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THE “ FUNDAMENTAL THEOREM OF
ALGEBRA ”
FOR CAYLEY NUMBERS *

By YUH-LIN JOU(FE&is%)

Tsing-Hua University

IBHRPZ ‘REFEFTEE (HE)

—4 Cayley #1295 f(z) RBABME [ao1..-Go1,Za11 -.-011, TA21 --.Q215 - . B —1] -.-
Qk—1l5_, TAk1---0kl, )a TERBMBFARXZ M, K ai; 5§ = X Cayley B, FXHEIME
BIMEIERAXTF Cayley e RREEATHE, Bl (] f(z) ¥—BRKAE I Cayley
9K, FBR f(z) =0 ELRE—1H#] .

A polynomial in Cayley numbers is a sum of a finite number of monomials of the
form [a; ...ao1,zA11 ...Q11, TA21 -..Q205 ...Qk—11 -.-Qk 11, _, TQk1-..Gk1, |o With certain association a,
where z and a;; are real Cayley numbers. The aim of this note is to prove that if such a
polynomial f(z) has only one term of the highest degree n,then the equation f(z) = 0 has at
least one root. The similar problem for quaternions has been discussed by S. Eilenberg and
I. Niven[1]. The method is based on the concept of degree of mapping and the Kronecker
existence theorem.

We recall some definitions on Cayley numbers. The system of Cayley numbers[2] is
a non-associative algebra of dimension 8 over the field R of real numbers, with a basis

consisting of eight elements
eo = 1,e1, €2, €3, €4, €5, €6, €7, (1)
And with the rules of multiplication given as follows:
e2=-1,
€r€ri41 = €r43,
erert2 = erys, (1,8=1,..,7) (2)

€réri+4 = €ry5,

€r€s = —€s€r,

*Science Record, Vol.3., No.1, pp 29-33, Oct.1950



Where an index greater than 7 is replaced by the smallest positive residue mod 7. Therefore,

a Cayley number z may be expressed in the form

7
2= Zzge.-, z; € R.

=0
Addition is defined as usual and multiplication is given by the usual distributive laws and
the rules(2).
From these relations we see at once that e is the unit element. Moreover, the multi-

plication is neither associative nor commutative.

7
The norm |z| of a Cayley number z is defined to be (_Z z?)%. Let a,b be any two

Cayley numbers, it can be verified that
labl = [allpl, lal + [B] > |a + b] (3)

As consequences, any element except zero has an inverse and the right and left-hand division,
except by zero, is always possible and unique.

The totality of Cayley numbers with a natural topology is an Euclidean space of di-
mension 8 and the Cayley numbers of norm r form a 7-sphere S(r) of radius r with center
at the origin .

A Cayley number z = Si_o Zie; has a spherical representation:
z; =rsinf; ---sinf; cos by, (1'=0;1; s 7) (4)

Where 0 <7 < 400,0<60; <mi=1,..,60<6; <2rand g =0.

Denote by [a1,a2,...ax]s, the product of k Cayley numbers a,,az, ...axwith the asso-
ciation a .For example:{[(a1az2)as]as},{(a1a2)(azas)} , {(a1[(az)as)as]} and etc. are the
products of a3, a2, a3, aq with different associations. Thus the monomial in Cayley numbers
of degree k is of the form [ao;...a01,Z@11...Q11, ---Qk—11,_, TQk1 ---Qk1,, ]o Where agjs are Cayley
numbers. A polynomial in Cayley numbers is a sum of a finite number of monomials.

Here we consider such polynomials

n—1 pg
£(z) = [a01--B0to T TAn1 - Bnty]a + D D aF[z],r, (5)
k=0 i=1
having only one term of the highest degree n, where px,k = 0,--- ,n — 1, are integers and

are monomials of degree k. Without loss of generality , we assume that a;;(j = 1,---l;;i =
1,---,n) are Cayley numbers of unit norm.

Theorem (The fundamental theorem of algebra for Cayley numbers) Let f(x)
be a polynomial in Cayley numbers with only one term of the highest degree n > 0 . The

equation

fz)=0



has at least one solution .

