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O""’I"“‘T TNVENTORY PoubY R )
“J Hennsth. J. Arrew, Theodore Harris, and Jacob Merschak
@ntlmel inventory poliey is first derived for a gimple
model in which the futurse (gnd constant) demand flow and other
. relevant quantities ‘are known in advance. v This is followed by
tha study of uncertainty models- a static and a djnamlc one= "
in woich the demsnd flow ‘is, a random vCrlable with a known'
probability: dlstrlbution. The best maxmmum.otocK and the
best reordering; poiht are determined as . functions of the demand -,
distribution, the cost‘o*;making an:order, and the penaltj /
of stcck depletion.

i (I“om.bconom&trlca Vbl._19, No. 3 Iuly, 1951 s 950-2”2)

Zuik Introdaﬂtlon
We propose 'to outline a method for derlvlﬁg outlmal riles
o inventory poiliecy for’ finished oods. The vroblem of inven~:
teries \exists Ho% only for bug 3iness. elterpriacq. but also.for
¢ nonprofit sgencies such as governmental establishments  and ‘
their various branches. Moreover, the concept of inyentories’ !
cen be zeneralized 30 s&s to 1nclude not only zoods . butalso - .

iisposable reserves of manpower- aswell as various-stand=by devices. .

Also, while inventoriss of finished goods present the simplest.
problem,  the concept can beiextended to zoods which-can be trens-i
Q*ﬂnd at a cost, into one or more kinds of finished zoods if '~ .
ané wien the need for such coods arises, The follow1ng notes
orepars the way ror a move oeneral Iuture analysis of ”fleklble
planning®,

We shall-¢all "net utllmty" the quantitj that the Dollcymaker
seeks to max1ﬂive.‘v In "the case of profit-making enterprises: .
this 'is convefilently approximated by profit: the'difference between
$rosSs money revenue and money cost, A nenprofit agency such as.
& haspital may cof ten be abls to compute directly its money cost,
and has to assign eén aprroximate monetarny value to ths "gross
’tility“'o* the pwrformance of its . tasks; it corresPOHds to~the
Neross revenue" of an enterprlse run for profit. "

, The net utility to any policvmaker ig, in, general a random i
variable ‘depending on certain conditions (1,e., on variable° :

i

or on relations between veriables). Some of these conditlons
he can control, others he cann@t. The former are pollcy rieans -‘ :
(rules of actlon, stratugies) SAhe noncontrolled .cénditions are,

in general, defined by a. jeint: nrobablllty distribution of certain.
variables.. Rational policy.eonsists in fixing the controlled
conditions so &s. to maximize ‘the expected' valie of net utility, leén
thz, probability distribut ion-of noncentrolled conditions.

i’han this probability distribution degenerates into a set of non-
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rendom variables we have ths case of "certainty". . In this ¢1m1t-
. ing case, net utility itself is s nonrandom xarlable, to bz
- maximized by the. nollcy-makerr ¢
i In'the present paper, the pollcymaker is the holder of
inventories. At-most “one of. the noncontrolled conditions
will be regarded .as a -rendom ore: © the rate of demand for
the poclicymeker's: product.. . Other non-controlled conditions -
will be regarded as coﬂstants, er as relations with constant
parameters: the pipéline.time; the. cost of making an order; ;
the relation between storage cost and the size of inventorys |
the price paid- or its relation to the size of order (the ™supply
" function™); the gross eVenue(or, more generslly, the gross
utility) cobtained. (opeculatiVe inventoriee are thus excluded ;
from consideration.)
As to controlled conditions, we shall assume that the pOliOJ-
“meker can control only the size of the orders he makes (at
discrcte points of'time). . 4his elininates, for exsmple, such
palicy mesns as the fixing of the selling price, or the use -
of adverﬁlslng , to influence demand and any bargaining with
'buyer(s) or competitor(s) '

. e believe our specialized formulation is a workable first ' .
approximation. By regarding the order size as the only controlled
condition, and the demand sas the only random noncontrolled condi-

. tion, we du:take account of most of the major qusstions that
\" have actlhally irlsen tn the practige of business and nonprofit
organizations. - : P e

TRy The case of certainty
Y- 234  Let x| be tHe known constant rate of demana for the
product of the ordenization, per-unit of time, = Let the gross
utility (i.e., utllity before deducting cost) obtained by the -
organization tnrough QEtisfying this demand be, per unit of time,

az-mz,,,' o e

With a nonprofit organlzation,‘ d@ exprnsses the valup of 1ts
"being" (word coined for the British Mavy).. If the organizstion
is & commercial firm, @ is the selling price; otherwise g ! is:
the value to the orgarization of a unit of its operations. ‘
In general, @ 1s a funetion of ~ X »» It will be'suffiéient,
for our purposes, t® assume a constant, and Qo =g
Dencte by .6 = b(zr  the purchasing price of one unit when

. the size of .order is Foiings ﬂe shall assume that #-46(z) .

