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RITHE 2, BB LRI AR AHEE, WA A B BIFE
Ay BEEE KRB 2R F 50, JHIUE T MRS R, Flin, A, B, As
BERIRIMI S, AR B — N ASEARCK TR p BRI 202858, BRibz oh, WA
F RIS A AR BER IRt VP RIR, B, TR (1], (35), [36], [182] BT FH¥ p
Wi p B SCHR [202], [218] B T SBER (p,p) B p BF. SEHEIHIA R p FEAUHT
FUAE R B AT AFRBNIR 2483, 2L (48], [49], [63], [81], [120], [158], [219] %&. {EHFF
—HR R, Miech1%8] 7F 1975 EAH T ZJuE K SEEIRHER p B (p > 2) M58
0% BAER TEE S, AR, 2013 4, RS [209] 4 H 3
[242] HER K7, SHXRBEFHAH T 92K %52 Miech 1E [158] L HI K
fi2a. XF p =2 WIER, XN RERBR. ERB WS RBENE TR SHET
JUEG. BR 542256, 257) BRIV ELTRER SEEYEB/NE p B, Janko FEITHR [102],
[104], [106] HHE—HRTECHR [256] MI&AF, B3 T XL p BEGHRHRRE. TKENE
4260 H—PSHRETHIRASEFHOSHNNAEL p 0 p B RILE
7] ks T U AN FERS He TG AR /N B B P AT B I A BERIT AT
BRI p B B2, IR B BOREB T p BER p BEOUATEBRORE. A7
HiZTIR A R R

10.1 B p Bl p B

S8 p MR p BES W B PO,

513 10.1.1 &R G RAAMRp HE |G| =p, HRGHAXKRTH MG =
HxCg(H).

MERR i 1.7.7 WA d(H)=2. AGE H=/(a,b). W Ce(H)= Cg(a)
Ce(b). %8 o £ G HHFLHEA, N

a® ={a? | g € G} = {afa,g] | g € G} C aG".
BEA |G| = p, ] [a®| < p. AT aC| =p, B |G : Cc(a)| = p. AHE |G : Co(b)| = p.
TR |G: Ce(H)| =p* BER

_ H||Ce(H)| _ |H||Co(H)]

H O = 1A Catm)] = 12(H)]




2. 10 B AHMBORIAR p B

HA H AXH, B 1.7.7 W41 |H: Z(H)| =p®. TR |HCe(H) =|G|. O

EH 1012 &G RAARp HE|G|=p N

(1) A& G A IRTFBE A, Ao, - A 155 G = (A x Ag x - x A)) Z(Q);

(2) G/Z(G) & p* Wrédn ¥ X4, itH Epe;

(3) % G/G' MEF R, Mt 1 <i<sHA |A|=p°, AixAgx- - x A, ARK
B p B

R (1) X G fERS. B A £ G IRRHBTE. @15 1011, E
G = A +Cg(A1). & C=Cg(A). #F CX#H, M G=42(G). # CAZH, W
|IC"] = p. HIAMER, X T8 C EHEBIL. APHR

C= (Az*A:;*-'-*As)Z(C),

Het Ay, Az, -+ A, RNTHTE. WIBH, 2(0) = 2(0).
(2) X s HATIHSN. B s =1/, G=4,2(GQ). T
G/Z(G) = A1Z(G)/2(G) = A1 /(A\NZ(G)) = A1/Z(Ay) = A1/ ®(Ar) = Epe
GWHOL M s> 20, WG =4 %N, HF Ny =(Ag+--- % A,)Z(G). FiE
G/Z(G) = A1Z(G)/Z(G) x N1/Z(G).
B Z(G) = Z(Ny), HAGBRBE AT 40
N1/Z(Ny) = N1/Z(G) 2 E ae-).

