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A A8 1 2 B AR S G5 B — M L M A [ B D R
—div F.(z,u, Vu) + Fy(z,u,Vu) =0, z € Q, (1)
HP QcRY, N>2 F(z,u,r) € CH(Q x R x RN),

F.,-((E,U,T) = (FTI(.’L',U,T),FM(.’L',U,T),'" ,F,«N(m,u,r)), 5= (TluTZa"' 17'N)7
OF(z,u,r)

Pl Ty = .

i=172="'7N1

OF (z,u,r)

HHE (1) RZK
I(u) < /Q P o (2)

f) Euler-Lagrange 5 #2 (LA T fAif#R E-L 7 12).

ARGy Ty B LR TS B E RO W (8K H, RN AZ S Il O T
SR B TR AR, TREITTR B T &S T RO T R R S —
ERSY, XA E AT LV B — N2 R, S T FEBRZ 2 T 5/ Y B £
AT Rz R B-L R ARG T RR) BV AT i PR i — [R] R

R R Z A 1 A8 43 I iR WIS AR R, T IR 2 i E-L 5 B —
AR A o o R, T A 2 T R AR M SRR Y, R R R R Y.
XA LA A B TAT 2, 38— 0800 7 R A B AE AR IR 45 0 12 o
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K (/) EOFEME 19 4L i, Riemann K T UEAFE — 0
A A — B A X S R B A ] PN AR AR AR e (BRI g, BPSR
Laplace J7 &

~Au=0, z€fcRk?

u=p(x), x€
1, BB R —A2E 5 A, BISK Dirichlet #1143

D(u)=/(;[Vu|2dx

HEES M= {uec C'Q);u lsa= (z)} LB /IME R, F]FH 24 0% 8 f§
FH 9 Dirichlet JE3E: — M HERBRBPE—NIHFTFHES L ORFER/DE,
fife e T LT S AR AEVE. Bl U7 R B ™ B, Weierstrass 7E 20 4F J5 X
Dirichlet JE R4S T R fl]: 1Z bR

I(u) = /_11 v’ (z)%dx

fEM={ueCY(-1,1]):u(-1) = —1,u(1) =1} FEIH/MER 0. FELE, 4
ue = arctan £ (arctan 1), X FAER K € — 0, W I(ue) — 0, (HEMHTG I(u) =0
B u FEAFE M .

B # 1900 4F, Hilbert A X} Dirichlet J5H frF i f14> & Dirichlet F143
B A5 TUEBA. A X A~ TR 20 AR 2 TAEMR &S, BRI T —R 5
B[ AR 43 T R0 ARG (B 75 0 1m0 i ke, i AN T R HY(Q) L HY(Q)
H 58 55 571 55 %) S T o 0 LA B 32 o 0 v AR 22 43 A R A RN B O ik 9 7 A A
5%, 1E 1900 4F HBRBF K K2 L b Hilbert 45 1 1 3 2 19 23 4[]
(SEBR_EAESUARE B2 20 AN, &R SCE G R 23 AR, b 3 A
7] §5 5 Ko AE 43 ) 5, B m) 8L 19, 20, 23), T AASZ T 20 22 53 480 26 4 46 [
R J7 T2 () B AR D7 1.

[ 19 Y N =2 BFE7E (2) B F(z,u,r) XF r &M, B

R O R e e
ar% BT% 37'167"2 ’ — X1y ¥2)s

M F(x,u,r) AETC o, u, BFHT PR IEAKIZ 08 (2) H98 /N RREFR A 1E
ARGy )RR AR JUART 27 | 3 2 TN 1y 20 v R A P A R T 0 A i) e
) &8 19 i) 1 DU 28 G 1] BT A B 5 SR AR AT B 7 X — R A] LAA — A B
SE IR A R 0N AR 15 251 75 R 1% A8 7 IX 3 AT 14 A o P B e T A i
75 R 0 oRI B RO TR, S (B I P TG 5C, 55 DA HR SR ) R K =S ] ¢



il

i -

(LT 8i04(x, u, Vu) + a(z,u, Vu) = 0 BIFF B IE M HERRTF a;(z,u,7)
5 a(z,u,r) XF z,u,r B R). 7 Dirichlet R, 578 A9 /Z Dirichlet
PAE ], T X — 8 (R, ()T 20 i E — 1N R 2 R SR 1 1Y e 2R
RN (2) MR A R Az 0K, BT IE W eR ik 3 i/ ME X R — AR
43 1) B0 SR AE FE 43 )2 04 pR BRI P oR A Y TR — AT A 3R] SE B B 2
& Dirichlet J5 B ) 5] — i (A 0] &1 9 73E T — R A E B, [- 20
AT AR Ry 5 400 ER 1 A (B R R L TR) A ) B A T R AR ) 3 — s v
B R AE) SegnA A, iz R) AT A

