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In algebra, which is a broad division of mathematics, abstract algebra is a common
name for the subarea that studies algebraic structures in their own right. Such
structures include groups, rings, fields etc. The specific term abstract algebra was
coined at the turn of the 20th century to distinguish this area from the other parts of
algebra. The term modern algebra has also been used to denote abstract algebra.

As in other parts of mathematics, concrete problems and examples have played
important roles in the development of algebra. Through the end of the nineteenth
century many, perhaps most of these problems were in some way related to the theory
of algebraic equations. Major themes include:

1. Solving of systems of linear equations, which led to matrices, determinants and
linear algebra,

2. Attempts to find formulae for solutions of general polynomial equations of higher
degree that resulted in discovery of groups as abstract manifestations of symmetry,

3. Arithmetical investigations of quadratic and higher degree forms and diophantine
equations, that directly produced the notions of a ring and ideal,

Numerous textbooks in abstract algebra start with axiomatic definitions of various
algebraic structures and then proceed to establish their properties. This creates a false
impression that in algebra axioms had come first and then served as a motivation. The

true order of historical development was almost exactly the opposite.

REFEBANBFFHTRN - IAEAE., EAREKFH N2 . MEREKE
EARRB A BERMEH., E20 LW A TEHNTREFIHHEM L2 L, “HER
BPEANEFSEEN. MERBE YT HRE.

52 vt —H AREEFNREIRY AR AM I REEENE
A. Bl IOHLR, bF AR EFHAREREFRAX, XEH:

. B RBEUFTRANANART ANIRETEE. AKX SHEREWR
4R,

2. BHMN-—MEMRSAXFTERKRLARXNKE ANBPALABFXR RO &,
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3. MM A BAAEZHFAFTRNE R ANRE T AR EEENBMA,

REBERBAMBEZALTEARKEZ AN X B A RAEHALH N WMER, XH#
2R MRILREQXEBEN  EAF ERA-BIFEAR. IHRERELEHN
HREBEEER.

——W. Keith Nicholson, Introduction to Abstract Algebra, 4th edition, John
Wiley & Sons,2012,ISBN 978-1-118-13535-8.

AR R AR o R ACE . B AT A T ACROR G 38 B S5 O R sk e R
KR BeE MR E U R TRE AR HRE, EARTE A, AT 7 it 8 — 2L
HRHR A - FE 50 2B SRS XREHN KR BOLER . LWL E
ITES 3 RS C T A TR S o

1.1 8581
EE5MA A REBFEPR — A S, AT P IR XS — 1 E .
1.1.1 44
1. E6HE\E

B, RMNABESHHAE.

EEGR-NAEXNBFAME, NBESMERA — &8 0 F Y H BRI (5
B, BFHEXKREFH AB.C,~Fn., EAHTEWE, cEEWRAR—1T&
AREY. X -BHNEFEH asb.c, KR, MBaREFGANTE.HKaBTA,
WLHaEA; MR a A EEFEANTE MaABTAEHaFA KaCA, MEMILE a
FAEMESR A BiH « €A B H € A FENRBEH—. e85 A, 8L E6 e gt
TERBTAMETERNRT A, JLAHEHOBE  NGHAKE . ZOEHE), QUAHEK
£), RUEESE), CEHE) . SETRRBEAELENES.

MEAMBEHINTES,A=BiZ N A ST B, £ e HHE /TR E
A AN N TEREBHMTE . FHBHE - TELHREA WX,

MREFANE P TEHBEESBWLE WETCERTFA KA EBFB, N
A LUE/E ASB(8 BDA) A G5 T B (H“BE&A”) ., K1 A KIELEB HWTF
£, ARREBWTEHACBXE R, MHE ACB HA#B,MKAREBHAETHE., “A
2B METHE”ICHN ACB,

EESHREEEAS WKk FEHARMES. E1F 2°,

Bl RESA=(1,2,3),XENESGANEE.

fg:2"={,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}.

2. £E5MIEE

HABEHMES . MAEBRTARET B W TEMWERKE. RN AMBHFE.ICH
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AUB,Bl AUB={zlx€A & s €B}.,

EEIFMZEREALUTHRK:

(1) AUA=A;

(2) AU =A;

(3) ACB=AUB=B

XtFENEAIEBIMATLLER - W=A,UA, U UA,=UL A,

HAMBMI AR TEMWRAE KA AMBIRZE,ICHANB, B ANB=
{r|x€A H x€Bj}.

EEXENBRAAF LT HE.

(1) ANA=A;

(2) ANG=J;

(3) ACBSANB=A,

UMRESSEAEMXRN  EREFLAT XEESHEEL - ITEEEGNT
. XMEAENESHRTRIEE . BRER 285 ARINFEFARNENTEEGN2K
TE.

