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Preface

The reader is invited to immerse himself in a “love story” which has been unfolding
for 35 centuries: the love story between mathematicians and geometry. In addition
to accompanying the reader up to the present state of the art, the purpose of this 7ril-
ogy is precisely to tell this story. The Geometric Trilogy will introduce the reader to
the multiple complementary aspects of geometry, first paying tribute to the histori-
cal work on which it is based and then switching to a more contemporary treatment,
making full use of modern logic, algebra and analysis. In this Trilogy, Geometry
is definitely viewed as an autonomous discipline, never as a sub-product of algebra
or analysis. The three volumes of the Trilogy have been written as three indepen-
dent but complementary books, focusing respectively on the axiomatic, algebraic
and differential approaches to geometry. They contain all the useful material for a
wide range of possibly very different undergraduate geometry courses, depending
on the choices made by the professor. They also provide the necessary geometrical
background for researchers in other disciplines who need to master the geometric
techniques.

In the 1630s Fermat and Descartes were already computing the tangents to some
curves using arguments which today we would describe in terms of derivatives
(see [4], Trilogy IT). However, these arguments concerned algebraic curves, that is,
curves whose equation is expressed by a polynomial, and the derivative of a polyno-
mial is something that one can describe algebraically in terms of its coefficients and
exponents, without having to handle limits. Some decades later, the development of
differential calculus by Newton and Leibniz allowed these arguments to be formal-
ized in terms of actual derivatives, for rather arbitrary curves. In the present book,
we focus on this general setting of curves and surfaces described by functions which
are no longer defined by polynomials, but are arbitrary functions having sufficiently
well behaved properties with respect to differentiation.

We have deliberately chosen to restrict our attention to curves in the 2- and 3-
dimensional real spaces and surfaces in the 3-dimensional real space. Although we
occasionally give a hint on how to generalize several of our results to higher dimen-
sions, our focus on lower dimensions provides the best possible intuition of the basic
notions and techniques used today in advanced studies of differential geometry.

vii



viii Preface

An important notion is the consideration of parametric equations, following an
idea of Euler (see [4], Trilogy II). A closer look at such equations suggests that we
should view a curve not as the set of points whose coordinates satisfy some equa-
tion(s), but as a continuous deformation of the real line in R? or in R3, according
to the case. When a parameter ¢ varies on the real line, the parametric equations
describe successively all the points of the curve. Analogously, a surface can.be seen
as a continuous deformation of the real plane in the space R>. This is the notion of
a parametric representation, which is the basic tool that we shall use in our study.

Our first chapter is essentially historical: its purpose is to explain where the ideas
of differential geometry came from and why we choose this or that precise definition
and not another possible one.

The formalized study of curves then begins with Chap. 2, where we restrict our
attention to the simplest case: the plane curves. We pay special attention to basic
notions like tangency, length and curvature, but we also prove very deep theorems,
such as the Hopf theorem for simple closed curves. Working in the plane makes
certainly things easier to grasp in a first approach. However, it is also a matter of
fact that the study of plane curves offers many interesting aspects, such as envelopes,
evolutes, involutes, which have beautiful applications. Many of these aspects do not
generalize elegantly to higher dimensions.

Our Chap. 3 is a kind of parenthesis in our theory of differential geometry: we
present a museum of some specimens of curves which have played an important
historical role in the development of the theory.

Chapter 4 is then devoted to the study of curves in three dimensional space: the
so-called skew curves. We focus our attention on the main aspects of the theory,
namely, the study of the curvature and the torsion of skew curves and the famous
Frenet trihedron.

Next we switch to surfaces in R>. In Chap. 5 we concentrate our attention on
the local properties of surfaces, that is, properties “in a neighborhood of a given
point of the surface”, such as the tangent plane at that point or the various notions of
curvature at that point: normal curvature, Gaussian curvature, and the information
that we can get from these on the shape of the surface in a neighborhood of the
point.

