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Summary

~ The paper gpens wim'a genml review- of sone points in congestmn

theory, =nd continues with a simplified mccount of the Pollacmek- .
Khintchine "equilibrium®™ theory for the single-counter queue :
"~ fed by an input of the Poisson type and sssocict=d #ith a gaperal”
‘service-time distribution. Tt is pointed out thst slthough
the stochastic process describing the Fluctuations in quoue-size
is not {in general) Harlovinan, it is pos&ibls 0 wori instesd
with :n znursreble Markov casin if atbention is dirscted to the
epochs nt which individucl customers depsrt ( :x:hese epochs formiznz
2 sequencc of regeneration points), >

The ergndic p.‘cpertias of:the ghain are invostigated wi th
the aid of Fellsr's theory of recurrent svanis; it is found
to be irreducible 2nd speriouic, and the furither classification
of the states deponds on the wlue of the traffic intensitvy,
(measured in erlengs), When . g+ the states are all
srgodic gnd The system ultimately sctties doem to = regias of
statisticzl cqu’librium, the transition-probzbilities converging
to the values givén by the eguilibrium solubioa. n Wheni £ >
the sictes are 21l transient, =nd when @ hes the critical value
of unity the stutes ere all rscurrent-and-pull. The peper closes
with some further general comwents, with a re-interpretation of
Borel's theory of ™busy pcriocds® in terms of the Calitorn-.iatson
"branching proce s" of stochastic populatiocn theory and with a szeteh ~
of on argument lsacing to the distribution 01’ the length 1n dme

i of a busy paﬁod. ~

1. Introduction. -~ The best way of open:.ng, this discusslon
on the Theory of Queues would bave beén to present a shor? butl
balanced survey of tho literature. I hed initielly this zim in
- mind, ‘but soon found myself ungqual to the tesk. It is noi so.
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much the extent a5 the iraceessibility of the litersture which
- mokes the difficulty; meny of the most itportsnt articles =
kove sppearcd in techmological jaurnals, snd o Univsrsity ‘Li'br'»:-y
#is not the best plage in whiek tc look for them. Instead, there-
fore, I =5311 discuss one or tuo simple problems which are chamc-'
~teristic of the subjset, and it is uy hépe thot the deficicnecies
of the provisionel list of rafercnces will be made good by those
taking part in the subsequent discuséion. If Pellows will ls¢ -
me hove the dotoils of those papers which hove been cmitted, it
will then be pessible to compile # mors cjejuste b1‘51103r-:phy
for publicstion in the J’oumal
The Theory of Quousa has s sveciﬂl sppesl for the methemstician
interested in stochastic procecses because it provides 2 simples ex-
emple which is both (i) statiocnury rmd {ii) (iz gesnerdl) not
Markovian. Apart from Yule's utoregre«sive schemes there sre not
meny other gxamples which possess properties (i) and {ii)
and are at the same time so essy to tnazlyse. -'Thus cne may expect
in studying the gusus tc zain Iinsizht intc othe sr stochestic .
phendmisna, and to mcguire 2 valusble tacilitv in the h".ndlmg of
1re relevanpt tc,chniaues
T A further attractive feat"x\: of the thsory is’ the quite asto-
nish:lng range of its zpplications. I do not propose tc moation
_meny of them now boesuse I znm sire that tkeir variety wili becomse
sy sargnt from the subsequerw_i discussicn, but it would be unforziveable
‘net to mention thes vhe £fi/ b mu,,.,r study of congegtion problems
 seems to hove been’ that undorttken by A. K. Briang®in 1908 st the
syggestion of F, Johannsen {himself' s ploneer comtributor to :
the subject}, and under the euspices of the Ctpenhoger Telephone
Compeny (whose essociz tien with investigetions in the ma’themticnl =
‘thecry of probability continues to-day, to <our grest besnefit).
Ky own interest in the subject arote from = correspondence with
F. T. Fnscombs snd J. Howlet® about guiues of texis in station yards
and of custauers inretail shops, . end/sc for the most Boaré 1 shail
use the terminology & ppropriate to these homely exsmplss.
ict me begin with a very simple problem, cne which always
_ turns up ia the discuesion if it is no. dealt with &t the oufset,
Buppose that “axis esnd (sinsic) travelles arrive at a guei seing--
potat in intependent Pcissca gtrea:s, the expecied numbsrs of
_arrivals per-unit of vime being respnctlwl,r =G and G - .
tarting fromzers. the size of the queue st time ¢ will beg=sm- »
where »e &nd = are reSpectively Fcisson. varir:bles with mesn
values.«f and g¢ . A positive ¢ means that there is
a rank of texis, end z negative ¢ means that there is = & ‘queue 6 s
travellers; when ¢ 1s zero mo ome is there at all and sup":»ly gad.
depend h=vg reachsd s momentaxy balsnce. If ® =& then thd
~expected value of .4  is permanently ejual to zero. gnd ons might -
: expegt the system to remain in £ balonced state, but thewwpiance -
Siof X - 1is 2«t | cngd this. inewezses inlefinlt_ely with the time.