' 'ig an increasing function of ' ¢ -, and that. A?%)'f g =
{possible economy of large scele orders). = Let:'X be the cost
of ‘hendling an order, regardless of its size. Iet the coSt
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of earryins a stock : over ons unit of -time be : SahC
Cc = R 3

. where Co is the overhezd cost of storage. In ganeral Go

varies with the maximum smount stoekeéd. end:. C varies ‘with the’
current stock <z and also (because of spoilsge, leskage , and -

'obsalescence) with the. prices poid.. 4 chea‘.'er, we shall sssume c;>

and ¢ coustante ; ‘

2:B, - ¥ith K positivé a continuous flew. of orders: would-.
be irfinitely expens ive.- Hence orders will be gilven at disdrete
tire intervals.  lLet the first ordering date be 0. Iet the length
of the 4 time interval be &; .. Then the d@elivery during .
thzt intervel is >3 . See Figure la, wheére the corkion slope
of =11 slumting lines is the smand PhOw, ey

e shell show that, under certsin coxmitions, optn.m:al pelicy

7111 be &8 shown - in Figure 1b: the intervals, pcssibly excspting

the first one,. will nve the same optimel length anu the sune

Optimal highest and lmest st;ock wvels., e A R EL R G L S
e ? "t ,.:' | ~ ¥
; ' : . :
& ’ : Z o N -‘ % *y

hepal St feith S TE g
f. l \ T\ .). ! ; 3 i X ¢ S
foqeat e SR g Pk v | '

/n&. i & i o, ' "s!——-s—— — - — ——-—-—' :

e N { 72 e FE »\ Y
L? ‘.:‘;_‘. 7 3 b i "\\. : 1 :
Ml SR

£ A R T A A RS T ) ——m/ K ‘ :
G456 B Time Wi caeTh pkRERE T E
Tigure le - : Figure ib

We shall first assume that orders are fulfflled imdiate}y.

' Then the amou:zl'. ordered at the begtnning of the ith intarval,

‘?&’: (/..rwy,-‘;\éo f A AR ’

where .. and Y denote respectively, the stocks avsilable
at the beginning of the ith ir.terval after and before the replenish-'.

" ment., Since the del‘.vecry at.rmg that 1nteu:~va1 is
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. while the aver:;ge stock during the 1th :Lnter"al is

‘ |

(2. 2) R ;zt"ﬂ sc,, Y Sz -L\xsw,-u/,)/z o el B )

'l'he net util.ttj achieved dunng the ith interval (,not allowing
- for a tinme dlscount) 48 5 i B e

(2~3) S : 6((95)-—\@»(6;“?1 \?‘) %'4{. ' el by
" By (2. 1), (2.2), this - 1s 2 decrensing function of c/,, 2 = ‘.

Hence; for given =8 and e s 2 i) .. hag- 1ts mmd.mm

when G =o - s ‘ﬁ'urthar we can but. Y=0

if the agpncy begins 1ts onerations with a. stock . y SH y
1its best policy is not to blace orders t1ll the =tock runs down’
to zero, y/x time units later; snd this time point can be
reg#rded as the origin. ‘I‘hen, by (2 3) %@, .is-lergest, for
a2 given @, ', when- ¢ =0, and for any given sequence
of im(orval iengths 1Biry v N Bn , the sum /7= Tl we;)
, will have itﬁ maximun et ¥ = o =iy =g

- Suppose\the esgency meximizes the sum of utilitie&-over a ce!'-
tain given time 7 , negleoting any discounting for’ time.
That is, it maximizea U=3T7° w2 (where X8y <z

: 3, and thersfore maximizes the average :
utillty over time, zy‘/y- =37 ™ 8¢ y(g )/;; e
where  y{9./= w(di)/ /& g We have seen
that this requires : y¢-= o (¢ ,/,z, ) ~ for any given ¢
sequence'of the ¢; . FPurthermore /7 ,bein: the weighted ;
-average of the ;(s;) , reaches its maximum when every 0«) ;
is equel to max g; b"(G,,)gV/(g*/ say, But, by (2.1)=(2.3) 3
(wJ.th v BT 0 el ¥ ‘

v -’b_

(2-4) . W@)max s D«:AKfﬂH Cx8 +Z/8] -&_zﬂ—.(,"(s),’*
; ) i g 3 fw o i

the expression in square braclets being 'the‘ total cost pei' time unit,

o 2% S » If (g has & méafhum end C(e) has a minimum
at 8 =g sy he L :