Chapter 6 then begins by repeating many of the arguments of Chap. 5, but us-
ing a different notation: the notation of Riemannian geometry. Our objective is to
provide in this way a good intuitive approach to notions such as the metric tensor,
the Christoffel symbols, the Riemann tensor, and so on. We provide evidence that
these apparently very technical notions reduce, in the case of surfaces in R?, to very
familiar notions studied in Chap. 5. We also devote special attention to the case of
geodesics and establish the main properties (including the existence) of the systems
of geodesic coordinates.

The last chapter of this book is devoted to some global properties of surfaces:
properties for which one has to consider the full surface, not just what happens in
a neighborhood of one of its points. We start with a basic study of the surfaces of
revolution, the ruled and the developable surfaces and the surfaces with constant



Preface ) ix

curvature. Next we switch to results and notions such as the Gauss—Bonnet theo-
rem and the Euler characteristic, which represent some first bridges between the
elementary theory of surfaces and more advanced topics.

Each chapter ends with a section of “problems” and another section of “exer-
cises”. Problems are generally statements not treated in this book, but of theoretical
interest, while exercises are more intended to allow the reader to practice the tech-
niques and notions studied in the book. '

Of course reading this book assumes some familiarity with the basic notions of
linear algebra and differential calculus, but these can be found in all undergradu-
ate courses on these topics. An appendix on general topology introduces the few
ingredients of that theory which are needed to properly follow our approach to Rie-
mannian geometry and the global theory of surfaces. A second appendix states with
full precision (but without proofs this time) some theorems on the existence of solu-
tions of differential equations and partial differential equations, which are required
in some advanced geometrical results.

A selective bibliography for the topics discussed in this book is provided. Certain
items, not otherwise mentioned in the book, have been included for further reading.

The author thanks the numerous collaborators who helped him, through the years,
to improve the quality of his geometry courses and thus of this book. Among them
a special thanks to Pascal Dupont, who also gave useful hints for drawing some of
the illustrations, realized with Mathematica and Tikz.



The Geometric Trilogy

I. An Axiomatic Approach to Geometry

Pre-Hellenic Antiquity

Some Pioneers of Greek Geometry
Euclid’s Elements

Some Masters of Greek Geometry
Post-Hellenic Euclidean Geometry
Projective Geometry
Non-Euclidean Geometry

. Hilbert’s Axiomatization of the Plane
Appendices

A. Constructibility

B. The Three Classical Problems
C. Regular Polygons

Cade -0l ol ol

II. An Algebraic Approach to Geometry

. The birth of Analytic Geometry
. Affine Geometry
. More on Real Affine Spaces
. Euclidean Geometry
. Hermitian Spaces
. Projective Geometry
. Algebraic Curves

Appendices
. Polynomials over a Field
Polynomials in Several Variables
Homogeneous Polynomials
. Resultants
Symmetric Polynomials
Complex Numbers