The Aifiorsnce betsscon tic inisveniant Poisson viritbles 2ns bect
jiscursct by Ipwin (1937} anld b" Sicellam, (1946} and their results

- dn the present notation show th:;t the ¢h:ee of there beins s

positive or negative or zero "™gueue" pot greczter in absclute value
than O is =

. | 4 4
B L i 20+ 1
e—dxt X 38 (2} (2actj :::/;Nt} £

= -0 ;
g= L : ; = ,. . (1) .
which tands to zero when [ ‘tends to infinity f;vr every fixed € ,

however lerge.” Thie simple example displays e beheviour eharcote=
ristie of mery stochastie phenomena; when suvply apd. demand exsctliy

-belznes, the expectation-values df the v -risbles arc lisble to tell.

a mislending story.

I turn now to an =bstraet descrintion of =z 'si_'mle 'queueingvsystam /

of mueh .ider {mportapce; Here one is concsrned, not with the
motching of supply an¥ demend, but with 2 series of cietomers lemand-

-ind service at = single counter and waiting in turn to be served. -
{"Customer® is used here in o technicacl.sense; in pructive it might, -
“ for example, have to be o uatgd with "sireraft™.)  To complate the

specification one must give = eareful account of: -
“{a) the input-process
{b) ‘tho queue-fiiscipline, :
(e¢) “the s-rvics-mechsnism, S

s

~ The sinpisst hypothesis about the input is one which states that

the customers arrive ®at random™ (i.e., in & Poisson process), the.

. number of sirivals in time £ being 2o Poisson' variable of expecta~

tion t/a 3 88y, The time-intefval &«  between two cecnsecutive

- arrivals will then have the negative-expcnantial distribution

_u/aa:u/a. ' (o<u,<a:) _ (25

——— -- - -

p.2 %&rleng's papers (translated int.o #gglish) are ineluded in a.
memoir by Brockmeyer, “alstrom and Yensen {1948). . This wsluable work -

also contains much interesting historical materiel and a detailed
study {by Jensen) of Erlang's work from the standpoint of the modern

to be found in the excellent survey of congestion probleas given
by Fry {1928}, .

and successive = tf-variables wi 11 be stat'istically independent.

This hypothesis will bé adopted throughout the present paper save

for some ramarks sbout more general types of input to be made in¥5.
The gueue~diseipline is the rule or moral tode determining the

memmer in whieh the cnstomers form up into 2 queve and the manner

in which they behave while waiting, .In the simplest cese they -

line up before the {single) counter and await their respective-turns

+ {this is the hypothesis which will be edopted here). It should be

,\"

- ~theory of stochastic processes. An account of Erlang's work is also -
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nctel, hmever, that one may =ish to introduce the pqssxbility -

of "uxtrecrdinary iomartures® (Pzim, 1937; Jensen, 19:", Ppe

74-5) of customers who hovs become tired of waltinf' (or of air-
eraft which hovo boen direct=d to try to lond on snother nirfield).
I shall Bave vory 1littic to sey cbout the much more difficult
prcblem which arises when there arc sever:l (say v ) ecunters,
eand it is only in these circumstanccs that much variety in

the specification of the gueue~.iscipline bceomes po:zsible.

