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AT TR GIRERIRIE LXRENRRE . REOERNE, CLRBET
S 3 1l R 22 Y — LR SR 5.

accuracy R integral Ry
absolute error #0R 2 multiplication ey
algorithm Hik polynomial EATE:N
convergence WSt round-off error & ANiRE
decimal T (ED ~  relative error AR
discard hsF, &5 stability FeE
division BRik series RE
disturbance thah significant digits 13 %%
elimination Mt subtraction i
function BRI truncation error  #EHTIRZE

Although the computer is an ideal tool for performing complex numerical
computations, casual or careless use of the output from a computer program can lead to
highly undesirable consequences (#f£i£). Indeed, one of the most common mistakes made
by new users is to accept, almost as a matter of faith, the validity of numerical output
produced by an operational computer program. A relatively begin manifestation (‘Z2715) of
this phenomenon arises when one attributes more precision (¥§fff) to a numerical output
than the accuracy of the input data or the underlying mathematical model justifies.

In other instances, a value produced by an operational computer program can be totally
meaningless in the sense that is not accurate to even one digit. This can result from an
accumulation (£#) of round-off error due to the way a calculation is structured. As a
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simple illustration, consider the following quadratic equation ("% /5 f%).
ax* +bx+c=0 (1.1.1)
Note that this equation is labeled (1.1.1) where the first digit identifies the chapter, the
second digit identifies the section within in the chapter, and the last digit identifies the
equation within in the section.
Suppose we want to find the two roots of (1.1.1). Using the well-known quadratic
formula, the roots are
_—b+b —4ac (112)
Xy = J:
N 2a
To make the problem more specific, suppose the parameters are @ =1,b=—(10" +107"),
and ¢ =1. Carrying out the calculation in (1.1.2) yields the roots x, =10* and x, =107".

Interestingly enough, if we perform this simple calculation on a computer that has a
precision of seven decimal digits (not uncommon), then the results are x, ~10and

x, =0. That is, the first root is easily obtained, but the error in the second root is 100
percent! This is a consequence of accumulated round-off error.

When you finish this chapter, you will know how the principal sources of error in
numerical computations arise, including round-off error and formula truncation error. You
will know how to control the propagation ({£4%) of errors. You will understand the
significant digits of approximate number. You will achieve these overall goals by mastering
the following chapter objectives.

Objectives

* Know how to define, calculate, and use the absolute and relative errors.

® Understand how round-off error and truncation error occur.

Be able to analyze error propagation in basic arithmetic operations.

Be able to specify bounds on the size of formula truncation error.
¢ Know how to choose proper algorithm for some mathematical model.

Assessing ({fi11) the accuracy of the results of calculations is a paramount goal in
numerical analysis. One distinguishes several kinds of errors which may limit this accuracy:

1. model errors (%5 %)

When we use computer to calculate a mathematical problem, we first set up a
mathematical model which is abstraction (f1%:1t) and simplification ({7 .{t) of the
described practical problem, it is approximate. We call the error between mathematical
model and practical problem model error.
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Example 1.2.1
s(t) = %gﬁ, g~9.812

2. Errors in the input data (i A\ #4525

Input data errors are beyond the control of the calculation. They may be due, for
instance, to the inherent imperfections of physical measurements.

3. Round-off errors (& A7)

Round-off errors arise if one calculates with numbers whose representatlon is
restricted to a finite number of digits, as is usually the case.

Rounding is an important concept in scientific computing. Consider a positive decimal
number x of the form 0.CICICI-+-CICI0 with m digits to the right of the decimal point
(/IE55). One rounds x to » decimal places (#<m) in a manner that depends on the value of
the (n+1)st digit. If this digitisa 0, 1, 2, 3, or 4, then the nth digit is not changed and all
following digits are discarded (i 5, 57). If itisa 5, 6, 7, 8 or 9, then the nth digit is
increased by one unit and the remaining digits are discarded.

Here are some examples of seven-digit numbers being correctly rounded to four-digits
0.162 5« 0.162 548 9

1.000  «0.999 960 1
0.623 3«-0.623 2709
If x is rounded so that x is the n-digit approximation to it, then

)X*;c‘ \<;l—><]0"'
2
Another example, ©=3.1415926-.-, if we take m=~3.14, then the round-off error is

3.14-3.1415926---=—-0.001592 6---.

4. Truncation errors (#MHfix%)
As for the fourth kind of the error, many methods will not yield the exact solution of
the given problem, even if the calculations are carried out without rounding, but rather the

solution of another simpler problem P which approximates P. For instance, the problem

P of summing an infinite series, e.g.(f 1),
3 5 7
. ' x x
sinx=x—-——+"—-"+
3 o5 7

may be replaced by the simpler problem P of summing only up to a finite number of

terms of the series.
3 5 7
. X x x
Sinxy = x——+4—=—=—

3 8 M
The resulting approximation error is commonly called a truncation error.
Generally, f(x)can be approximately replaced by Taylor polynomial (7 #)) 2 1ii:\)
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' " ()
=0+ L0 L0y LSO

the truncation error is
(n+1)
R,(x)= £ ()P, (1) = L&)
(n+1)!
where £ is between 0 and x .In this book,“¢ is between a and b7 means that either
a<&<bor b<&<a.