¢ = = N . . : P Sops
A28} 6 — e =i xa? s e z/(e"/’ e

The" optimal interval & between orders can thus be ccmputed as’
depending on the cost parameta-s, c end XK : and thé purchasing

&
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price functiony’ p(g): -p‘royided the :policymaker maximizes the
sua of utilities over: Ume ,. . Ir:  , without any discount- L
inz Por Futhrtty durianz wiich the 1nitial stoek-willilaste - . i
de obtain thue {as in figure 1b), for the cage in which orders.
are fulfilled immediately (pipeline tima q ),, a pericdicelly
repeated cnange frrom ma)d.mum stocks ‘ SR e e e Vo

B B RO R N e L e L R R U
B4 Bk Sl wloiaks T g ORI L s e S

where tb.e Deriod 9.“" satisﬁes (.2 5). 2 O
2:C¢ Wo shall assume: the purchese price functlon linear,

so thet é (q):o i 1dentically and g '-.

Rl 5@},_4,5,7,___ RN ek
say, w"t‘h | 62 L L *hen, by (a.s), SE
ERR R ey

It is seen from the seccmd-order oonditions for. mxtmum v( 9)
in (2.4) that the expression undsr. the root . sign is alwarys positi\ve ot
(1.3., there wuld be no posn:ive and. finite optimun storege e

period if the ordering one more unit decrsased the price optimum

otorage period if the ordering of one' morg unit decreased the price -
of thé-commodity by more than it 1ncreased ‘the ‘cost of storing g AR
one unis). - Using (2 6), the thim&l mximum stock 15( : :

"

(g..e) c=\/}:x/<¢ ~$,X) g

nence, as should be sxpected the optﬁnel ordm‘ Gize, and therefore
tho optimal or dering interval, is larger, the larger the cost K&
of handling an order, the smaller the unit {marginal): storage ;
cost ¢ ,-and the larger the effect é, of the gzize o:f T g
order upon ‘$he unit price. 7 v

. Wie: believe: this is,.in essence, the solution advanced by R.
H. Wilson 1.1-4 former}.y of the Bell Telephone company, and . =
also by other wﬂters"- see Alford and Bemks {1, - We nave pmved stille
the validity of Figure  1b {usuzlly accepted: intui-tively) amd have
shown how to evaluate the ontimal .storage period, ol

23 Dt< It he {zow introduce a constant pipeline tme\, *r) o

S atahg¥e S 5 ’
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elapsing between order and.delivery, this will not affect, S
or ., but the time of issuing the order will he shlxted o SR
time unlts ahead,. . The order will be issued when tha stock is

. redueed, not .to zero but to z—' units.

2°E, Taeg poliqymaker nay n,ot have full control of the
length of the time interval between eny two successive orderS. g
Transportation schedules or considerations of administrative
convenience may be such as.to mmke ordering impossible at intervels
of length other then, say, &% ©F ' o7 For example, &°

‘may be one ‘business day or wesk, or it msy be the period between
- fwo visits of a mail boat to' an island depot. &° is thus

the "scheduled" or "smallest fessible" period between two non-zero
orders. Denote the "best feasible period™ by &° , an unknown
multiple integer of ©° . &8s before ©" is the best (but
possibly a non-feasible) periocd. By considering the expression
Cs) defined 1n (2.4) s total cost, one finds easirly ‘thet:

A1) 4P @¥ ng¥ .} them | ¢’ =@° s {2) it ><?

then @g’-¢" © ', provided ¢* is an irnteger multiple

of 8° ; (3) 1,1‘ 6* is larger than &° but is’ not am integer
multiple of €° ., then defige the- integer = <9*/&"< A +/

the best feasible period @’ , 18, 1n this case, either =g’ 35
or (.#A+1) 6 , -whichever. of the two results in a smaller
cost when & °  is substituted in {2{4),  In omr paper, Arrow et
al. [ 1, Seetton 2: E~F ], this was treated in more detail,

and an extension was made to the case in which ordering at

. nonscheduled times is not impossible but. merely more costly .

