2. For h(y), we have

n—2 .
y" 4(2n+ 1N(2n—1—4)!
h=1+y+2y" +Z ! (gi!(n—f-z)s(zn—i+1)z)‘ <0

n>3

Of course, Eq. (14) allows us to go further to determine what the generating
function ¢ = g(z,y) looks like. We might discuss in detail for this case if the
space permitted here. However, it seems to be much difficult to find a summation-
free formula in this case.

Moreover, a summation-free form of the formula (20) has not becn found as
well although it looks to be not much complicated. And we may also express (20)
with integrals as follows:

2(2n+ 1
h=1+y+2¢? +Enf("+l))' w3 (1)y", 1)
k>3
102



CH+ 4 -

where

¥ (1) = /I WD () dt; (22)
0

yil(z) = /zt“(l +t)"dt, (23)
0

forn> 1,k > 1. Easily to see that ¥ (¥ ( z) is a polynomial of z of order 2 n+ k.
However, it seems to be still unknown what the summation-free form of ¥V (1)
is up to now.
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