AR, (M)A 19 ¥ KA i) e W M, [R) 380 20 ¥5 K i WO AFAE 2. TP A 7
J&. )L 20 Sk T AR AFAE P AT LAY S5 AR 0% D6 i P, b an B % S5 AT At Ak
5 K& 7 BRI 55 B — B Sobolev B TR Lr 23 [H], 755 3 SC Tl 2 07 72
(RPAE: 45306 pR 5005 i R 35 50). (R 20 &R A AR 0 07 ik A5 K, 1
fRAE— DT 2 RBE Y, IAEC I & — W 55 80 p K7 Al R R
B, X K R BH Sobolev %5 [B] WP, X 1) fift 15 i A AH 25 fRIE. K AR
PR YE E-L IR (R BR T S A8 53 7 %, i A #$b )7 3l & Leray—Schauder
AR Bh a5 e BRI AN TF i (b7 1638 T 38 — i 0 004k A [ 78U iy #2).
I B HEUE B M (0 AF AR PR IR S5 8 — A 02 Ry Se B Al 1] &, A Z Br4k
P A [3] 24 J7 B A% 19 Schauder A THHE LA B 2 7 B2 19 C2 {1t 045
UL PR B B R A OV At BB SBTE N = 2 BEEUR Y, A
M E R ERR T ot Mt BHERATERET I N>3 ¥ N>3
Bf, 1957 4F, De Giorgi X % fa] 5 o] I pR 00— B 2R P A% 13 751 07 #2140 55 e, B ilG
jis

f aij(z)0;udjpdz =0, Vo € C3°(Q)
Q

(FArEE HBERRM), HH T oo Mt FIHSSER De Giorgi 31X, La-
dyzhenskaya il Uraltseva X — it i) #1 & PR B 7 2R A5 B) OV flit. XA
T — B 5 4% 14 B — AU R M R B D — N R FEAE AR B TR . [R]
I Ath ]38 i e T TRl RS 19 AN 20 22 (8] B0 & . A AT TR B T 4002k A A (5 7R
E-L 77 B2 7E Sobolev %5 [a] WP H1 1 55 ff — & & O [, 1 [al & 19 7& 20
78 50 FAIF AR N BE-L FREA OV M5 — & 2 Mrn. X
MR PG R 5 B-L 5 fE R F(z,u,r) BT o, u,r 8T, WEAE W i)
559 it — SE AR, R IA) A 19 A1 20 B BRSO BE R T

X F[a] T 19, 1904 4, Bernstein iiF B T fif Afr 35 28 PR B 7 #2 1 — B i
S AT TR 0 R T, TS SR LA AR Petrovskii #E) 31| 2 H 748 & A1 B
NI, T e Xof P02 1 e (58] 70 O e S ok 55 3] o o 2 T A . (LR UL
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S0 P A (5] 75 5 R 4 ) TE U PSR D, ATA BRGS0, X5 N = 2 I, R A g
JEIEN A, B2 N > 3 Wb, Ak35 46 FH -+ 20 18 BH 69 75 1k Uk BA 3 0 BR S5 ] At

—Du=uVul?, |ul=1, u=(u,uzus),
s z € OB, (0)

Bt /MFESR 2/ |z, ECAZELRET. MiJa Riviere [96] 45 th T — 4~k Ab
AN SR 55 AL, AABENME—TFTBERXAET. PETRFEIA AT
AEA T4 IE M. X B KR X2 XF Bernstein H945 8= 4 T — A~ BE ], {BXF
Lk

—Au=|Vul|?, =z € Bgr(0) CR?
u.=0; x € 0BR(0),

5 MEH P, u(z) = loglog R — loglog |z| € HY(Bg(0)),R < 1 1 u(z) = 0.
o TR — MR AR =P S . T w(z) = 0 HREMHTH. Bl
Bernstein f¢ 45 F 18 J& XF /). {H Hilbert 55 19 [A) 81 % 1F 2 BN % & AT
A W AR A AT, T R A R — IE R oV 5 O S5 R AT AR BT .