NN B W -

mmO0wp

xi



Xii

G. Quadratic Forms
H. Dual Spaces

II1. A Differential Approach to Geometry

The Genesis of Differential Methods

. Plane Curves

. A Museum of Curves

Skew Curves

The Local Theory of Surfaces

Towards Riemannian Geometry

Elements of the Global Theory of Surfaces
Appendices

A. Topology

B. Differential Equations

N U W~

The Geometric Trilogy



Contents

1  The Genesis of Differential Methods . . . . . ... ... ...... 1
1.1 The Static ApproachtoCurves . . . . . ... .. ... ..... 2
1.2 The Dynamic ApproachtoCurves . .. ... ... ....... 4
1.3 Cartesian Versus Parametric . . . . . . . . .. ... ....... 10
1.4 Singularities and Multiplicities . . . . ... ... ........ 15
1.5 ChasingtheTangents . . .. ... ................ 19
1.6 Tangent: The Differential Approach . . . . . .. ... ...... 24
1.7 RectificationofaCurve . . . ... .. .. ... ... ...... 27
1.8 Length Versus Curve Integral . . . . .. ... .......... 31
1.9 Clocks, Cycloids and Envelopes . . . . . ... ... ....... 33
1.10 Radius of Curvatureand Evolute . . . . .. ... ........ 38
1.11 Curvature and Normality . . . .. ... ... .......... 40
112 Curve'Squaring . . . . . . . v v e eomoae moa e s O 42
113 Skew Curves . . . . . . . ..o e e e e e e e 46
L4 PrOBICIMIS . . "o T 5 &1 55 s vee (30 o ton e i s e i w6 3 50 B B 3 0 w0 9 51
115 BXGICISES o5 66 5 5 5 5 575 srar sms wwrw w oo o w0 w0 SOF AU, ¥ 52

2 PlaneCurves . . . . . . . . ... 55
2.1 Parametric Representations . . . . . . . ... ... .. ..... 55
2.2 Regular Representations . . . . . « « . ;o csiis 5 o s e fosi® o 61
2.3 The Cartesian EquationofaCurve . . .. ... ......... 63
24 TANGOALS . v v o o o o o m x 0o v o v a v e d e ad e 67
2.5 ASYMIPIOIES' o x5 = mon 3 % 5 v w8 0w 0w 5 B e Gperrn (i@ B 8 69
20 EOVEIOPES - o« s o5 o 5 5 5w moww s w0y e W psebeEsgd ¢ 3 72
2.7 TheLengthofan ArcofaCurve . ... ... .......... 82
2.8 Normal Representation . . . ... ... ............. 86
2D TCURVARIEE . o' v 5z e S LN T R R L SN S G 88
2,00 OscREANZICITIe .« o o o o sl 0 ol el ol o v e e e % 94
2.11 Evolutesand Involutes . . . . . . ... ... ... ........ 96
2.12 Intrinsic Equationof aPlaneCurve . . . . . ... .. ...... 100
2.13 ClOSEd/CULVES & < 5 5 s 5 v s 5 5515 © 5 5 nw & 5 208 o o 55 o s 105



xiv

Contents
2.14 Piecewise RegularCurves = = < « s c s s s s cw s o o0 a5 v s 110
2.15 Simple Closed Curves . . . . . . . . ... ... ... ..... 114
2,16 Convex Curves . . . . . . . . . vttt e e e 126
2.17 Verticesof aPlaneCurve . . . . ... ... ........... 129
218 Problems . , ¢ o v oov v v v v s s s s e s s 133
2,19 EXCICISES] o » « 5 5 5 » w0 & 56 % 151 80 60 50 31 060 01 SR E 8§ & e 134
AMuseumofCurves . . . . . ... ... ... ... ..., 139
3.1 SomeTerminology . . . .". .. ... ... ...t eunennn. 139
3121 A helCIeIe E B 0 v o o pt b S G R Ak b TS s 142
33 TheEIHpse . . . v v ot vv v ot vttt v v mme oo s 143
34 TheRYperbola < vl L &u o s o s vmm e rwme smwre a9 & & s 144
3D EeParabolll . v s v s v v e s g v BB EmE Y S B S @ § % e 145
36" ThelCyelold: = ¢ som m w5 0 p1x s Fp e s 6 s @ w5 Rdind s 146
$T T TheCardiold| . o = & 5 5 8 5 s T S e BT R S R B 3 146
3.8 TheNephroid . ... ... ... ... ... ... .....u.. 148
39 TheAstroid . ... ... ... ... ... 148
3.10 TheDeltoid . . . . . .. .. ... .. .. ... ..., 149
3.11 TheLimagonof Pascals « « + s 5 = 5 o 5 o0 v s e 5 5 wna w 150
3.12 The Lemniscateof Bernoulli . ., .. ... ........... 151
3.13 The Conchoid of Nicomedes . . . . .. ... .......... 152
3.14 TheCissoidof Diocles . . . . .. ... ... ... ........ 153
3.15 TheRight Strophoid . . . . . . ... ... ... ......... 154
3.16 The TractriX . . . . . . . o v v v v i it i et e e e 155
31T TROICAETATY & 5 5 e w0 5 @ i & & 58,8 8 8.4 § £ 608 ® 8 Ban B § 156
3.18 The Spiral of Archimedes . . . .. . ... ... ......... 157
3.19 The Logarithmic Spiral . . . ... ... ... ... ....... 157
3.20 The Spiralof Cornu . . . . .. ... .. .. ... ........ 158
Skew Curves . . . . . . . .. ... 161
4.1 RegularSkew Curves . . . .. .. ... ... ... 161
4.2 Normal Representations . . . . ... ... ............ 164
43 COrvatile : « & « o w5 5 & % 5 5w % o 55 5 58 3 5i& S b B 166
4.4 TheFrenet Trihedron . . .. ... ................ 168
45 Torsion . . . . ...l e e 171
4.6 Intrinsic Equations . . . . . . ... ... ... ... 174
437 " PIOBIEIS .m0 F o o o o e o o e ) [ R R 1 g 178
4.8 " EXCICISEE ¢ o & s 55w 5 5 o wowom S5 @ s 4w w5 s s i e w e 179
The Local Theory of Surfaces . . . . . . ... ............ 181
5.1 Parametric Representation of a Surface ... . . .. ... ... .. 182
5.2 RegularSurfaces . . . . . ... ... ... ... ... 190
5.3 Cartestan BQUALON « < 5 o s 5 5 5 5 & soswmis & %o, 5 ous boss of & 193
54 CurvesonaSurface . = s oo iie w0 w5 s m wyi wnd @ 8oy @b 194
55 TheTangentPlane : . : : : c s s 55 5 4 s 05555 ¢ 56 5+ 54 198
5.6 Tangent VectorFields . . ... .................. 202