XBEH Z(G) = Z(N,) < Ny, HERAE 4,2(G)NM = (AiINN)Z(G). X
AINN < Z(G), TR AiZ(G) N1 < Z(G). MTf

G/Z(G) = A1Z(G)/Z(G) x N1/Z(G) = Epz2 x Epps—1) = Epae.
B)HT 1A KG, MG =A NFAR 1<i<s. XG/G WIFR#,
AG' /G = A;/G'NA; = Ai /A,

VIR H NI ®(A;) = AL BR d(4) = 2, TR |A/®(A)| = p2. HILATE
|Ai| = p® XTI 1 <i<s.
S K=A Ay x - x Ay, X A; = (a;,b;). BRI

K/G' = (@1) x (b1) x (@) x (by) X - - x (@) x (bs),



10.2  ZICERSEEIRN p B B

FHB ke K,

k=g bltasbhr -~ - ageble.
HH K/G ¥IZRH, ] 0 < zi,ys <p-—1. NIHE 2 € G #15
k= a7*b¥*a3?by? - - - al b¥ 2.

Hﬂ{F‘ K = Al *A2*"'*As %EP‘G‘%{, m [k,(Zi] = [bf‘,ai] E [k,b,] = [af",b,-]. _\ﬁﬁ,
MF1<z,yi<p-1,F

Ai = (@i, bi) = (a7*, bi) = (as, b7")

WAZH. 81 # [ai,bi) = b, ai] = [a;, 0] HEEFTR Vi, [k,a] =1y =0 F

k6] =1 & z; = 0. HEH—PAHB, ke Z(K) ZANH 2, =y = 0,Vi. &

k=ze@G. Bilh Z(K) < G. BA 1< |Z(K)|, Tl Z(K) = G'. B (1) 7]

M, 2(G) = Z(K). B8R ¢ = K'. 5—HH, ®K) < (G). H G/G' ¥IFK

B 0G) =G #OK) =K. HLATH Z(K) = &K) = K' Hfr A p. &

K = Ay xAgx -+ A, JEFHENFER p BE. O
i KENESAESCER [272] A T HESEK p BRI =ANSMMER.

10.2  —JCAERSFRHEIE p #F

AFTNEICHR [209]) KB FEEH o ERPER p B 0> 2) WSRER.
Rl 10.2.1 & G RAMEN p &, H<LG. N w(G/H) +w(H) > w(G).
iERR BA

IG/B1(G)| = p*@),  p ) = |(G/H)[01(G/H)| = |G/U:(G)H],
A |U1(G)H/U1(G)| = p (DG, EFKE
U1(G)H/U1(G) = H/U1(G)NH, Ui(H) <U1(G)NH.
Y ACIES)
pO=CT) = 5y (G)H/UB(G)| = |H/U1(G)NH| < |H/T1(H)| = p*D.

B w(G) —w(G/H) < w(H). M w(G/H)+ w(H) 2 w(G). O
I 10.2.2 &G HAAERNGHMR p B, G 7BK, p AFEH N G EN
H w(G) <3.



4. B0 T THREBOROFE p ¥

MERR BT p>2 H @ 1, FkhEE 1.11.4(3) 7140, G ER. #—%, H
F ¢ 153, Filk ¢ = 1. # ®(G¢") = U,(G"). B

p*(©) = |G'/01(G")| = |G'/3(C")| = p.
W w(G) =1 BETR, BN
p* @) = |G/G' [B1(G/G")| = |G/U1(G)G| = |G/®(G)| = p?,
= 3.

Bk w(G/G") = 2. AiHAE 10.2.1 £, w(G) < w(G') +w(G/G") O

BT dG) =2 H dG) < w(G), Hlt w(G) =2 5K 3. F w(G) =2, HEH
7.2.1 A4 G EAEER. TG p BFEHD K. T EHNFE w(G) =3 K. B
KX G EWE p* = p*© = |G/U,(G)|, BHAT& G WBAZEREN (n,m,r). BR,
exp(G)=p" Hn>m>r. £l G H— L #%|

G = LQ(G) > IL41(G) > LQ(G) > L3(G) - Ul(G)

BT |G/L2(G)| = p?, Bk G’ < Ly(G). 8RR U1(G) < L2(G). # @(G) < La(G).
XHA d(G) =2, Frld |G/®(G)| = p?. HEABE Lo(G) = &(G).