FAVBAE 0] B AZ 43 T5 2R i B-L 75 B3 A ], B[R]/ 20. Birkhoff #z
B /A KR FERF ST T P HB 2R, 1] J5 Ljusternik—Schnirelman F % Kk
ANFTEUE T A& R 0 P T AR AE = AR R X ik AT oK
12 R /IME, T HL 2 TR A B AL AT SO AR AR HE T 3 JE PR 4E
73 (6], BAEAS D N A8 AR FDEEE R 52 I A A B B ER PR R Ljusternik-
Schnirelman ¥ g (AT @i fK L-S Hig).

583z eR X 0 A4 AR 2k W Tl o O 7R

{——u” = 2u3, t €0,1],
u(0) =u(1) =0

ﬁﬁ%%g/l\% Un E_ maXie(o,1] ‘ un(t) ‘—* 0. ﬁ%[ﬂ%j Uy ﬂ\ﬁ}%
A /u(c4 - u4)_%du

M wn 2 I BRBTE (—c,c) ZIAEfL, T = 2671 [ ( )"H2dt =23, WA
JAW T = n=, T ¢ = 2n3 [113]. BB 2 FH A 5 4k 25 IETJLB’H%Q@XT ) E-L

Pl i
{—Au:u3, t€QCRY, N=23,

=10, x € OS2
A TG AT B R — MBIz pR R R A S 2R
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1973 4, Ambrosetti-Rabinowitz #:37. T 61 {2 pR s A 5 Be o & 44 1 Ll
62 3, L JRURYE Morse WFFT 4 /) it T 22 A% i 2 B A 35 %€ BE (Wall Theorem),
FEF B R B T2 2R P Ak (B 750 7 A5 55 IR Dirichlet #1545 4 H AR 4k P 30
flz,u) XTF uw BKART (N +2)/(N —2) BHEEE FU# B FAEYE. AR /92
PRS2 AH B WU A7 7E T 95 2 A B F M. 15 & WA H OB eR il A 53818 uk ¥
TRAMEBK T — B gt E-L 7 # (1) B95FIK Dirichlet [A)@&47 [A] £ )
GRS R - e L R R BT RIE R AR EAR T
RK KR, MAZHE [108], B IEA AHIL [111] FHCALE, B TR
W BT B, AT ——B AA . W58 T BR 4k 25 (8] H1 {2 oR B9 BIF A Il A PR N
K AR A B BN AR 4 vk, B ARG IZ BRI S B I Morse FRIB 4%,
DL BB alr 20 4F & ROk B HE G 3 12 oR I A s IR

FEA /N R T s v B R B0 PR M 2 SRR I R . (PS) 454, X b I
Bk, B RN 4 g (A RNl AR B 0, PR JRERC Y. 1984 4F, £ ik
W Fp A5 00, Lions 43 94 H 28 — s 4 KR, i F L/ Yamabe [7]
BB LT Aubin 519 T/E, 1983 4 Brezis-Nirenberg A JHAHF (PS) &
4 0 1 % 2 BT SE T A A DX e 4 1 O AR A I R4S BOE il PO AR AEE. 90 4R
RARZAEF TS T 545 I S35 B0 2R L7 Hardy 37 30 (HFR I A7 35
() 25 B AF 5T

LR A [ 78 7 40 R P 4 3 K D B AR B K PR, 3 AR HG K e T 45 4
T R M. il R AR A AR B KA GURR R O TR IR A HE . A 20 1
40 80 AFEAR I I 8 AN 20 A K 33K ol 0L 2 1 A 5 8 B R AT A O, XAk O AR
g E-L 5 R VE, BXT N M2 R E RAEBIZ R T, midE Iz R Y
R 207 v (BN BRI /D) #4718 1983 4F, Struwe [107) BF%E T H
SR B K LR P AR () 789 R L R AT ) A, 3 BH BR AR /MR 2 aj(, w) T2
FHE p> 0 i | Ouaij(z,u) |< p BEAR /NG SRAG 0. DRI AH . 722 oR AT §k, AH I
E-L R4 E. WA IEm R /NG FREI S /ME) A FE 8, RAER R,
HI 72 B A AT B FEBRATH TAE P4 T JE 6 12 oA 1) BR il i /N7 3 2030
ZMF A R RUERA, 1 H Y B A R R BT AR AR U, Z )5
WK H=RZR (60, 65] 18 T RN Hrafy i A48 £ B SR 1 < i 400 2k A4 A
(53] 764 7 R 2L P 5 A ] A0 A ) A7 FE PR AR Sk