The customers msy thcn fors s single queue, the man ~t the head
-moving s soon €8 possible toc s vacant ccunter. . Alternatively: -
(though there are yet other possibilities) each customer on arprival
nay be hsnded a ticket carrying his serial namber »= =nd directed !
~to J'\in the queuse fmed up in front of the jth counter, where |

h-wJ ‘(nﬂdﬂ) R ]

This means .that the total fnput is Y vided among the several sub-
gueues in.a relsztively simple manner, and it is then possible (if
the total input is Poissonisn) to iiscuss the behnviour of one
of the sub-gueue in isclation from the rest of the system, its own
_ input-process being of a more zeneral tyve {seeS5 ). The rule .,
(3) is rather artificial, but its usg introduces = considerable
‘gimplification into the mathemztical theory. In this paper, how=-
ever, except where the contrary is explicitly stated, ‘I shall be
concerned ohly with queues formed 1n front ot a single counter
;b N=9 ).
N Iastly, the service-mechanism: let 17 denote the time wh.ich
elapses while a particuler customer is being served; I shall
caell this the service-time, zlthough in telephone-traffie thecry
it is more usual to call it the holding-time. It 48 natural to
suppose that the successive service-times are statistically indepen-
. dent of cone another and of the imput, and that each enjoys the -
same probability distribution =

~dECv) (o< v'<f"} 3 _; 4y

“'say. There are two spécial cases of importances
.£1) (negative-exponential service-time)

wIma i s
(11) {constant sarvice-time)

5(v1== o ( v<bl); 8=y (V)é) (6)
In either case’ b is the mean va.ma or the service-time; I shall
rescrve the symbol- & for this use alone, and I shall always
. ossume that 4 is finite and positive. Both of (1) =nd (i1} were-
opdsidered by Erlang, =nd he alscemployed =n intermediato hypothesis

J——
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iu vhich ths sorviceeti nie istribntion .t tho A‘»:":m:‘ =l
i * & » -
& AR, T I S S R I (
5 - . ¥ o<z.<‘.o)-~ 7)
(b) i) o :

This has en interesting interpretaticn (of which '...rlon'; pas violl
awere) in terms of 4 successive Mpacses™ or "states" of service ;
the same ides can be applied to & problem of poptlatisn growsh
(Kendall, 1948}, It will be motieed that (5) and (6) are the limit-
inz forms of {7) when 4= ond when % tgnis to infinity respectively
f.paroneter of special inmnortance is the traffic-intensity,
e=bla ; in a long pertod of time, 7 , there will be-approxi-

- mately 7/ calls for Service, each of mean lenzth 4 , sni so #

is the expected service demanded per unit of #ime, in "erlan.s". .
{For the definition of this dimenmsionless unit ses Jensen(195@).
‘roperly it is not = unit at all, but ‘an indication & how the preeted~
ing figure hos been calculated; in-this respect it ressmbles the oc~
tave, the lecibel and the stellar magnitude. )

When 'the service-time distributlonshas the form (5), (6) or
(7) the "equilibrium®™ theory is lue %o Erlongz, and his results are
to be found in the memoir by Brockmeyer, Halstrom and Jensen,
and in the book by ®ry(1928): The solution to the problem of the
simple qQueue in statistiecal equilibriulm snd with a general service-

. time distribution was gZiven by Polleczek (19302) and Khintchine (1932)

Pollaczek's papér involves very heavy enalysis znd makes difficult
reniing, and although Khintchine achie¢ved s considerable simplifica-
tion of the argument his paper is in the Russian langhage and an Eng-
1ish translation anpears not to bée availbale; an account of their
important results may therefore be found useful, and one will be :
given In®RQ2,  ‘Before proceeding to this, however, I want to make one

.or two comments cn an interssting qualitiétive feature of the problem.

Suppose that the state of '‘a stochastic system at time ¢ is

“{escribed by a random function x(®) - ; the stochastic process 1is

then said to be of the Markov type if o knowledge f the present value.
o:t'.t{t) mekes all infommationsbout its past history irrelevant to

a prediction of its futdre behaviour, Such =a process may become nene
Markovian if part of the information contained in X¢%) is suppressed

for a knowledge of the previous behaviour may enable some of the supo
presseu informsation ebout the present state to be reccvared. { The

impertance of this fact hds been pointed out by Bartlett (1950); - :
see also'Kendall (1950).) ' The congestion process {with a Poissonian