B a € Lo(G)\L1(G), b € L1(G)\L2(G), d € L2(G)\L3(G) HAB/MicE. H
SEH 4.2.17 W4, (a,b,d) A—HME—HERE, HTP o(a) = p*, o(b) = p™, o(d) =p"
H G = (a,b). BHF ¢ ¥, HEBAEE G = () H o) = p*. HHIEH
¢ € Ly(G)\L3(G). HHF G’ = (c) = ([a,b]) B G IEN, HEHE 1.11.5(5) ATH u < m.
WMn=m>2u>r.

TS w=r M u>r BB SBES —cERBER p BET2E.

F u=r FERE.

EE 10.2.3 G AALRFHBEARGTNARp B, LiX G HAREE
A (n,m,r), |G'| =p". W

G=(a,bec|la” =" = =1,[a,b] =c,[c,a) =, [e,b] = ),

EP nmrs,t ALEH r<m<ns<t=rxEFr<m<ns<t<
min{r,n —m+ s}, BxFHEHE n,m,r,s,t 8RB IRIE, 2L AL REH.
MR HEEER (G| =p", B (a,b,¢) h G FI—AHME—HEEK. BR

(@) = (a)e) = (B)N{e) = L.

EBEE (a,c) M (b,c). FHA (¢) <G, FTbh {(a,c), (b,c) BALHER p B HEH
2.1.6, 4 HH a, b MESHRES: o, b A[H

e m o ] t
o =" = =1, atea=c"P, bleb= P,



10.2  ZIuAERSHEIRN p B .5

HH nym,r st HIEEHH s,t <r. BT G = ([a,b]) = (¢), FHEALE [a,b] = c.
# s > t, B (247 FHIFIHE 6.2.3 &1, THOEHK i HH ob' B o WH
(ab)te(ab’) = ", FHTRTH s < t.
3 (b,c) X, MW BEHEFREE KA r<m<n, s<t=r KEE. & (b,
PR Wigt<n—m+s HE Wt>n—m+s H [247 PHIFIHE 6.2.3 &1, 7T
BUE 4 4, 3 o "o Bk b AR

@™ ") Le(@® ") =¢, o(a®" "b) =p™.
HH (a,a® "be) ih G H—HME—HIEEK. BF s<t<n—m+s, Bt n>m.
M A 8 e B B, A r <m <n, s <t <min{r,n—m+ s} KIEE.
THRHER e BT ESER ¢ WAZE. BT G MEARZEAN (n,m,7)
H |Gs|=p %, Bk n,m,r,s IAEZE. BERIKIEH t WEATE. BRRF
R r<m<mn,s<t<min{r,n—m+ s} FIHEE AR—BKHE, £

o e
ap = a1 ek, by =a™P" T 2ck2 o = [ag, bi),

Hob p e BVER b7 erby = T O T cnmts Hopt i,
BICATIE by lerby = 7)) Horh ptw. # ¢ RAER.

g LS, B8 n,mr st BARER. FHL, X TSE n,m,r, st KRR
B, XF R B ELAS [F) 4.

BJa, FIRMERY KER A LAER, X T2E#P B2 E, |G| = pm ™,
HHBELHETM G BHE G WBAZEN (n,m,r). O

THAAE v > r KB

EE 10.24 RGA-ARERFHBARGTNA R B, ZELEEH(n,m, 7).
BR|G | =p". W G RAMTATHZI—, KL n,m,u,r,st,0,i,0 3 A ELH

(I) (a,be|a? " = 0" =" =1,[a,b] = ¢, [c,a] = ¢, [c,b] = 1), £ F
r+l<usmE<n,u—r<s<usn—u+tr.