than ordering at scheduled times.-
: - Por reasons.of space we omit here the problem or _»i‘f.l"..
aggregation, elso treated in thet paper [.1; Section.2:G-L].
and, from & mors general viewpoint in Marschak [?J, . We- assmne
that there is only .one commedity, or that the characteristic .
pdrameters for all comzwd:Lties are such as to yield the same
optimel period @ " for' all, - We also asswne that there is only
one giver of orders (depot ‘and one receiVer of orders -(manufscturer}
on this, see Tompkins (l]

i %

iz A stm;.ic mod,al with uncertainty 2 i
2k > Suppose an orgsnization wents to choose the level S 2

gthat the stock of e certain commodity should have at the beginning
.of =1 given pericd, in.order to provide for the demand

requirements)
that will® oceur. duwring that veriod. We! shsll choose the time
unit to. be equal to the length of this period and shall use thd

" notations of Section 2. “Thus x> o4 will denote the demand

during the period. _Howewer, X, will ‘now be reggrded as g - | »
random veriadle.. We 'shall suppose. that . the. organization knows 7,
the cumulative distribution of demand, F(.x.) . ‘The gross

!
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gi'ilit’y , to the orgsnization, of.d'eli{reripg. & - unite of its. )\
. Droruct 'will be ) R EGRNE T T . R e e
&8 (3- l) Pl : Qe iy il x‘ ( a, Qﬁ oonSfa_nt)' .- : X .

L

$ £ 2 AL 2 : 0O e o) N

",Vi’he ds llver'y s.uring the pert od is & ‘random'vériable : £ ejuals

I e WG whichbver is smaller. -"Heﬁce_ t_he e'x‘pe‘c‘ted'”g'rcss g
utillty j:s ; : = : . : . ‘ : L] ',‘ 7' Iafe Ut A- LN
Lk N AS L‘“/~F£~*)J+a Sdpex)» 2 i
ol R T | . L

. the cost of handling an order is denoted by & “but this tern -
uufill not play ‘any ‘furthér, rols in the statie models ° We assume

: e sha]:l ~assume that the e.mc;mt to bt enent in nurchasin-g S
'unitsis e ! ) o

‘

Fr bl ¥ z 2 o . ¢ v ey S g O

: . s s 4
Q"B" . : '.féd"b\\"j'/i?" bo >Q A 4'1 /‘j

l

S0 tha‘hi ‘ag in Secta.on 2:0, the nurchas? pri‘e 1s eithar eo\nstant.

or, linsarly decrhasin{' with the amount Hurchased. . As before,

here that the whole stock 'S is to be purchased and that no

“uti lity is dﬂrvad from s.at,isi‘,,zimD Ademand after the perlod"s =

S

: ,,’(3.4)_ AT e O o RS

end. - Finally, the cost of " carrying over our period the stock

‘whicH has level T & the beginning of ‘the ﬁeriod wi,ll be
‘essumed to be - 43 _ AT

L4

4 L)

LS

; ) . L s T
i oy .

: Then, apart fmﬂ a."depletion opnaltr s Jhich,m shall intrnd.uce

in Seetion 3:B, the net- expected loss, (the negative’ of net expected

T deteyi ) g ) SN _.
3.5) ﬂ\* b 4502 4k ~ﬁw-—fcéz O cz/ I/F:(z) e
i Yo

A ,3¢B. ' e now define. .7z the Qd:)letion pehaltj,as folloWSv.
TR Fiides e there is no' l,.mtisﬂed demend, and =0 - b4

1130 T (SO S BRI A ovgamzaticn would be willing to

pay «# aount > G v to satisfy the axcess, - %~ S 7

of devund over availqul stock, ° R
fc 82 ume tne ,ena vir I‘unction as given. “The orgur.l'hntion -

SR

: value it ’muld att“éh to the ‘lﬁ..ume that wouli be caus ed by @

the n;nsvtxil bilxty o on 1tem. It .awws tne cost am tne pocrer

o
'J.



e ,‘ an independent penalty funetion, i =7 lx-.S) %
need not be introduced. ].:*.E can, be re’olaced by ecns1derations ‘

o &

ooy ) 2 B R i #

performance oi“eher'gency :aubsfitutes. Tne penalt'; for denleted

. 'stocks may be wery high: "™ A4 horse, a horsa, iny kirggdom ;
for a horse,® cried deleated Richard. III. _ \ \

-

33 0. Note that, in the case of & commeraldl entarprise,

L |

ti "losing custom,® as in the ;ollmd.ng model. “Iet: £

‘with the following interpretation. . Its meun, sy is ')ropor-

tional fa) to the p;obébl],ity that a miember of = large bup finite
. reservair of customers will wan® to buy during that period, and.