Proof.[3] Let r be a positive real numbers satisfying the condition

n—1 px

T >max(1,ZZ|af|) (6)

k=0 i=1
Where |a¥|are the products of the norms of all constant factors in af[x]a:_. .The function f(z)
maps the 7-sphere S(r) of radius r into the Euclidean 8-space E® formed by the totality of
Cayley numbers. Let

g(I) = [0.01...0,01023...220,"1...anl”]a

For any z € S(r),

n—1

1£(z) = g(@)|< Y (O lak)
k=0 i=1
n—1 pk

<"y 0D o] (7)

k=0 i=1
<r™ = |g(z)|.
This shows that the segment f(z)g(z) for £ € S(r) is free from the origin 0. There exists a

homotopy deformed along the segments f(z)g(z) joining the two images of z € S(r) under
f and g in E® — 0 .Then the orders of 0 with respect to f and g are equal ,i.e.,

b(£(5(r)),0) = b(9(5(r)),0).

The function g maps the 7-sphere S(r) into the 7-sphere S(r™). Define a homotopy
9e:S(r) — S(r"),0< ¢t <1, by

gg(I) = [(am)l...(ao[o)tz ........ (anl),...(anln_)t],,,:z € S(T)

Where if a;; # £1,(ai;); is the point dividing in the radio (1 —¢) : ¢ the shortest are joining
the points 1 and a;; and on the unit 7-sphere S(1); and if a;; # 1, (a:;): = a;; .Evidently,

go(z) = (G180 Tivesvnsns TApleeenen. ani,]a = g(z)

g1(z) = [eo1.--€o1pT....e.... Tenlenen... ol Jo 2 €2 2]
Wheree;; = +1 (i =0,1,..,n:j=1,..,1;) and e = [] e;; = £1.By means of the spherical
representation, it is easily verified that [z - - - z]4,for whatever association o,is equal to the

7
Cayley number z™ = Y y;e; with
i=0

Yo = r™ cosnb, (8)

yi = r"sinnb;sinb,...sinb; cos b;4



Where i = 1,...,7 and as convention 8g = 0. Let h(z) = z". Then g1(z) = eh(z)and
b(g(S(r)),0) = b(eh(S(r)),0).

By definition,b(eh(S(r)),0) is equal to the degree d(eh) of the mapping eh : S(r) — S(r™)
which is the composed mapping of h : S(r) — S(r") and e : s(r*) — S(r™) defined by
e(z) = ez. It follows immediately from the equations of h and e that d(h) = n,d(e) = 1 and
then d(eh) = n. Therefore

b(f(5(r)),0) =n #0. (9)
According to the Dronecker existence theorem, there is a point p of the solid sphere V8 of
radius 7 with S(r) as boundary such that f(p) = 0.

This completes the proof.
Corollary The norms of the roots of f(z) = 0 are less than any number r given by
(6).

This is a consequence of (7).
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MRERX R, IEH

S5 2. 2n-1(n>1) EMRE M BERER, KE» ZEEATH. EHES
HIREFERRMT: BH n B, Ho(M') #l Hypot(M') = Go, Hna(M')~Gs, H.(M')
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Ml Hopr(M') % Gayr =1,3,..,n—3; ¥ nit, Ho(M') #l Ho(M') ~ Gy, H.(M')
1 Hopr(M') 2 Gayr=1,3,..,n— 2.

M WEFHEELFRARETHT: B » 6, HOWM') 1 H>*'(M') = Go ,
H™(M') ~ Gy, HT(M')F1 H™"(M') ~Gayr =2,4,..,n—2; HEnE, HOM')H
H*(M"Y ~Go, H(M')F1 H"™"(M')~Gar=2,4,..,n—1,

7. M' EHUBRRRENER 5 PHREHRE K a € S” f1 1" gy I+
REN. MTEERNIFEHS, FEEM B—TEBE, £—1H5PH—1PRES
— Ao i [ S A B s

AR —H e S LK. XEFHEHRE SEMHER, BIBRREEESRND
ZE. BEEZERTHFEANKE:

1=k ={(z; +y)|z € S — ao, f(2y(z)) C " *(f(2)); Rz = ao},
¢i  ={(@0;£y)|f(£y(a)) C T (0)};
XEHM k=0,1,..,n— 1,a & a0 WMBH, MHA " BI"# k+1 EHKRHET
=, FE NIk =1 XFEIEBEE —IARA (KA EERANHES T

F.), BEEB f(xy(@)) C ' A (ao;+y) , F o) Fm. HHBRIMESBHHERZX

ko =% k=0,1,.,n—1. (2)
HRE®R
1T ={(z; y)lT € S™ — ao, f(2y(2)) C I™"(f(2)); Bz = ao},
5 ={(@o; £y)| f(£y(a0)) C 75+'},

216N = {(z; +y)|z € S™ — ao, f(2y(2)) C 73~ (f(2)); Hz = ao},

EEMn-12s2r, WA 5™ M50 B2 1" hayB RAMKETEN, &
Bt ng T NI B—KHR. B (G0 ty) B8, f(2y(30) FAFFR
FHZR, A )RR, ERBEIKRESEHHEZEE:

g1 6 7 c';‘"l‘("") =c¢y, r<s<n-1 (3)
[ b T 15

QAT g 2n=l-e C;;+3 =c3, r+s<n-1 (4) -
BEEE

¢ 2={(z; 1y)|z € S™ — a0, f(2y(z)) C 10 N1 (f(2)); Bz = ao},
c'f,' ={(z; £y)|lz € S™ — a1, fi(xy(z)) CToNTI N1 N ...Ta(f1(2)); Bz = a1},
s ={(z;ty)lz € 8" — a3, fo(%y(z)) C T* N N7 N ..7a(f2(2)); Bz = a2}
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XEH o B S MIE z: MIRH, i=1,2,7 BEFHEz0+2 =0, WH fi B
o HHOHREAETEANE. AXSARENTRESHE, NEXS/RESSE
FHIA S A

0 0
Y= (pr;2wr), 9= (ptw), o= (ps;tws) c7=(ps;Ewo)

X B

w FITFFEL nNnNmN..Nm, Tlw FTFEL " NNnn..N1m . BAEKRE
REMHXER:

2n-2 0, 0, 0, 40
" Tocdyocds =c +c5+cg+ g (5)

Bfic BATA (5) HH, FixEH 2) Z 6) PR EAHRRREHNZE. 6) PH=
MR (E M L) TUBEREEES (ziy) = (z;-y) A8E M L# 22}, B
Ky, FENTRIT:

gz=1 2'y=0, Yy=1,
(1-zo)ys + 2190 =0, (1—z2)(yo +y1) + (o + 1)y2 =0,
(1-z)yi +ziy1 =0, i=0,3,4,...,n,
(1-=z2)y;j +zjy2=0, j=3,4,..,n.

X 2n+ 2 AHBEY R g1 2n 4 2 AW HE. BITEADNRE, B (zy) f
(z;—y) BRI, BBER Ok =14,56,7. RAESFAEETHRIE, FHXE—F i
T ) B B0 BB BT FI RTEX AN R A AE T T HOX B30 s R X S i ) R 3 .
B XM E R M 7E R22 hIRIME, BUXBR AR M LB SE 2, i
s XEYMEM UFETHERRE, B ) R M EMKRESE 2 L
MR A .

8. M' ik 2 ERIEIR Gy MR, §5 PEEM CF MO RN, B
1B §7 FRHERTETULEY, (2) E (5) TSN AGSE TR —FiAL, mERESIE?2,
fE—E%0 2 FIARSE R —MMERE; EWE G, i (2) E (5) AR H:

2n—1—k k 0
¢ oo mig ,

/2n—1—r

¢ o C” " C,Zn—l—(s—r) - ,0

¢, r<sS<n-1,

2n—1-r 2n—1-s r+s 0
c oc od " ~c, r+ssn-—-1,

2n—2 n n
c ococd™ ~0
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