(I) (a,b,e | a?" " =", 0P" = " = 1,[a,b] = ¢?,[c,a] = 1,[¢,b] = @),
EFr+1i<u<m<nu—(@r+m—mn{mn—-—u+r}) <t<uptoc i
o < min{p* ", p* '}, HEn—ut+r>ubt,u—-r<t Fn—u+r <u b
o=1(mod p* ") En—-u=t.

() {a,b,c| a7 = 0" =" =1,[a,b] = ¢, [c,a] = ", [e,b] = @), &
Pr+l<us<m<n,t<min{n—m+s,u},u—r <s<min{m-—min{m,n —u+
r}+t,u}, pto B o < min{p T pinlnombsul=ty %oy gyt >u B, u—r <t
En—ut+r<ubf,c=1lmodp* " ") BEn—u=t.



.6 - B10E THUEBGRNER p #

u+r46 r+6

(IV) (a,b,c | a®"~ = " — " = 1,[a,b]=c,[c,a] =c*, [c,b] =
D, AP r+i<us<m<n—u+t+r+6,0<u—r,0<m-r,u—r—0<s<upto,
op™?+p™t* = 0(mod p*). H# BE n—u+r+0—m+60 > u—s, M o < min{p?, p*—*}.
En—ut+r+0-—m+0<u-—s, B o < min{pfty—s-(—utr+8)+(m-6) pu-r}

(V) {a,b,c| ap" T — ™ T = P =1, [a,b] = ¢%,[c,a] = 1,[c,b] =
c”!), EFr+l<us<m<n—u+r+6,0 <minfu—r,m—-ul,u—r<t<upto
B o < min{p* 7Y, put}.

(V) (a,bc| a®"*""° =, = 1,[a,b] = %, [¢c,a] =
[e,b] = c”'), EPr+i<us<m<n—utr+6,0<u—r,0<m—-r,u—r—0<s<t,
u—7r <t <min{u,n—u+r+60—m+0+s} ptio, op™ %+ p™+* = 0(mod p*),
o < min{p?, p*~*} # B i < min{p*~*, p* "%}

HEFE RA 6B R4 48R B2 R E A HAGHELTEH.

R ERE, (a,b,d) A G HI—HME—MREER G = (¢), o(c) = p* HF
u>r. BEHA @N0G) =1, BTF (@) Ne), b)Nc) FEDE K 1. HE, Wk

(@Ne) = ("), BIN(e) = ().

1 ae (@™ < (@) ), FE. AGIE B)Ne) =1 B (@) N(e) = (7). W
o@) = pute. @F (b)) N(c) = 1, B o(b) = p™. & (@) N(E)| = p°. BT

m—8

ior+8
=c? b

nu+am

p =
pn+m+r |G| ]G”G" _ pg pu an+m+a 01

Bt a=7+60 H o(@) = pr—+0. #1, BAI9 U FEMERITE.
k1 BFEG E@~éﬂﬂﬁ~ﬁgrﬁ (a,b,d) 18 G = (a) x (b), B 6 = 0.
B o(@) = p" "+, 0o(b) =p™ H (@) = (). BT () IG, Bk (a,0),
(b,c) iﬂmﬂzﬁ% p B EB%E; 2.1.6 %1, BATH a, b FIEL T FER o,b 7IH

n—u4r r m u . 5 o t
a? =c?, W = =1, altea=ctP, b leb=cHP,

Hep nym,u,r s, t AEEHE st <u. BT G B, BHSATERE 0,0 = 7, H
Fopto #H—F, FHh G EN, HEE 1115 A5 r+5 > u.
T ¢ 153, Hit ¢ WA H:. @ 1.1.9 Far 1.1.10 40

_ o(p u+r+z +'( r k“+r)ps(k—1)
b =c .

n—u+r

[a®

Eﬁﬁ r+s > u, B @0 = T B0, (@@, 8 = [, 0] =
P R opn ot :p’“(modp . —F FEn—utr>u Wr+t>u F
n—u+r<u, Mn—u=tH o=1(mod p*"1).
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FIER 1.1 (b, c) ATH

BAt=u B op" " = p™*t(mod p*), B n—u+r > u 2 b =b", Hf
or = 1(mod p*). M [a,b] =c A [e,b1] =1. B G AW FEBPHREE (1). i,
n,m,u,r ANZER. #H—L, FARH |Gs| = p*~, Frlh s ARTE. FHXFFHLE
R EHRISE n,m,u,r, s BARIE, BEMBELAFY.