{(b) to the nuber of customers, 141,' equals SRy TRt -2

‘the demend during ( . ¥=1; £ .. Y ) was satisfied. -

”ut Af that demznd was .in- excess of'the then’available stock, ' #x

is smaller than: -« Ats. ~ 15 DY BN amount ‘proportional to the 7
unshtisfied den,and, as soime. of the disspnointed customers .*

will drop out of the mamksts ‘Phe problem.is to maximize total
expected utility over & sequence of periods (0. P 2 B
if ‘the initial distribution - £ - is given. (Subh. a dynamic

_gmsdel would be difi‘erent fmm the one we are 5oing to treat

in Sections 4.-7)

iy NS
%

g
A

‘where A B urz.a nonnegative con;;'tvnts not bo‘th zex-o.. “idnen .
ig 8 ra..dom variqble with e*.nectation : 2

Y
2\‘

Qccominaly, bhe emietad net loas, takinea acoount of the expected

, Pénalyy., is. the sum of expressions (3 5) ‘and’ (3.6) and ° equals

apart from = constant,

i "“*5 ““‘*15)%40 r<sJJ (13 +a)“fr F(S)]

a Poisson dlstribuk.lon of dgmend for the period I t t{;,t s e 3

. o
&3 A

3:1); We shell ‘as;sume g i
75»,,1‘5(,?’?",,1 f 175. S \ :
> /9 : i d 5 &
Gy e 35 Ve 55 : _?Z.'—t.(,’ Ou/'}éa_'*vy/.se,‘

A e s N ; ety
i RO e Hol b ek ~<3 +2) ldpmm,, TR
2l - x Ll e 8 - .
say. . ‘Fhae stoc‘k_ isvsl - § = 5* : \ ; "is_-optimal i (:f) X LACS)
. # ‘
% 3 ! Lt
. }; .rf 4
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olleg .Lor'ev5ry e  . Supoo»e the distrioutioa ﬁ.mtion it (x, possee&ss :

a differentiable density i‘tmétion, X e A a{«r :

.‘If the absolute minimum of L ‘is nc% at 5_.n” gl g .j,,t

/ will be at eome noint- satisf'ying the relatdlms

. whioh imply that ,", S 4_‘ Gy

.

5{4/5*)/.15 =y IRFT G013 PP bl e e

; A(}-ﬁ,, ) 2 o +6L *-25w ]~—~A}(’>‘/—-/R +a);_/ —F@*)}no s
viaelniada Reg Af(sﬁ(& +a>‘;‘($"‘i/ B0k P

o ’

sris T
' 3:8, In the ec’cuom t's lunguage, ‘the- ﬁf'st bracketud term
in (3. 8N\ is the "parsinal cest" of (of buying and carrying an

. sdfitionsl unit ¥n stock}; the mmaining two terms yield the M
" rrarginal emecteé[ ubilityd® .

It is sesn from (3.8) that thbd vrtimal st.cc" '\S"‘ is detdr-

fined by tie Pollowing, "nomcontrs lled" narcmetexls (1) the . - ¥
. demand’ distribution funeticn, I ¢x , ; (2) cert ‘:1 utility '
‘and cogt parameters, (¢ + &, 2 A,mnd. ERe a)

in varticulsr, b =6 (. e., the esuromy ‘of big-lot :

~parchases-is negligible)y these parameters rsduce to twos /‘/(’«. fé‘,,/-

and | (Bra)/ C"“‘:‘)a) o To simplify furtier, for .,

E

the sake of 1llustreticn ySuppese also that = S= = O, .

! "\tnﬂt is, ths penalty is either.zaro or, Ay indspement;
‘of the size of the unsstisfied demund) end tha't wtility

derived froor the funotioning «of the orgrnization does not:

, ‘ﬁcﬁem’i on the" anicu .. ts delivered. Then. (3.8), (3 9) becnme '
l-(?.m) S f('S‘"-"—-’(c-t-.é A, O,“” e

N - 'ﬁ-
> -

A srazfnical solution for this -case ia shoum in ‘”Mum 2 (waote

thet  FUBY)Coput LGS 0 .5* is the bast stock

Sy level, but S i)s not ).

