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9 a,, OPERATORS AND SPECTRAL OPERATORS

WANG SHENGWANG
(NWanking University)

1. Dy, operators with their spectrum on the complex plane. Throughout
this paper, all notations are the same as[1, 2]and the sequence {M,} satisfies (M. 1),
(M. 2) and (M. 3)™ i.e., logarithmic convexity, non-quasianalyticity and differen-
tiability. By means of {M;}, we can define the associated function M (¢, ¢2) (ef. [7])

2
M(tl, tz) =E;u}: <‘2110¢1n lt;l —1n]lfkl+k,> (t¢=ﬁ0, 'I;=1, 2),
@3 ‘

and the space Dy, of two variables

o : akt s
i’ﬂ<u,;>={¢ wa-@; lel. =R | S sv(s}/ VM, | <+oo
(f 1
for some integer v>0},
where s= (84, $2), k="Fki+k.. It is evident that for any @ € Dy,
13
sup 3 QJ(S) l<+
sck?
k>0
for some integer »>0, where 9= l( 2 z—a—) and |Fp(s) | <|p|.v*My. |-], will
2\0s; . 08/’ brye ’ i

be called v—norm. For the definition and properties of bounded 2 4,, operators with
their spectrum on the complex plane, we refer the reader to see [3, 4]. Let X be a
Banach space, B(X) be the ring of all linear bounded operators defined on X. If
TeB(X) is a Dy, operator, we have T'=T1+4T5, Ty=Uget, T2=Urn:, where U is a
spectral ultradistribution of 7'. Since supp(U) is compact, U may be easily extended
to the whole space &y,;. '
By few computations, as a function of (sy, s2), €“®u+%™ gsatisfies: for given u;>0

(=1, 2), there exist A>0 and an integer »>0 such that

[gictsnttuon || < ggMUatu it
where [e'hsth| denotes the yv—norm of ¢h=+h%  For every ¢ € Dy,,, there exist
h>0(l=1, 2) and A'>0 such that

|@ (81, t2) | SA'e™MMtnlut),

where ¢ (tly t2) = —(—2:":)—24' —mj-n e“(hs.+ t281) ® (81, 32) dslng

Manuscript received Dec. 15, 1979.



326 CHIN. ANN. OF MATH. VOL. 1

is the Fourier transform of ¢ (s, 8,). Using the same argument as in [1] theorem 3,
we can easily prove that one of the spectral ultradistributions of Zu,, operator 7' can
be expressed as

G .[ .: J :» ¢TI G (14, to)dtydis,

Let T be a spectral operator, S, N, E(:) be the scalar part, radical part and the
spectral measure of 7T’ respectively. The following theorem gives a sufficient condition
of a spectral operator to be a & y,, operator.

Theorem 1. Let T € B(X) be a spectral operator satisfying

sup sp (|28 %1 wE@)[,) >0 (e, @

k>0 |pyl<l
,:1",3. w,k
where B denotes the class of Borel subsets in the complex plane, then T is a D y,, operator
and one of 18 spectral uliradisiribuiions can be ewpressed as

oo

N .
U,- 32 [o0()an ).
n=0 7]
Proof Let ¢ € D y,, satisfy
lan¢l<"¢“vvuMl (ﬂ’=0; 1, 2, '")’

by (1), we have
N & A
|ar 2B ® | <5z
where A>>0 only depends on », |u;| <1. By a simple computation, we get

gﬂ]\ Ja"

Put U,= Z A Ja"q)dE

n=0

€

then Uy=1, U,=T and
U= 3 M orouraB= 3300 1ol fovporryam

n!
- —-Nkj’akq,dE-z 1 i J'a!¢dE= .o,
o k! = !
e., U: D, B(X)is a continuous homomorphism. Therefore T’ is a D y,, operator.
Theorem is proved.
Corollary 1. If N, E(-) satisfy
1

(ff—!"\/ (v E))"-»O (n—>c0),

then T i3 a 9(1.) OpeTGtO’I'.
Corollary 2. Let N be a quasinilpotent, then if and only if

(IIN"aiM)l_,O (i), )
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S+ N is a D, operator for every scalar operator S commuting with N.