5.7 OrientationofaSurface . . . . .. ... ... .. ........ 206



" Contents

XV

S8 Notinal COINAtITS & feis v 0 oo g in WL Bpsath 2o ad) L 208
5.9 Umbilical Points -« « = = 5 5 w5 5 5 5 5.5 o5balid, L olemy ) 215
5.10 Principal Directions: . ..... w5 tenasdl Y g sornd ot Lon £ R 220
5.11 TheCaseof Quadrics . . . ... ... .............. 227
5.12 Approximationby aQuadric . . . ... ... ... ....... 230
5.13 The Rodrigues Formula . . . . . ... ... ........... 233
5.14 Linesof Curvature . . . . . . ... ... ... .......... 235
5.15 Gauss’ Approach to Total Curvature . . . .. .......... 236
5.16 GaussianCurvature . . . . . . . . . . . . vt ie e 240
517 Problems . . . . . . . . ... 245
S8 BXCTCISER o « 5 mo o 5550 9 8 81 85 8 6 3 8 55§ B § o8 8 5o 249
6 Towards Riemannian Geometry . . . . . . . ... ... ....... 253
6.1 WhatIs Riemannian Geometry? . . . . . ... .......... 254
6.2 TheMetricTensor . . . . . . . . . . .o v v i i i 258
6.3 CurvesonaRiemannPatch . ... ... ............. 261
6.4 VectorFields AlongaCurve. . . . .. ... ........... 263
6.5 The Normal Vector FieldtoaCurve . . . . . ... .. ...... 265
6.6 The Christoffel Symbols . . . . . . .. ... ... ........ 267
6.7 CovariantDerivative . . . . . . . . .. .. ... ... .. ... 271
6:8. " Parallel’TRanSPOIt '« « o s wli o m 350 a8 s b & & 455 8 11 85 276
6.9 GeodesicCurvature . . . . . . . . . ..o v oo 279
6.10 Geodesics . . . . . . . ... e e 282
6.11 TheRiemannTensor . . . . . . . . . ... oo v v . 286
6.12 WhatIsaTensor? . . .. ... ... ... uuuuneneo.. 289
6.13 Systems of Geodesic Coordinates . . . . . .. .......... 295
6.14 Curvature in Geodesic Coordinates . . . . . ... ... ... .. 303
6.15 The Poincaré HalfPlane . . . . . . ... .. ........... 310
6.16 Embeddable Riemann Patches . . . . . . ... ... ....... 322
6.17 What1s a Riemann Surface? . . . . . ... ... ......... 333
GAB Problems . o - ¢ . i v s e s mE R E @ E e s G E s s 5§ F 339
6.19 EXercises . . . . . . . . i v i e e e e e e e e e e e 341
7 Elements of the Global Theory of Surfaces . . . . . ... ... ... 345
7.1 SurfacesofRevolution . . . . . ... ............... 345
T2 Ruled:SUfaces : « : s.oiv s ¢ s s m s G oam e @ ows o5 s 306 s 354
7.3 Applicability of Surfaces . . . ... ... ... ... L. 363
7.4 Surfaces withZeroCurvature . . . . .. .. ... ... ..... 368
7.5 Developable Surfaces . . . . ... ................ 372
7.6 Classification of Developable Surfaces . . . ... ... ... .. 374
7.7 Surfaces with Constant Curvature . . . . ... .......... 381
T8 TROSPNEIE & iio v v vt v b v v o oo o e w0l 384
79 ACounterexample . . . . . . . ... 390
7.10 Rotation Numbers . . . . . . . . .. .. . ... ... 392
7.11 Polygonal Domains . . . . . . ... ............... 396