£

'(c*h}/;& 1*# v #
e v :
; |

i
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ot 3 In scme pre;.ious lltarcture (Fry ? 5 Eisenhart[ﬂ b ¥

the decision .on inventories was relatea, no% to utility and cost -
: copsiderationq, but to s préassjijzned probability [ Y~F(s)) .
that ‘demaend will not exceed gfock. - The choice of the: orobdbility
. level L ESY, depends, of - ‘course, on some implicit evalua=
_ tions of the damege' that would be 1ncurred if one‘'were unable -

to satisty démend. In the present peper, these evaluations are
" medelexplicit. . On the other hand, since parzmeters such as 7 T

B, a. .. can be estimoted only im a broad way(at lesst outside e
of & purely commercizsl organizaticn, where utility equels doller -
profit and where models such as that of Seection 3:¢ cenbe developed),
/it Bs & welcome support of oue's' judgment to -ohsck these estimntes
by ref erring to the eom'esponding level of Probability for stock ‘
~depletion. ' | For example, if the distribution in Pigure 2 were
approxi.u&tely normal, ,then to assume that penqlty A 48 100 times
 the msxginel cost <+ 4 " . would be espproximately equivllent '

- ‘to¥mekihg depletion probabillty equel to & 7o ete.
e N In the miore genaral case, when' B+ . O’ : ;
{out still = "4 =0 - ¥y e given opt el stock 1eva1 S
and conseq.lue;.tl,/ -a zgiven probebility of ‘depletion . /- Fist)

P ¥ consiatent with & continuous set of values of the vair of

parameters, A /(C+é, )= A7, (BJ“J/(C*Oo)"'B i , Euch
s would sstisfy the linear equation (3.8)y, For example, if .g(x).
is approximately ncrmal ' then an-optimal stoed Bxceediné the averase -
Femand by twc stendard deviations of demand (end, eonsecnently, &
lepleticn probability of avprbximate]y 2:°3% 3 will bo. _
raquired by ady palr of walies of AL 87 . lying on the s‘traig,h%’ 5
line intcarsectixg ‘the 47 - a¥is &t .13 and 11:*:tersec:tin,i> the 4
‘B'-axis at 44;-while en optimsl stock éxceeding tue: averaze

demand by three standa d 'deviations (and, consequently, = dem.etion
probability of . ©./%- ) will correspond to =a straight line
“interseetinz those axes at 228 and 740, resrectively. ‘Thus-

a set of contour lines helps to.chocse an 1x;tervel_of 'opt.fm&l- R
stock walues consigtent with a givem rsgion of plaust ble'vélues

of parameters describing penalty and gross utility.

* prescribing that the shadea area flecsuring the depletion robabiltty
shiould be 0.3%; .to asbume that 4 ,,19(6%1) Aol Bl T S S

b A aynamic model with uncartainty- problem - . -
. . 4:A. The mddel'described in Section3. may be called a static
ohe.. ' We shall now present & d,ynamic model. In this model ‘the

commodity 'can be reordered &t discrete instants 0. 6»‘, Cnny BB n s s
where G is =& fixed constant. e can thérefore use eq i
as ‘a ‘time m:it. Iet Zp- ("t integer) be ths demand over the -
interval ( £, £+ / ). . Assums the.pProbobility. '
‘dispribution of -demand ~(x) to be independent of £ .. . ‘
g Denote by 5/5 the stock available at 1nstant . £ not iaclaui.g



il

eny rwplnnishment that mey crrive at this irstant. . Denote by ..
the stoek st ¥ 1including the replenishment. Deacte by - G
the.amount ordered at time ¢ » Ist the time between the
o*'ﬂe*mg end the receiv ing of goods (m.pellne time) be o g
integer. Then '

\
-

: (lul). ; v ,g‘f'ﬁ—:m(zé”/f‘xt-/lo] ' (éf’l.fsz;‘),.
. t: 3 3 4 ‘ -- X i = ‘:\ .
(4.2) L iR =2 g, B &g e )
Sy i =S ; I 5 > ] ‘ " .‘ /
In general 7 18 & nonnegative rendom vsriaWle. We shall, '/
however, assume = 7 =0 to simplify the anelysis et this
stage. ' Then (4.2) becones ' :
A a | ¢
: 4“‘"3) Zg =Y+ Qe

@
4
¢

‘ PR e ‘ 2 : b ]
Choose two nurbers §° end 5,9 > >0 | and let

themnsdefine the followihg rule of action: .

\

""u, 4) o E/t :o," Ft=0 ¢ (&‘m hence b ad 1
. A gisisl PR T % (and hence zd_S‘ ‘)

SR g b e U nen cnlled remecpively, the maximun stoek
ard the reordering point (pmvidod B =0 Je

¥ioure 3 shows the sort of curve that might be obtained for
stock level.as a function of time if nuch 4 rule.is ndonted.
. #igure 4 shaws zt 388 function 0% .%% .