We shall call N a {M}—quasinilpotent if it satisfies (8) (ef. [4]). The following
proposition gives some properties of a {M}—quasinilpotent.

Proposition. Let N be a quasinilpotent, the following assertions are equivalens:

(i) N 48 a {My}—quasinilpotent.

(ii) For every A>0, there ewists B,>0 such that®

IR, N)|<B,e" S (| |is sufficiently small).
(iii) For every u>0, there exists A,>0 such that
” eizN” <A“eﬂ(#lll).
Proof By [9] proposition 4.5, the equivalence of (i), (iii) is evident (cf. [4]).

It remains to prove the equivalence of (ii), (iii).
(ii)=>(iii). By putting 7\.=% in (ii), r=90,(|2z|) (ef. [1]) and using lemma 4 in

[1], we have
el <o ] 1e<IIRE, M1 1dL] <Biretre ()
e fl=r

< B,¢'0uleD g** (=) <2B, eM®mleh,
where 0<<r<1.
(iii)=>(ii). Since R, N)[=[R(|ZleZ’, 6 F™'N)|, we can easily obtain

(ii) by applying the sufficient part of theorem 5 in [1] to the operator e (%ﬂm)‘N .

2. D, operators with their spectrum on the real line. In this section, all
functions in Zy,, are of one variable, hence if 7€ B(X) is a 9D ,, operator, then
o (1) CR, the real line. Now we consider the conditions to guarantee a bounded Du,,
operator 7' to be a spectral. In the sequel, the conjugate space of X will be denoted by
X

If f €ED'y,,, from [8, 9], there exist countable many regular measures p, (n=>0)

satisfying
Sy 9= o @dintt) @

and for every A>0, there exists 4>0 such that
3 |dp| <4, ®)

By a similar method used in [10], it can be easily proved that:
1° for f € D'u,y, if f'=0, then f = const;
2° for f € Diu,y, if f' is a measure, then f is a function of bounded variation in

every finite interval.

1) In (ii), we have to suppose that { lll;["‘ }is logarithmically convex. As for M* (%), M(u|z|), we refer

the reader to see [1].
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In general, the sequence {u,} (n=>0) in (4), (5) is not unique. Now we introduce
the following:

Definition. Let no be a positive integer, fE€ Diy,, with compact support (. e.,
I € &) 18 called no-singular, if for all n=>n,, there exist p, in (4), (8) with Supp (i,)
contained in a closed subset F satisfying mes F=0. If no=1, f 48 called singular.
Suppose that T € B(X) is a D,y operator, U is iis speciral wltradistribution, we say
that T is no-singular (singular), if for every z€X, o€ X*, *U.x is no-singular
(singular) .

In the sequel, we shall often suppose that f € 2y, has compact support and
when f is no-singular, w, (n=>ne) will denote what satisfy the conditions discribed in
the above definition. Therefore all of these w, (n=>n,) are singular with respect to
Lebesgue measure, but the inverse is false.

Lemma 1. If f€Dq,, 18 no-singular, then for every n=>no, w. 8 unique,
especially, wo 8 also unique when no=1.

Proof It suflices to prove that when f=0, then w,=0 (n=>ne). In fact, f=0 is
equivalent to

i ( uP=0 or (2 {— 1) n—l)) — (62)
n=0 n=1
Since Dy, is differentiable, it follows that g, = 21 (';j) w P E Dy, Since all of
supp(ua) (n=0) are contained in a neighbourhood of supp(f), we may suppose that
supp(g1) is compact. By (6a), ¢ is a funotion of bounded variation. Similarly,

i( 1) w® =g, are also funoctions of bounded variation for all £>1. By the

n=k
hypothems, we can easily see that the subset where ¢;+0 is of Lebesgue measure zero,
hence as ultradistributions in Dy,,, gx=0 (k=>ne), i. e.,

!
(—1)™ ::'on; (=)™t _Hnet1 . 0,

(no+1)!
—1)metl__Pretl ., (Gb)
(D™ Gt DT+ 0

............... -

(6b) shows that s, = ttne1="2++=0. If ng=1, by u,=0 (n=>1) and (6a), we have py=0.
Thus the lemma is proved.

