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A FUNCTIONAL EQUATION FOR ENUMERATING
NONSEPARABLE EULERIAN PLANAR MAPS
WITH VERTEX PARTITION

Lw Yaneer (XIER)
(Institute of Applied Mathematics, Acadomia Sinica, Beijing)
Received July 12, 1085,

In regard of the enumeration of rooted Eulerian planar maps with vertex
partition, the first result for enumerating rooted general Eulerian planar maps with
vertex partition was achieved in the sixties”. Since then, people would think of
the nonseparable case. Up to now, no result has been obtained in this aspect. This
paper provides a functional equation satisfied by the generating function of enumer-
ating rooted nonseparable Eulerian planar maps "with vertex partition.

A map is said to be Bulerian if no valency of its vertices is odd. And, rooted
means choosing an edge in a map with a direction given. The rooted edge, or
root-edge in a map is denoted by A == (p,q), where p is said to be the root-vertex
and the face on the left-hand side of A is the root-face. Two maps are said to be
distinet if there is no isomorphism preserving the rooting rules between them.

Let .# be the set of all the rooted nonseparable planar maps. And, let 2m(M)
be the valency of the root-vertex and mn,; (M) be the number of non-rooted vertices
with valency 2¢ for any M € ..

Lemma 1.

M = M+ M, (1)
where A, consists of only one map, the loop map; A ;, all the others in A .

Let us write

0 =020,y ) = D 2% [y, (2)

Me & i1
which is the enumerating function of .# with vertex partition. Similarly, let
% = 9(z;%1,Y4,+++) and g; = g,(Z;%,%,,-+) be the contributions of .#, and
to g respectively.
Lemma 2.
90(35331173[41"')-9;2- (3)
In order to determine g;, several lemmas are meeded to introdumce as follows.

Lemma 3. For any M € ., we have
M= W M;, k=1, (4)

1<i<k
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where M; € 4, and M;\M; = {4}, 1<ixj<k; M,\WM, means that M, is in
the finite face of M., which is incident fo the root-edge A; and recursively,
1Y) Mi='( Y M.‘)@Mu
1€i<s 1€ige—~1
for 3<<s <k,

Let M'==M « A be the resultant map of contracting A in M for M €.#.
Then, we have

Lemma 4.

M- W m, )

1<7<k
for anvy M € Ay with the form (4), where M; =< M; - A ¢ & and M;N\Mj={p},
p is the rootwertex, 1 <i j <Fk; MilJM; is the union with only one vertex, the
root-veriex p in commom, M being in the face of M3, which corresponds to the
finite one incident fo A in M.; and recursively, | M =-( ) o S)UM;. for

1€igs 1€i€s—1
I<s< k.

For each M € ., the edges incident to p are denoted by e, €1,° -+, ampn in
the clockwise direction around p from e, being the root-edge. And, the angle
between ¢, and e,y is said to be the sth. Further, for each M € .4, M denotes
its first s edges at the root-vertex being marked, and for any two maps M,, M, €
A M MEY denotes Myl M, with M, being in the sth angle of M;. Similarly,

we can get the meaning of | M P, for k= 3.
1<i<k

Lemma 5. Let $§12g), — { o M@ M. e, 1<i< k}, and let

1<i<k
AMLAY = {M'|M" =M - A, M € 4}

Then, we have

LAY =D D D SR (6)

k>l Mie & 1<a<2m{M)—1

I1Kisk

Lemma 6. )

|| = |2 (A)]. )
Now, let us introduce a function

f(2) = 3 @m00g%00 T] yrian, ®)

Me & i>1

where 2 j (M) is the valency of ¢ and ny (M) == n;(M) — 1, if i=j; n,(M)7,
otherwise, and a linear operator &7, as follows:

F) =2, t =1, €))]
Lemma 7.
g1(E0asYas 0 o0) = yg(f(y))« 10)



- FEhG -

No. 14 KEXUE TONGBAO 043

For any function h(z), we may define two types of (a, 2)-differences of h(z),
denoted by 8.,k and 6,k as follows:

8esh = (h(z) — h(2))/ (2 — 2°), 1)
8.,k = (2h(z) — £h(e))/(a" — 2*). 12)

Lemma 8.
f(2) = @2%6.,,9/ (1 — 0:,.9)" — TY8..:9). 13)

Proof. For convenience, let us write

vﬂ'?')<4>={ U MilM,-E.A?',1<~i<k}, k=1,

1<i<k

then #; (A) = >, . ##(A). From (8) and Lemma 6, we have
k>1

f(e) = Z Z ZAmAO=2{(M) 52§ D) Hy;ai,,«u)’

k21 meq (0 i»1

where ¥ is the subset of .#; in which each map has the form (4) for the
given k. By using Lemma 6,

- :czz Z ZAm (M) = s(M1) 55 (M7) H yz"i”(u'):
k=1 M'ej}"’(-b i>1
where s(M’) is the number of marked edges, which correspond to those contributing
to 2j(M), M= M - A, of course, s(M’) = 2j(M) —1. By using Lemmas 4 and
5,

= Iz E x(zm(u‘)—:x)+---+(1m(Mk)—.¢k)
k=1 Miea,1<<2f(M)—1
1<igic
X ghatatetsg Hyz"i:i(ul)*'"'*'“zimk)
izl