: “ Saly .1 " I AR S _ )S. : A ‘= K b .
e B ) e ' ot PR B o | SR /_.‘/
o SRS | Lol
: e , |/§ro ‘
3-1..... : o ‘\——\. . = St~ - —_- - — :/.__ ..._._':"._ s
R 1 ; . b
ST il i :
Figure 3 7/ 7€ ‘ Figure 4

4 v }'yg B
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4:B, We shall assume (as we have done in Scetiens 2 and 3)

that the cost of handling zn order does not depend on the amscunt
oriered.  JIut this cost be K , & constant, Ixt the depletion

- - penglty be A , & constent [ compare Section 3:D, with B=gp7].

~det the merginal cost of carrying stock du:ci..g a unit of time be ¢,
es -in' (3.4).  Assume the purchasing price per unit of ccmnodﬁy
tc be independent of the amount bouzgkt and equal to the m.:rginal
‘utility of one uiit (i.e., in the notetion of Section 3:4 §, -—-o
be=a Jo That is, the utility of operations -
of the agency, in excess of the expenses paid for these operat!.ena
is assumed constant ,mpart fron the cost of -storasge snd. of handling
orders In the notetion of Section 3:4, this constent is <, ,.
while E end C ' denote, respectivaly, the cost of hendling -
an order (of any size) and the ma-ginel cost of storaée. Qur
assumption is an admissible spproximaticm in the case of some
nonprofit agencies. It would certainly be both more gsneral
and more realistic to meke the marginal utility of an operatjon
dirfer from ite purchasing price, &3 wgs the cuse in our-static
model. But this Nill raquire further mathemstical work (seq
Section 7:4). Pl T ) it i :

[ 4:0e'If Yo is given end vzlues N and S  ere chosen,
the subseguent v=lues Yy~ Torm s random process ‘which is
Wiorxovian®; see Faller [ 2, Chepter XV ], . Thet is, the ptoba-
bility distrioutirm 5 e - s Siven the valuve of >,
is indsperdent cf = Yeor ) v v, Y, . Du.ring‘the period
({ £, #¢+ ) a certain luSS will be incurred whose conditional -
gipectapion, Tor s fixed value of 4¢ -, we denote by LCee) s =
Under t e,simplhying aesumptions of Section 4:B, i

cf/t+ﬂ[/ FCe)] 36/‘ gf,,«>s

T R (T
e ‘ ' ¢S 1A [/~ F(&‘)]-f-K for #<'s
- .~ J “"

-~

Thus the functioh o(Ye)invelves S and S, as peremsters’
- end is constant for ¢, < ¢ + Nute that :

(MM Pt i z@)zcyrx

The unccnditional expecpation of the lcss during ( & € #/
_that is, the expectation of /J(¢,) , with ¢, &3 a rendem
ve=r1able will be denoted by : ' s

N

A4.7) e -

We shall write Z,;(ge)_;lirather than /¢  only when we need to emphe-

.

.
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size the dependence of Z ~ on the initial steek level. Clear-

y 4, (yYi=l(y)  for everyvalue A A e e
Figu...e 5 shows. @ poasiole ‘type of graph for  Llyp) o

L(Yt) - : Ly . :
o R E- o : :

L
(s, | ey _'(_‘.__., R e Sl ke
5

e

Fighre 5

4:D., ' %e now 1ntrf*duce the cmcepts off = discoxmt factor,

o -, and of the "cpresent value™ of a loss.‘ If the value of y&
is given, the present value =t time f, ¢ of the expected loss
incurred in' the interval (il 2 E - BARLE-# 12D
is: RE[2CYL:4)T = Zf. (Y2, o  When maximizing
sxmected utility, the pr licyméker t=keg . into secount the present
'\ values of losses, rot their velues at the time when they sre
incurred. In aommercial practise, < is equel to f/(’*r”) ~
where ' @ is en abpra'oriete market rete of iuterest: - In
nonnm it practice, o would hnve to be etclucted sepsars tely

{see lso footnote 3).  Lester,' ncwever, it will be shown (ses
Section 5:B) thet, under certain conditions, the cptimel values
of the parcmeters '§. = cen be found \ror X gseentially
equal to ke .