FiER 1.2 (bc) XK

KAER 10.2.3 IR, I t<n-—m+s B

s < t, n—u-+rz=m,
s<m—-—n—u+7r)+t, n—u+r<m.

MM ¢ < min{n —m + s,u} H s < min{m — min{m, n —u +r} +t,u}.

F1ER 1.2.1 s = min{m — min{m,n — u +r} +t,u}.

FEEE r+s>u B r+m—min{m,n—u+r}+t>u & s=u, W [c,a] = 1.
¥ s =m—min{m,n —u+r}+t, WELEEH j 3/ ™ """ Bk a
BES;

m~mixx{7n.n—1;+r))_ m—min{m,n—u+tr}

(ab’? Le(ab’® ) =c

M (a,c) ZZH. M G FUWTFELRFR:

n—u-+t+r o ™m u t

=&, P =" =1, [a,b=c, [ca=1, cb=c",

He

r+l<u<ms<n, u—(r+m-—min{fmn—u+r})<t<u, pfo,

B o HIEEH.

HA G WEARZRN (n,m,r), |G'| =p* B |G| = p*t, 8 n,m,u,rt AR
AR NTMTRATERL o BUTER, XN BEFE R EA RABRIRT. 477 FiEH, A
Glo) TBE G. B Glo) = G(o'). TEBE G(0) H, &

ap =a'b ek by =ab2cM2, o = ¢,

EEP il,iz,jl,jz,kl,k‘z,’v Wﬁ%ﬂ@%ﬁﬂ p’[iljgv ﬁ’/f% ay, b1 Eﬁi G(O’), _E_ ai,
bi, ¢ =la1, bi] WREE G(o') M XKER. B pr-min{mn—utr} | 5 B prom | gy,
2 HE 5,
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(i1 + k1p™*)p" = vp" (mod p¥), (10.1)
. (1+p)2 -1 ; C(1+p)r -1 ;
011%(1 + pt)i — ozz(#(l + pt)iz
i +k1[(1 4 p')2 — 1] + ka[1 — (1 + p*)7] = vo’, (10.2)
(1+ p*)" = 1(mod p¥), (10.3)
| (1+p*)27! = 1(mod p¥). (10.4)

B3 (10.3), (10.4) ®T40 p=~t |51 H p*t | jo—1. B o/ x (10.1) &
o' (i1 + k1p™ " *)p" = vo'p" (mod p*).
HMRIER (10.2) T4, 0'iy = 041z — oiggji (mod p*~7). Hitk
o = o'(mod min{p*~",p""*}).

TFHIE & AT BUE 24 B 0 202 BT B XK R BAFER o < min{p 7, p* ). £
a =ab =b,c=c’, HH v = 1(mod p*~7), j = 1(mod p*~t). ZHE

[a/’ bl] = Ca(j+(é)P'+---+pt(j—1))‘

o (] &3 (‘;>pt Jcnn +p‘(7—1)> < pu~t,‘

Fprt<ph T, A ou =1, EIREHE. #F prt > prr, WATBUE K v = vy, HAF
vp = 1(mod p*~ ") #13

ZiRTRRAL. NI EE IS (11).
FiER 1.2.2 s <min{m — min{m,n —u+r} +t,u}.

B G BT R CRR:

n—u-+tr ™

a” =&, ¥'=" =1, [a,b]=c, [c,al=c", [eb]=c",
Hrp
r+l<um<n,
t < min{n —m + s,u},

u—r < s<min{m—min{m,n—-u+r}+tu}, pto.