Definition 1.3.1 If a real number x" approximates to another number x, then the

absolute error (or error) (4%} i% %) is defined by
e=x" —-x

where e may be positive or negative number. If the absolute error is positive, the
approximate value (IT{A{f) is greater than the exact value (MEF{H), it is called strong
approximate value . If the absolute error is negative, the approximate value is smaller than
the exact value, it is called weak approximate value .

If there exists a positive number &, such that

le| = ix' —x‘ée
Then ¢ is called the limit of the (absolute) error (4%t 1% % [[). That is
X' —e=Zx&x" e Of x=3x fe
Example 1.3.1 The representation x=0.3106+0.0014 implies
0.3106-0.001 4<x=<0.3106+0.001 4
That is
- 0.3092<x<0.3120

Example 1.3.2 We measure the length of an object with mm-graduation ruler (%

KRR, then
=

If the reading is /" =513 mm, then 512.5mm </ <513.5mm.
Example 1.3.3 Discuss the calculation of e *for 0<x<1 from the series (2 %)

I —Ilsl mm
2

2 v\
e*=1-% f___l_XS, +( 2.
o2t 3l n!
Solution Let
2
Ey=1-ZaX L
T

Then
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\e*-‘ —E(x)\szl—4

The limit of the error i52L .

Definition 1.3.2 If a real number xapproximates to another number x, then the
relative error (FHX] X 25) of x* is

€ X =X
er S—=
X X
Frequently
e x -x
eT = * = -
X X

If there exists a positive number ¢_, such that

el’

S
Then ¢, is called the limit of relative error (AHX] 1% Z[R).
Example 1.3.4 If x=10%£1, y=1000+5
Then
x"=10, g(x)=1, y'=1000, &(y)=5
&£,(x) _&) =10% » &.(») =—6M=0.5%
¥ 4
Example 1.3.5 x=n=3.14159265---.
If x]=3.14,then ¢ <0.002; if x;=3.1416,then g <0.000 05.We can see
that the errors do not exceed the half unit of their end places . i.e.,

-3.14<sx107,  |n-3.1416/<x10™
2 2

Definition 1.3.3 If the limit of the error of approximate value x" is a half unit of
some place, and there are » digits from this place to the first nonzero digit of the front of
x',then we say x" has n significant digits (or figures).

x" can be represented:

x"=%10" x(a, +a, x10" +---+a, x107"") (1.3.1)
where g, €{0,1,2,---9}(i=1,--,n),and @, #0, misan integer (%), furthermore

e x"g%x ) (13.2)

.85
31.415=10"xB+1x10" +4x107 +1x10~° +5x107™")

where m=1,n=5, \x—x"g%x10"3.

Example 1.3.6 Let x" =3.14 be the approximate value of n, then it has three significant
digits. Let x" =3.1416 be the approximate value of =, then it has five significant digits.

Example 1.3.7 Write the approximate numbers with five significant digits of the
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following numbers by rounding-off
1879325, 0.037 856, 8.0000, 2.718281 8
Solution The results are respectively
187.93, 0.037856, 8.0000, 2.7183

Example 1.3.8 Let ¢~980m/s>, g~0.00980 km/s*., Then they have three
significant digits, and

lg—9.80) g%xlO’z, where m=0,n=3.

lg —0.009 80| g%xlO’S, where m=-3,n=3.
Their limits of the absolute errors are different,
g =L102m/e, £ =110 kmys?
2 2
and their relative errors are equal,
£, =0.005/9.8 =0.000 005/0.009 80
Remarks 1.3.1

(1) The number of significant digits is not relative to the place of the decimal point,
e.g., both 3.14 and 314 have three significant digits.

(2) From ‘x-x‘

<lx]o"’-"“ , we obtain that -the more significant digits an
2

approximate number has, the smaller limit of the absolute error it has.
(3) Zero at the end of an approximate number can not be rounded down (5 %5) .
Theorem 1.3.1 Let approximate number x* be represented by
x'=£10"x(a, +a,x10™" ++-+a,x107"")
where a,(i=1,--,n) is one of the digits from 0t0 9, a, #0, misan integer . If x" hasn
significant digits , then its limit of the relative error satisfies
& S ]

—x 17N
2a,

r

Contrarily, if the limit of the relative error of x° satisfies
< 1

— X —(n-1)

2a, +1)

then x* has n significant digits at least.
Proof Using (1.3.1) x" =+10" x(a, +a, x107 +---+a, x107"™)
we obtain
n S . m
a; x10 ’x|<(a,+l)><10

If x* has # significant digits, then