1993 4E, Corvellec, Degiovanni Fll Marzocchi [78, 82] 45 i T AE 612 Rl
LS, 1994 4F, Canino 5§ [79] FF 46 HISR 18 B AR 3% 4 Fl) #0024y 8] 284 77
L H i A ENE. FETTIBTZ R

I(u) = %Laij(x,u)aiuajudm—/(;G(a:,u)dm, G(ac,u)z/o g(z, t)dt
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0 < s0saij(z, 8)&i; < vaij(z,s)&ié;

LA R FFHE so0,0 > 2 Hi 15
UG(an) < Sg(Ia 3)7 IS| 2 S0,

Hi v < o—2 & Gz,u) HEKH LMK B o — 2 B, 2 EAZAR
aij(z,u) SEEHR B D, AT e 4 A A ol i 3]

—2pai;(z,8)6:&; < 80,0i5(2, 8)&:i&; < va;(z, 8)6i&;, (3)

Horp g =1—o0/2%, A8 A A5 M, 592 56X A E-L
T RREALEAE T U, Fai/E#& & B —28 Schrodinger 77 #2£ K1 & H 3L

—2ua(z,u) < udya(z,u) < 0.

X UL KA (3) B PR RN

KF—MAILNE E-L Fa 5RO, TR R, R45
R, BEE A KBTS0 SCHR [95]. X FE, X F—BRILLHE E-L R RETE
KA RE AR KAHEN T ZEMEC L.

HEXTIHAXE RY EARBHE shiln A G mihie AL, —REEIE
HEHHE BRI V(@) > 0 AR [ull = ([ (Vul® + Viap)ae) 16
A L2(RN) B4 HEfh B 2E.

Arcoya Fll Boccardo fE 1996 4 F AR [F] 4 7 ik @ 52 T 74— FhAE LR
BRI Y Il 2t S BE, RS — OB Mz R (2) BIle A7 S AFFEE. BT
s R T B, X BRI A A,

ESEHEEZ R

Hajies /Q [@wuﬁ—p(x,u) il (4)
HP 0 <a< A(z,u) < b AT @) A IERMIECTEZ K. HERE
S TRy B AR A L2k M Schrodinger R A(z,u) = 1+ 2u?, b
B 1 < Az, u) BTG EF. A6 SCER 2000 R0 800 10 50 A5 RS, BIVFE & 1Y
u(z) WK, (G S0, S A(z,u) = 1+ |u])~2, « > 0, X
0< A(z,u) < TEELIETH, BI a = 0. Juad st my e BR i) iR 1k BR i JE e
ZRR. AH—FE 0 A(z,u) = |u|*(1 + |u|) 728, B A(z,u) > 0, BLETFR iR 1k
EEHZ K.
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e FR Hil JE 6 1z Rl /MR AE 20 t22 90 FERIG A A DS, X iRk
eI Z R /MRS, FETE - 2B [61] Thihie TAEY Rz it /Mg B L5
AR FR H13Z ok A9 Ll B % — B B 21 29 A 8 BT, & TR AL R HilHE 6
Z PR L BT A £, R UL Arcoya, Boccardo, Orsina SCHK [76]. b fi1/27E
b H' KA Zs ) Whe, g < 2 R EEGIZ Rl 5t s 3R R B 5 1. B 1k
AE 6 ¥ 1z oR 1Y L1 (A R L SCRK I e

AR —F S - ™ [64) M ECIE N T AR 2 AR, G FHSRIZ BR AR /)N Y
05 1 Rk BH K BR il 77 eR AR /MR O FE A M. X 21 TSR TAE. 7 FR il A
/ANTa) B b 3 T — R A3 BR i B AR IR B9 E, 55 S I T Xt p-Laplace
T PRI S AR IE R B N .

7E Pohozaev fHSEX 7 H Ib [64] A4S RE 4, Al W2r fRFF |DulP/? €
HY, ot T8RN AT 3REE, BIT—BA T T RA. 7 [64)
h Hardy A5 N RBAE p > 2 BAE AR A, X B O st b iE.