If We now. define the function

L] %

¥ e } 4(9) Z (y_)-f' OCZ/(Q/)_f_DCzZz(‘,/)_{_

il

T b ey

we see from definiticn (4.7) thet, A (yz) is the present value :
at time ¢  of the total expeoted’lwhen e is given. By -
definition, 4(y) invelves the pardmeters S and . s 3 :
the the poiicymaker fixes these parsmeters s¢ as to minimize L (),
5 loss incurred during the period (t,t +1) and all subsequent jold
4:E”, Now suppose (, 1is given. For e fixed value of &3

the present velue of the fotal expscted loss over all pe“irﬁ

P



is

‘ (4.3)', 2 o) # ocll(y,). + <&y, [lc%)]-ﬂc’é’,, L’Z-cw)l * e

-

where we heve used &y, [L{4)] to dencte the conditional expecta~
tion of 2(Yr) viven the fized value g, B - IO

=

'\ 2 ' : .

! éy’ [l-(%)J"Zy_;k’y/) SO, 20
becéuse of the fact that,‘ if‘ Y is ﬁxted,".the snbsaqdent relue
Yo (r=1'2,\sv}, is cconscted with ¢, in the same manner .

| that yr-/' .1e connected with 4, .'if y, ° Ls not specified.

~ Therefore, expressicn (4:8) is equal to - - : - ‘

‘4 93 .Z(%)-f"e(zo (y/a"’#d[ (9111'0( izky)—l-na "
&

--Mym«/wm,)*az,(g,)wzug,)*- ‘1= zmy«éwu

4 s ‘ 4 T ]
The total emected loss over 311 periods from the beginning
which by definition is Z(¢ o). , 18 the ezpsdtation of th
eypressicn 1n {4.9), with Yy, - Tegarded as a .random varia

{
i

ence
TS T S L%) Z(%)—» °<8 L (}U—J

1'19 express the eipscted value of 2 (4) as a function of o
we note that, if, ¢, < S ; then 2Z,=8.
und'c/,—mxw-xo,c)) : © 3 while, if % > s

' then Zo= o ‘and 9’:"“*(;.%-*&‘0)\ . Thea

Toite c“[.i,(y,)}xf L(\S'—‘r)a{;:‘("l/+ L(ajﬁ“/-ﬁ‘rs)l fr o5 5,
(4.10°)
c“[L(fd/)] f LY x)di-'(zﬁll[o)[/—ﬁ(s'ad For Yo s .

Notice that from the way we have defined the rulé of action, Co)
is constant for 0L y¢ s se that L(o) is unamibiguously
defined. = Putting iy g e obtzin from (4. 10) and (4. 10')
the equation §/ :

»
L}

(4.12) L= ( y/+a< /s (5~ ,dd/.fxﬂ «L (OJ[/~/:KS/] £ R S
4ol ) L o - ir '

1'od 8
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Our problem is to find the function 4 (y) that satisfies (4.11),
(4.12) ‘end to minimize /() with respect to S, 5.

"B A dynamic models method cf 'solutién

5:4 In treating equations {4e11) =nd (4.12) we. dmp for
the time being the assumption that ~Ux) hszs a density function
ard sssume only that the random variable X ° cannot take nega-
tive values. In order to tcke care of the pcssibility that ()
has a discontinuity =t X =0 ( 4ie., & positive pro-
bebility that X =o ), we adopt the conventicn that
Stieltjes integrals of the form - J’ ( )4;:( x) will be

und er#tood to have ¢~ as the lowsr limit. Tie continue

to assume that A‘y) * is given by (4.5), but it is clear that

a samiler trastment would hold for any non-negative function £(¢J
that is constant for o < y L s and satisfies certain obnoua

. regularity conditicns, .

$ Since Z2cy) anﬁ therefare alase L(CY) .‘is independent

of Y for oLy £ ,. equation (4.11) ‘tells us simply that
i : ; :
(5:1) - o L@I=LCo)+ % | L (g-xjaF(x)+L (0) 1~ FUS) ]
A _
while putting Y=$ in (4.12) gives '
5.2y L.(5)=065) +—e<fr4(,$-z)df(z)iwl(d[/’/_"(-flf'

Substituting (5.2) from (5.1) we obtain, using' (4. 6). |
(503) s L(D)"/-'(S)zfa

an expression which is in fzct obvious since if the initial stock
is 0 we immediately order an amount § .at teost x for ordering.
" We shall solve equation (4.12) for the function 4 (¢/- %
considering /(o) es an unknown pzrameter, and then use 5 3)
to deternine /. (o) .

On the right side of (4. 12) we make the substitution

(544) f L ly-Rar ="ty x,c(wz @/ a0
. @ i o Al
the last term follows from the fact that L Cy-x)=Le)