By using the fact that the number of M; with s; ==s; (M;) = 1 (1nod 2) must be
odd as s(M’') = 1(mod 2),

-z, X (2z+1)<2“'°2mw’(( )+<%>3+"'

k21 0<i<k/2) Me 4

(Y e (e () + () -

Me &

2m(M)—-2 k-2i-1
(2 )

i1

-2 >, b <21 i 1)( 37 (aa(@Pm0 — gm0y [ (22 — 2%))

k=21 0<I<(k/2] Me¢ 4

X H y;".-ﬁ(“)) ( 2 (Lm0 — g25?m@0Y [ (g2 — 27))

i>1 Me 4

X l_Iyz",-ﬁ“")k—”_1 :

i>1
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By using (11) and (12),

k
a3y 3 (
IE o<12<u:m 21+1

o wz(z ((ax-lg -+ :csb‘,,.g)" - (ax,sg - xzé‘,,,g)"))/2
k>1
_zz ( Braff & 228400 . Oeis — 2289 )
2 \1 '_'a:hxg — %284,s0 1—- ax.l‘g + T28.,59

= 22(228.,49/ (1 — B.y9)" — (228.49)").
And the lemma follows.
Theorem 1.
9= 2 + (@009l (L = 0,y0)" — (F751,40)))- (14)
Proof. From Lemma 1, it is seen that ¢ =g, + g;. And, in view of Lemmas
2,7 and 8, the theorem is obtained.

Now, we may see that Bq. (14) here is much different from (13) in [2], but
related to (8.9) in [3]. However, it seems that the appearance of &, would
probably involve much difficulty in solving it.

) (2201,9)" ' (Bs,a0)*F

In what follows, we only investigate certain interesting cases on Eulerian d-maps
as defined in [2], for each map M of which, there is no vertex with its valency
greater than d in M and all the blocks of M'= M - A.

Let g™®(2) be the generating function of Eulerian 2-maps, then we have

Theorem 2.

99(z) = (1 — y) 7@ (15)

Proof. If g@(x) = G)(y;)2" is assumed, then from (14), we may find that
G,(y,) satisfies the equation G,(v;) = 1 + 1,G2(y;). The theorem follows.

As for Eulerian 4-maps, if their generating function with vertex partition is
denoted by g? = A2’ + B!, where A=A(y;,%.), B=B(y,, y,) are the correspond-
ing generating function of those with the valency of the root-vertex being two
and four respectively, then from (14), we may find

Lemma 9. A4 end B satisfy the following equations stmultaneously:

A=1+yA+yB;B=2yAB + y,A* + y,B. ) 16)

Lemma 10. B saiisfies the following third equation:

2 3y2
B == Y -+ ( Ya + - Y4 - Y, ) B
a —w) 11—y, (1 - yz)s !
2y} 3y; ) 2 yi
+( L8 \pg ¥ p an
1=y A—w) (1 —w)
Lemma 11. Eq. (17) has a solution as follows:
Ua=1)/2
B=>, S (n+1—1)

np1 ’>l'_u_-j-_]‘1  =max(0sm—{—1) 'n!(l +1i—n+ 1)[(% — 2 — 1)!1:[

4038
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(g4 2 By (2t By
X Y+ + i+ 4
QA — )" ! 11—y A—w) l—y, Q—w)
4
. QU [ — (18)
(1 - !l:)sl

Proof. In view of Lemma 10, by using the Lagrange theorem, we may obtain
-3t 1 ( ) ! (1 —yy — 2 3y
am1 N1 — ‘!lz)’ d&'—l l—y, QQ—w)
_ 2y} 3y ) :)
—_ 4 —
ey oty

Then, by using the binomial and polynomial expansion theorems, the lemma may
be derived.

Theorem 3.
4 == (1 + %B)/(l "‘yz) (19)
20 D) ok, Hytys. (20)
k20 121

where ¢(k,t) is the summadion of
24»+21+2,—r—2f—3;—an—1—;+2(" + 11— 1),
ne) (I+i—n—j—s + 1)17181 (4—8n—j—23 + 2)1 (4n + j + 28—¢—24—3)1
Qt+b—n—14+1)
(2t-—-2n-——y —s+ i+ Dk —1l—i+n+j+s—1)

over all (n,4,1,§,8) €R = {(n,4,L, 5, )1 <<t + 2)/3), 0<i< [ (n—1)/2],
max(n —i—1,4n —t —¢—3, [+ 1)/21 —n) <I<t—2n— i+ &+ 1, max(0,
n+20+2i—t—20)<ji<min(Q+i—n+1, 2o +2l—¢t—1, { =30+ 2),
max(0, I+t —n—ji—Fk+1, [G+1—7/2T—2n+i+1)<s<min(l+4+—
n+1—j, (¢ —n—4)/2] —a+ 1)}

Bven though it is somewhat complicated in the expression of (20), the result
is favorable to the calculation since all the terms involved are positive. However,

the proof of the theorem has no much difficulty in spite of the complication with
the derivation.

The author would like to thank Prof. W. T. Tutte for provoking his interest

in the problem through the conversations when he worked in the University of
Waterloo.
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