8, I E HAUEB RIS [64) AR, KRB S| HRIER. H
S fx &7 B4 (¥ UE B 2 ] Ekland 2823 JREL. A SCH T35 T i dE 6z ek it
ARG | B, St T g, [EAS, AT T p-Laplace J5 2 i 2 i N & 19111,
R T R R A — A E, MIEBARDNERNBAHE AL,

BTN ASMREBENESRE X THNETERE, XBERA4
43 PUAR, 495 50 2 1E A A 77 ZE 4, X021 2 1 [m) A R0 4 e ) A 25 L AR T) 7
T, A I S 7 i R 400 2 1 ) ) RIS =2 Ak AR B R 43 9 A HUME T [64] 1Y
=, YA M AR

BUHENRERETHN. BARE - THEARED 64 CF, HERK]
ARE 2h ek, e /NEA - E9UE R h B A AR N R . T RMIEE
Al 11 58 0 fT AR, G5 RIS E A H A6, X m T 20 4 90 AP A HE
B E SE W bR G A e LA B OG TF B ARG 4002 1 i 1) 78U O AR 2 EE R it
. XN ELRERE AL

FARHEFERANITEIAEIEM A IECHZ bR A G F 2. B), ZEZ R (4)
2 Alz,u) = (1 + |u)) ™2 HH A(z,u) = 1+ 2% F—MIERY RIUKHE
Schrodinger J7 . & F Schrodinger M 20 42 E45CF R 2 & Zm
5 TAE. (BRI Schrodinger 75 #2 A BF 58 SR FRATT A 1 2 21 42w A4 1
PR X 5 25 A E ARSI TAESIHE T — AR B AE ¥, UL M Schrodinger
TR R 2 26 Schrodinger 77 %8, #EAH W Y Orlicz 25 (8] Hh it 8 fif B4 #7 7E 1.
ZJ&, Jeanjean F| FH R4 i) 248 #7633 1Y Sobolev %5 [8] Fhish i, {75 iF B AF
5 50 0 £ 2. — A SCEE AR X RRBR AUAL AN 1 + 20 M2 f, FATHI A e R
Az R AR /MR B 5 ) B S [61], IE—MRAYILIZYE Schrodinger 7 #2 4L
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R APE AR, FRATT S 2 A AR A B0 R B EL AT LIS — A% A i A2 4
W) . Ak, 5 (76] Frik AR, FA1dnl DU X — 28y i kW5t B iz
BRI P4 I 3t . 33 U A 7 48 9 T DA 5% 4% 28 K IE B A R 6 U 12 BRIl B A
FIAELEE, G046 T0 A DX 38R | 1B Ak R ] LA B il 4k 55 45 i .

TAVEM, EIEARAELEEZ TR e B S e VERT, BR T & Fhils &
SERIE R Morse Blig, #RTG 2 (PS) A A F X — &M, XFERAI X F T
Hilbert [A]# 20. A (PS) JF3IA REH T A H ThEg R, i H JUEE2
T ) — F 55 08

B AR 5 A 20 PN 25 AR S D BT 1) SRR v o B O, SR BB R E AR
DTS PES TARAN—EZN, WEEAARAZ 2L, MIfFiEERIE

ABHHEEITHEHRXAARBSES (%5 11201154, 11371146) B X
=

ke X
J7 N
2016 4 6 H



5 5 it BA

Q: RN w3, (R B 0 BH B9, 2494684 5 X )

Q: Q YA

Ri: E¥25[HE {z = (21, - ,2n) €RY 1z > 0};

CH(Q), 1 < k <oo: Q b k Y ZE ] A4 S 1H pR B2 1A

CE(Q), 1<k <oo: Q & k AT EHA B34 Y SLH bR B2 1K

LP(Q): 1 < p < oo, Q EHEXE p I (Lebesgue) AJ A SEAH AT i pR % 4

1A

|- p: LP(Q) 25 Al G R BT EL

WHhP(Q): BEIK Sobolev Z5 ], k HAE R IEEL, 1 <p < oo;

| - lx.p: Sobolev %= [a] WkP(Q) H HIFEAL; T 3C Sobolev %5 [a] B #ff (1 1
T, wREheA || - |);

HE(Q): HE(Q) = Wk2(Q);

WeP(Q): C§o(Q) £ WhP(Q) iy k4

HE(Q): HEQ) = W (Q);

v BERT, B ve= (2, 2

div: gﬁgﬁ:%, E[] div(ul, s .,uN) = g—;‘:l; + -+ Oun .

Oz N’
A: Laplace %?, EI] Ay = —zgi“ R g;iu )
1 N

— (—): Frigzs [l i ss s (55 1 80);
sptu: PREK u 28R, HIEES {z € RV @ u(z) # 0}
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Br(y): RN LAy ABRL | R4 r BUEK;
c, Cia §=1, pves j c: J—_E’:%L’ﬁy E?ﬁiﬂgiﬁ-{:iqﬂ, Iﬂ—/|\$ﬁ C (_‘
JBt) 7 AN [m] 64 4
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