4o co
For o €EZ2ary, ¢= %_;Lw e Be(t)dt and ¢(s) = J_w e p(t)dt will express the

Fourier and inverse Fourier transform of ¢ respectively. When f is an ultradistribu-

tion, 7, f also have the same meaning.

(n) o (n)
Remark If wuliradistributions f= 2&— and g= Z —j‘lp— are

n=0

singular, where p,, va (n=>1) satisfy those conditions discribed in the precedz-ng de finition,
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then from f = § ( ,,2’, (66)" () = i (M)n v,,(t)) we can deduce f =g, by the above

lemma, we have p,=vy,, }wnce Lo =Dy (n>0), i.e., from f=§, we et fin=Vp.
Lemma 2. For f€ D'y, has compact support, we have £ &) =<{Ffs, 6.
Proof For every ¢€ Dars, @) =J'm ¢ @ (s)ds is the limit of the integral sum

n

D' e**5 (s;) 4s; with respect to the topology of &qr,y, henoe
=0

[-<Fo e o @ds—1im 3¢5, (s

(o lim e (s) ;) = <F, .

Lemma 8. Suppose that X is reflewive, T' is a bounded singular D y,, operator, U
is its spectral ultradistribution, then there ewist operator—valued measures u,(:) (n=0)
such that

(i) each of u, (+) 48 bounded and strongly countably additive and for every h>0
there exists A>0 such that

lua(8) | <Anth*/M, (n>0) )
for every Borel subset d on the real line;

(ii) for every 9 € D,

U,= 3 [p @ ), ®

in which every integral converges in the sense of strong operator topology and the series
converges in the sense of uniform operator topology.

Proof For z€ X, a*€ X*, || <1, |2*| <1, the olass of ultradistributions #*U. «
is bounded in &}y,, and their supports are contained in o (7"). By [8, 9], there exist
regular measures u,(+; #, 2*) (n=>0) satisfying: for every A>0, there exists 4>0 such
that

I 1a(e; 2, @) [ <Anlk"/M, (n=>0) )
uniformly for all |#|<1, |#*]|<1, where |u| denotes the total variation of w. In
addition, we have

o= ni;l, ni!_[sv‘"’ (B dun(t; @, %),
in which the series converges absolutely and uniformly with respect to all || <1,
|2*[|<1. By the singularity of 7', we may suppose that for every n>1, supp(ua (+; ,
z*)) is contained in a fixed closed subset # with Lebesgue measure zero. From lemma
1, pa (+; %, @*) (n=>0) is unique, hence for every Borel subset 8, u,(d; #, 2*) is a
bounded hilinear funectional of @, &*. By the reflexivity of X, there exists for every
n=>0 a bounded linear operator u,(8) defined on X such that

z*u, (3) = un (0; @, 2%),



330 CHIN. ANN. OF MATH. VOL. 1

From (9), u,(-) satisfies (i). Evidently, we may suppose that supp(u,) (n=0) is
contained in a fixed neighbourhood G' of o(T"). As for (ii), using the following
inequality

z* I{p‘"’(uf) du,.(t)a:i = U(p‘"’ (&) dua(¢; =, &%)
<4sup ¢ (@) [n1h|a] |/ Mw,
we get the result that the series in (8)converges with respect to the uniform operator
topology. Finally, by [12] Theorem IV. 10.8 and Definition IV. 10.7, every integral
in (8) converges in the strong operator topology.
Lemma 4. Under the hypotheses of the preceding lemma, we have .

Up (%) Ui (0) =ty (v+0)  (m, n=>0), 10)

wn which =, o are real numbers.