7.12 Polygonal Decompositions . . . . ... ... .......... 401



xvi Contents
7.13 The Gauss—Bonnet Theorem . . . . . ... ... ......... 405
714 Geodesic Trianglesic:. . ... . o v v« o« cosmrdldaslidmd | & 410
7.15 The Euler—Poincaré Characteristic . . . . ... ... ...... 411
716 Problems! ... . < .0y iiiv v os w v o Suabartd Jampn hud T 1) 415
TAT BXCOCISES . & :ocovov s 6 0os 5 es Ly B dhndiinaaiontsk. Ll 416

Appendix A Topology . ... ... .. ... ... ... . ........ 419
A.1 Open Subsets in Real Spaces . . . ... ............. 419
A2 Closed Subsetsin Real Spaces . . . . . .. ... ......... 421
A.3 Compact Subsets in Real Spaces . . . . ... .......... 421
A.4 Continuous Mappings of Real Spaces . . . . . . ... ...... 424
A.5 Topological Spaces . . . . ... ................. 425
A6 Closureand Density .. . . . . . .0.iem e auauiadre O sbrinar 427
A.7. Compactiiess . . . . . . . ... Jbocwecd scugemsgdel el |, | 428
A.8 Continuous’Mappings . . . : . o« wosue s ain e s dobfoadl o 0 429
A9 Homeomorphisms : . . . . .., . dxed s sdda ac eaow’y (b 430
A 10 Connectedness. . : . ....... . . 2] & gaold 2hiwd gorodl . & 432

Appendix B Differential Equations . . . . . . .. ... ......... 439
B.1 First Order Differential Equations . . . . . . ... ........ 439
B.2 Second Order Differential Equations . . . ... ......... 440
B.3 Variable Initial Conditions . . . . . . . ... ........... 441
B.4 Systems of Partial Differential Equations . . . . ... ... ... 443

References and Further Reading . . . . . . . ... ... ......... 445

Index . . . . . . . . e e e e 447



Chapter 1
The Genesis of Differential Methods

This first chapter is intentionally provocative, and useless! By useless (besides being
at once provocative) we mean: this first chapter is not formally needed to follow the
systematic treatment of the theory of curves and surfaces developed in the subse-
quent chapters.