BEHeE LEAACT,HITHEARARTFANTEARNES BHANESALEIL P
HIANEE iCHE A HIA={z|z€ ] Hx ¢ A},

M AME R E XA HL X FAEIES A A

AUA=I, ANA=g, A=A,

HMERMNBAEBOMBRRZEE —F  EENEELE BN —EHE, MERN IR
BB - TXEsEME.

EE RABCHEERES, «REFESEUIHN,. KA

(1) AxA=A (FRB
(3) Ax (BxC)=(A%xB) xC (&8

1) AUg=AAUI=T1,ANZG=T,ANI=A

(5) AUMBNO=AUUBNAUO,ANMBUO=AUNBUMUNC G EH

(6) ANAUB)=A,AUANB)=A Iz )

A—B#HNA 5BHEE, EXHN:A—B={x|z€A H x¢B)

EENBHEFRILRAEZNMEGZHEM—FEE.

BN BWALA, A B MERES ALA, A B FILREXLHES:

A XA X XA, ={(a1saz,1a,) |a; €A} . BIH—YIM A1, Ay, A, BB
ML EARBPITTESN (a),a;,ra,)a: EA ABMHES .

Bl A=({1,2,3}, B={4,5}, KM TFEAMEFILH:AXB,BXA,

f#:AXB={(1,4), (1,5, (2,4), (2,5), (3,4), (3,5)},

BXA={(4,1), (4,2), (4,3), (5,1), (5,2), (5,3)}
MBI RE &t — b , AX BB XA,
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3. EAHP TR

HEESTTRHEE . R AESHITH.

gmﬁ:
BeENLERANHECHA B A={z|zETHx¢ A}, .

BALA A BREETHTE.
1. AAUA, U~ UA,=ANAN--NA,
2. AlNA,N-NA,=A UA,U--UA,
BEREBFANES):

|AUB|=[A|+|B|—|ANB|
XE,JAIRRES A RTRHTH.
3G I A FF R AN -
|AUBUC|=|A|+|B|+[C|—|ANB|—|ANC|—|BNCI+|ANBNC]|
ATLIR A 1-1 &R

ANBNC

A 1-1 3 REMKEFIFREER
— it n MEEE AR RAERWT .
B RE
WA LA, A, BARES N
(A UA U=UA =2 1A =22 1A NA I+

i=1 j>i

SIS A N A () Al =t

i=1 j>i k>j
D" TANA N NA,I
Y. |A|=N—|A|

HPNE2EITFHITENECH- FARFANTEN I BREFTNREA P TEH
TE.
H b R AR, AT DL R A R IR A B — R B K.
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AR,
ANAN~NA|=IAUAU~UA|
~N=lA UA U~UA,|=

n

N=2T1AI+221ANA |-

i=1 i=1 j>i

iZEﬂmnmn&Hm+

—D" A NA N NA,|
B SR 1~500 IEEEhEes 3 83 5 BRI EE L7
fi# :
WA K 1~500 HEERE 3 BIRMEMES,B AN 1~500 PHEH 5 BEMBNES,
HAASIX EAAEE X MR AR, .

_|500|_ _[500|_ 500
|A|—|3j 166, |B] [5] 100, |ANB] ‘15

|IAUB|=|A|+|B|—|ANB|=166+100—33=233
B :1~500 A IERES P RESE 3 3 5 BERABA 233 1,
Bl SR abicod A N FRHHMEN A SE ab,c HELHA—-KBOFS B K
$H?
fRHTRE SRR, AR AN RN AR IR,
AN USRI ARHE A WFRHES;
BRn ISP AU WFROES;
CHn NfFSBRFAEAc WFRHES.
T, AFERH |[ANBNC,
N=4",]A|=|B|=|C|=3"
|[ANB|=2"=|ANC|=|BNC]|
|ANBNC|=1
IANBNCI=N—{|A|+|B|+ICI}+{|ANB|+IBNCI+|ANC|}—IANBNC| =
4"—3 3" +3+2"—1
Boab, e YELHA KT SHAIBE R 4 —3-3"+3-2"—1,
Bl BRPL R o RIE/NT n H5n RN K. EF n K.
n=pi + piz e e pit HA prspayes o BREELK o) =7,
BENEER .0 EX FEa 501 ZIBELEF. n=7,/NFH57HZR
BB R :1,2,3,4,5,6,FTLL,(7T) =6, &R, FTROEARN propo s pe BIFEEL
WA B I~n R p, HFEBPOBBES;
A, BR 1~n i p, WERHENES;

]=33

A, #R 1~n & p, HFEHHBHES.