Proof For every z€ X, o€ X*, we have
z* Uetman v=2x" Ueﬂt Ugm = i —gm-: z" U, (‘L’) Uema;; (11)

U ycioe = 2 M oy (r+ o) o= kgo 2(}) (,::'-') : ((I%(—)-)—k)—" 2y (v+o)z

5} (M) ! i (b ? = T Upem (7+0)T= g{}) ——(’i? i Je"'dx*/v,. @) =, (12)

n=0 m=0

in which

00 (® = 3G otdu,, (o) (13)
m=0o m! Js
depends on o and 0 is a Borel subset. Putting ¢ fixed, from (9), for every A>0 there

exists 4>0 such that for all |z <1, |2*|<1,
lzn@al< 31717 |"| | o"tnim @) o] <4 331217 l"| (n+m) /MM

< (dnth*/M, )(ZW‘—+”")'hm//M )

= mln|2Mt™

< (4n!h*/M,) mgﬂ (](Tlh)"'/Mm.

Since B 5} (IGI}D <+ o0, it follows that

|#*vs () 2|y < ABn'h"/ Mw
uniformly for all |#|<1, |2*|<1. Therefore v,(-) (»=0, 1, 2, -:.) are bounded
strongly countably additive operator—valued measures. Evidently, the utradistribution

i-g%)n(w”'v.(t) %)™ ig singular. By (11), (12) and the remark after lemma 1, we
n=0 :
have

2% () Ugo, 2=2"0,(7)2,
i. @,

3D s,y in (o) o= 3 ED” 4, (540D, (14)
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For fixed 7, the two sides of (14) are the inverse Fourier transform of iﬂ-

m=0 m!
o (@™, (%) Uy () ) ™, g(;ml'): (@*Wyim (+)2)™ respectively, where wpinm(8) =L o
«dty.m (), 8 is a Borel subset. Still by the remark after lemma 1, we get(10). Lemma
4 is thus proved.
Lemma 6. Puiting E(+) =uo(+), N=u;(R), we have
(i) E(s) is a speciral measure;
(ii) for every Borel subset 3 and every n=0,
u,(8) =N"E (0) =E(O)N*™;
(iii) N s @ quasinilpotent satisfying
1
n w
i (M—" uM,)" =o, (15)

n—oo n!
Proof (i) From lemama 3 (i), it remains to prove that
EQ)E(e)=E@®Ne), EO)+E()—E@)E(e)=EBUs), (16)
for all Borel subsets 3, . Putting n=m=0 in (10), we obtain F (v) H (¢) = E (v+0),
1. 85;
: . t :.
Je"'dE &) B (o) =J’ TG (§) — jew'd, ( j | evdB (v) )
Since the inverse Fourier transform is 1-1, it follows that
E@®) ()= e aB@). @)
(17) may be written as
J'ewde ) E(t) = L ¢t dR (1),

still by the property (1-1) of the inverse Fourier transform, we have E(3)E (&)
=E (SN e). Finally, by the additivity of £ (),
EWBUe)=E@)+E(E\ONe)=EWO®)+E()—E@NS).
(16) holds.
(ii) and (iii) Putting 0 =0, m=1 and substituting » by n—1 in (10), we have
i1 () =thn1 (W) N, (18)
Similarly, %, (7) = NUy—1(7). Let n=0, 1, 2, --, it follows that
¥, (v) = B (v) N*=N*E (7).
By the property (1-1) of the inverse Fourier transform again, we get
Un(+) =E()N*"=N"E (),
especially, N"=u, (R). Therefore by (9), for every 2>0,
[N = |ua(B) | < An!h"/ My,
i. e., (15) holds.
Summarizing the above discussions, we obtain
Theorem 2. Suppese X is reflewive. I' € B(X) is a singular D,y operator if and
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only if T is a spectral operator satisfying

(i) For every v€ X and o* € X*, supp (#*N"E (+) &) is contained in a fived closed

subset F' of Lebesgue measure zero for all n=>1 (F may depend on x, x*), where H(+), N

are

the spectral measure and radical part of T respectively;
(ii) N satisfies (15).
Corollary. Suppose X is reflevive. T € B(X) is a singular D, operator and

meso (1) =0 4f and only if T is a spectral cperator satisfying

[1]
£2]
£3]
[4]
[5]
[6]
[71
[81
[9]
[10]
f11]

f12]

(1) mes supp(E(+))=0;
(ii) N satisfies (15).

Theorem 2 is an extention of some results of [5]%.
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