So what is this chapter about? Usually, when you open a book on—let us say—
the theory of curves in the real plane, you expect to find first “the” precise definition
of a plane curve, followed by a careful study of the properties of such a notion.
We all have an intuitive idea of what a plane curve is. Everybody knows that the
straight line, the circle or the parabola are curves, but a single point or the empty
set are not curves! Nevertheless, all these “figures” can be described by an equation
F(x, y) =0, with F a polynomial: for example, x2 4 y?> = 0 is an “equation of the
origin” in R? while x2 4+ y2 = —1 is “an equation” of the empty set. Thus a curve
cannot simply be defined via an equation F(x,y) =0, even when F is a “very
good” function! For example, consider the picture comprised of 7 hyperbolas, thus
14 branches. Is this one curve, or seven curves, or fourteen curves? After all, it is
not so clear what a curve should be!

Starting at once with a precise definition of a curve would give the false impres-
sion that this is the definition of a curve. Instead it should be stressed that such a
definition is a possible definition. Discussing the advantages and disadvantages of
the various possible definitions, in order to make a sensible choice, is an important
aspect of every mathematical approach.

There is also a second aspect that we want to stress. For Euclid, a straight line
was What has a length and no width and is well-balanced at each of its points (see
Definition 3.1.1 in [3], Trilogy I). The intuition behind such a sentence is clear, but
such a “definition” assumes that before beginning to develop geometry, we know
what a length is. Of course what we want to do concerning a length is then to find a
formula to compute it, such as 2z R for a circle of radius R.

With more than two thousand years of further mathematical developments and
experience, we now feel quite uneasy about such an approach. How can we establish
a formula to compute the length of a curve if we did not define first what the length
of a curve is?

F. Borceux, A Differential Approach to Geometry, DOI 10.1007/978-3-319-01736-5_1, |
© Springer International Publishing Switzerland 2014



2 1 The Genesis of Differential Methods

For many centuries—essentially up to the 17th century—mathematicians could
hardly handle problems of length for curves other than the straight line and the
circle. Differential calculus, with the full power of the theories of derivatives and
integrals, opened the door to the study of arbitrary curves. However, in some sense,
one was still taking the notion of length (or surface or volume) as something “which
exists and that one wants to calculate”.

Like many authors today, we adopt in the following chapters a completely differ-
ent approach: the theory of integration is a well-established part of analysis and we
use it to define a length. Analogously the theory of derivatives is a well-established
part of analysis and we use it to define a tangent. And so on.

This first chapter is intended to be a “bridge” between the “historical” and the
“contemporary” approaches. We present typical arguments developed in the past
(and sometimes, still today) to master some geometrical notions (like length, or tan-
gent), but we do that in particular to develop an intuition for the contemporary def-
initions of these notions. In this introductory chapter, we refer freely to [3] and [4],
Trilogy I and II, when the historical arguments that we have in mind have been
developed there.

Various arguments in this chapter can appear quite disconcerting. We often rely
on our intuition, without trying to formalize the argument. We freely apply many
results borrowed from a first calculus course, taking as a blanket assumption that
when we apply a theorem, the necessary assumptions for its validity should be sat-
isfied, even if we have not tried to determine the precise context in which this is the
case! This is not a very rigorous attitude, however our point in this chapter is not to
prove results, but to guess what possible “good” definitions should be.

1.1 The Static Approach to Curves

Originally, Greek geometry (see [3], Trilogy I) was essentially concerned with the
study of two curves: the line and the circle.

The line is what has length and no width and is well-balanced around each
of its points.

The circle is the locus of those points of the plane which are at a fixed
distance R from a fixed point O of the plane.

Passing analogously to three dimensional space, using a circle in a plane and a point
not belonging to the plane of the circle, you can then—using lines—construct the
cone on this circle with vertex the given point. “Cutting” this cone by another plane
then yields new curves that, according to the position of the “cutting plane”, you
call ellipse, hyperbola or parabola. This is the origin of the theory of curves.

It is common practice to describe a curve by giving its equation with respect to
some basis. In this book, we are interested in the study of curves in the real plane
R2. For example a circle of radius R centered at the origin admits the equation (see
Chap. 1 in [4], Trilogy II)

x4 y?=R2