ﬁﬂﬁgﬂﬁ’/m\%*tﬂ : |Kl n-A_z ﬂ'"ﬂxd
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n=p,° « p,z -+ . P ,|A |—P_ i=1,2,,k
ANA | =—T—, i=1,2,k,j#i
A4 | = j#i
=& NAN-NA, | =n— | L+ 2 ++"}+
® n) [A N 2n N kl n p s »
{ L -+ n N n }_...+(_1)k n -
Pr* P2 Py* Ps Pr-1 * P pPib2pa

(15 ) (=5 ) (-5
:n=60=2X3X5. 0 (60)=60(1— ) (1—5 ) (1-+ ) =16,

Bl/hNF 60 BHY 60 EEMEE 16 4~:1,7,11,13,17,19,23,29,31,37,41,43,47,49,
53,59, ’

1.1.2 &%

1. BRSTRIHES

EX ®RABEMWINES. HEA-ITMEEN ¢, FfVac A @S 6, FFEME— T
RbOEBEHZXR, MK RA BB H—1BE 6K Na FEHE ¢ THRHR.ICH b=
$(a).a RN b FEBET ¢ TR — PR UFEBR) A RN ¢ B95F 3. B R ¢ MEMEE. icfE

$:A—>Bja >b=¢(a),YaEA;
—BEET A BRBESHEA XA, X XA, , .
$:A, XA, X+ XA,—B;
(a,sazs**va,) Fb=9¢(a,,a,,***sa,)s VY (a;,ass=+sa,)EA XA, X XA,.

gl] -&%% Al =A2='..=An=B=R'X¢V (al ,a'_)v"'aa,,)EA] XAZ X"'XA,,-#}_‘
FE:9:A, XA, X+ XA, —B;(a,,as,,a,)b=at+ -+, M ¢ F—F A, XA, X+ X
A, B B BB S,

WEEEME, —KREEHS,ALA A, BHALLAMHEMES. ¥ ALA
A, AAHFERF A LA, A IRIFAREIR .

Bl W A=B=Z GEEHEHE N $.2"' -7 ;a a— 1 AE—DBG. HHa=1
Bt,¢(1)=0&2Z",

EX e b BRABBMPHINMRE,EHFVacA b (@)=%(a), MK ¢ .4, B
%E’go TE’f/E =90,

45 BT ST OB BOAE R, BT ER R — SRR R A B

EX WeRERAFAH—IHE,

3t Va,b€A, Y a7 b B, H $(a) (b)), MK ¢ & A BIAK— /B 5t

EZXVYa€A,Ja€A,#18 $(a)=a,MF ¢ & A BAK— W5

FoORWH RS, MK ¢ E A BAK— DO (——Eh .

A, —4 A B A BHBE ¢ FRIEA B — 2,



1% WM& 4n

W $:A>Bsa [b=¢a), VaCAFEHFCRAMTE., MeFEF—ITNCEHEBH
Bbtd . EXWMTF:Va€EC, 2 ¢ (a)=¢Ca), I, FRELE ¢ Rus ¢ £ES C W
PR .

b6 EMES CEH B MBS, LB CCA, # ¢:A—>Bsa b=9¢(aw), MEVaEC,
WA ¢ (@) =9¢@a) . WHRBS ¢ BB EES A LBV K. 5%, BEZH—, b5k
AT REAR R ME—1 .

¥ f:A—>Bsa b= f(a);g:B>C;b |rc=gb) Ml B f 5 g ATLLFEFH -1
A—>CHIBE A, hIIEXT T :Va€A (@) =g(f(a)), HFFRBE h RIS F S5 g 1Y
B, IEHRh=g-f. FTLLRHE 1-2 %R,

J

B 1-2 BAmE R

KT G AN TFEiL.

B ® f:A>Bja l>b=f(a);g:B>C;b >c=g(b);h:C—D;c F=d=h(c), |
H:ho(gef)=C(hog)f,

ERR BB he (go O 5 (heg)e f #RIE A—>D [IBLGT,

N Vac€A,(he(gef))(x)=h((ge fH(x))=h(g(f(x)))

(Chegl)e () =Cheg) (f(x))=h(g(f(x))),

H B AE E H E S, R he (o )= (heg) o f,

2. BRETHIIT B

T, AT A PAA PR S Z A — Lo RE iR B i St .

EE WHMRES AB.H|A[=n,[B|=m, 0.

(1) B f:A—>B BB m”

(2) Y m=n it , B85 g: A=BBI N Imn—1)(m—2)(m—n+1);

(3) K m=nit, G g: A>B MR m! .

IERR (1) hBtSmE L ARES AMWE M TREES B AR, ¥
E£a4 APHILRILIEararsra,. TR o BEEG BHRBRA m MEFETE. LR o
HHEAS BHWBGRAm MEFEITE, - yIJLEK a, EEG B MR EA m FEBFEITE,
R, it £ A—B BN m

(2) MBANMESLAREG APTHWAFRTEEES B PAARRMKR, FHitk, TE
a EEREBTMBEm MEFETE. LR o £EF BPHRAEm—1 FBEETIE,
""" yLE a, EEA B PRBRMAE m—a+1 MR E. B, 245 g:A>B MR
m(m—1)(m—2)-(m—n+1),
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(3) M XU E X e (2), AT, XUt g: A—>B B m !
X, RERESR ABH|A|=n,|Bl[=m, % n=m i}, WHEHH F:A>B HDEH -

m m 7
m"—( )(m—l)"—l—( )(m_z)nﬁ..._i_(A])mﬂ( )
L 2 m—1

iE &A:{Ilhrz s e, oy B={yi ey 0 0y to w A R~AEFB %#gb%%%
FBEHE y AR ATEM—ADTEOR. A= {(/:A>B|y&Im f},G=1,2,,m),
R, AFERH A NAN-NA,|.
RS9 E:
‘Zl HZZ ﬂ ."nxn |:N_E ‘A: ¥+ZE |A, nAJ |_

i=1

SIS LA N A N Al e+

i=1 j>i k>j
(_1)" I A" n A_i ﬂ o n An |
WA, N=m", |A; | =(m—D", |A;NA, | =(m—2)",
—fgH, A, NAL N NA, [ =m—D", ],

== —_ P m m m
AR N 0A | = = () on= D ()= =t -1 ™)

EENH, RIMNEI TES SN LB, XEHEEE . £ I HFIL
FeREZH WA BH I BE L BE R K SRE . R, E &I TESHT
RO VAR IR . N A 7 R, AT AT AT P A A BR&E & 2 18] 59 B St~ 4K
AT

1.2 BEESRSERE

TERCAMEE £ G R KM, EHEBWHE LB E. EATH, RAITHE
NIt BRI, BRI RS S8 K . B2, BATERKE I RSB
5t H) H1R

1.2.1 &%

FATE L B ABEEE A,

EX BABDE3INESESE. MAXBED HBSFHRE—TAXBE D
TRBER; Y A=B=D8, AXA B A HBHFHEHKA LB EEH —TiER .

—AMRBOZH AT LA - RR I (0, O TE- FRIRICHE acb. R A EWRBEHE
SVa,bEA,abEA,

BW:A={a1,a;,5a,} s B={b1,by,,0,,} , M| AXB B D ) —NMREEZEHE a,°b,=d,;
A LLRTR A

8



F 1% Hsin

bl [)2 e hm
a di di; din
a d)l dgg d')
a, dnl an b dnm
EX AR EZEES 2 ZBARBAXAX - XAGHA WEHERIILEDE A

FIBLS £ R A —"1n i 8.
4 Bl wQ A AHBMMES. BNE O FHHEENEELE AT, WA K R E
Q' W —Jtiz® . ILht,

[:Q Q. flo=1, veeqQ:

— e, — > Cotia WAl RE S R —SLE B, A S L. LK
KA 483X At &

EX W REAAN—-ITREEE. WRMEE a.b.c€EAH (acb)ec=a~(boc),
WA EH - ESHEH. HFHE— K aboc,

TEEBHNE . XX T AR DK ar arssa,, Yu R WHEFNGF A28 CAndk F

ﬁmammﬁxﬂuﬁ%%%%%:wﬁ$ﬁ%Mﬁ%ﬁ&°w%xﬁWMﬁ%Mﬁ

WL MBS RALMIE., W a=3, N=2, BIA 2 MBS0 E: @b eciac(bec),
M n=4, N=5,B0F 5 #MmES HiE:(a,a:)(as°a,) ,((a;°a,)°as)°a, »(a,*(a,°a;))°
assac(Cazeas)eay), aro(aze(asea,)) e AFPH na caeea,),ma ca > =a,), ",
ny(ayease oa,) KRR XEEMIE S k.

(2n 2)!

EE MF AT PILHaa, a6 — 7 PRI 5 5 3

EB HdwERaNMITLE aisa,a, B@%ﬁ%lﬁlnu%%ﬁ?ﬁ%ﬁ%o .

d(1)=1,d(2)=1,d(3)=2, ZL5H7, TH d(1),d(2),+,dn) i 2
dn)=dn—1d(1)+dn—2)d(2)+++d(1Dd(n—1)
FRHHEGECET R RBN TR dGo . WIFH d(1),d(2) - d(n) ==X ] (1 1] bR
f()=d(Dx+d(2) 2> +d(n) "+
- GEE
F()=d(Dd(Dx*+[d(2)d(1)+d(1)d(2) ]z* + - [d(n—1)d(1)+
dn—2)d(2)+-+d(Dd(n—1)]x"+

# EXARA L f()=d2)x*+d3)x* ++dn)x"+ -

WA - f()—f(x)+x=0,
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