input end a single counter) is Markovian if the oresent state of the

process is desceribed by the pair of random variables g =|d
where ¢ ‘is the instantanaogs queue-size and ¥ is the expende:l
service~time of the customer at the head of the queue, but in general
it ceases to be Markoviam if the state of the process is mensured by
the queue-size alone.* The only exeeption to this statement occurs
when the service~time hes a negative~exponential distributlon- a
spacial and gquite welleknown characteristic property of this dise

tribnugg then ensures that a knowledge of the expended aervice-ts,ma

ellor (19498) (- 8 =nd 9),

'J
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Bven with = gen~ral dictritution of service-tinmu, howessr,
the stochustic process deseriting the flucturations in quoete~
size is of the type which Bartlett and I (1951) have celled
regenerative, "Rezensrative process™ if our {free) twrnslation
of Palm's expression, "Prozesse mit hegrenzter #dgchwirkung®, .
end a stochestic process will te Baid to be of this type if and’
if enly if it possesses "rczeneration innts" {Pulm \
"Gleichzowichtpunkte®).  An epoch is z pcint of ra*cnsra&i
if & knowledge of the state of the proesss at that perticular
epoch hes the characteristi,o Markovion oonsc-.uence that a statement
,of the past history of the proeess logses all its prodictive valucs
£ Markov process, therefore, is precisely a process f"r whiech evcry
epech is a point of regemeration.

Io analysing a regenerative process the identification of its
regeneraticn points is of fundamental importance, and a classifica~
tion of. existing techniques fromthis peintof view is of considersble
interest (see, for exariple, Bartlett snd Kendall, 1951): .ce als6 -
Remekrishnan, 1951). These ideas huve, of course, beon current in
an implicit form for many yeurs, but the first - ._ar foarmulation
gpnears $o have been that ziven in an important mongzrenh by Palm
{1943}, More recently Reller (1949b,, 1950) has develcped z closely
related theory of bprocesses admittinz "recurrent eventsn,

For the conzedtion process, when the imput is Poissonian and
when the state of the system is measured by the instantaneous gueue-
size, the regeneration points are thé epochs at whieh customers
leave, together with the epochs at whkich the counter happens to be
free, An sppreciation of this fact will throw a scod deal of light
on the subsequent arguments, .

An elementary derivation of the fomula for the mean wait-
1n3-time ihrstetistical equilibrium. - Suppose that = queue formed
in front of a sinzle ¢wmnter is fed by a random (Poissonian) input,
and suppose that the traffic-intensity e (=é8é/a) 1is less thap
unity, so that the input does not saturste the system. The epochs
at which the customers leave are points of regemeration., Consider
sych an epoch, and let ¥ be the size of queue which the departimz
customer leaves bchind him (this number does not include himselt,
but 1t does include the pearsom mext to be served in his place; ~
of course ¢ could be zero)s let the next parson to be served
have a servicestime 2» ~, agd during this time supposs that »
new sustomers arrive. Them conditionally » is a Foisson

variable of mean value /&, and v~ hes the service-time distribu- :

tion. Whem the hext persom leaves let 9‘ be the gize ¢f the’
queué which he leeves hehind him., Then in statistical equilibriun
(if such an equilibrium solution can axist ) the random varisbles ¢
and ¢’ must have the seme marginel distributioesm, and in particular

their mean and me lqm ues must be equal.
* l:ihs varibble an, are re ated%y . L

nq(g-o"o s 7, .  R E | 'q

T \

r
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whiel i.t 1. mord eonvmiont to write ﬂa
132",*3\ *" - «l ‘ ~ % ‘9)

| where &= 42148 210 for =1l nomezEre @' ,amd S@i =y

It 4s impaortont to nota the following consoguences of the deﬂnittca :

~of tha mmticn 5('11 3
g $*=d, amd-’ q(/-of)w= S et

i’ ‘ { 10)

It wnl now be assumed (i) that on equui‘urimn *mlution exiata,
-md (11) thet the ouiliwriym values of £¢¢J end £ ¢%jare tinite,
If these fnets are accented us 1nwitively obvious them thes followe
ing lerivation of the morn woltipgetime is velld; otherwise a more
agtniled investigstion is nesedsary, &nd this will be zivan 1lutor.

On forming the expectations of bot‘l si,des of {94 1t will He .
fousd that [ ‘ ‘ %

\

 Erdies-BirT e A =i (1)

this is tho chenee the t c’ is non-zere; {.o., it 15 the chanes that
e departing custoner leaves an emnpty counten hekind him. On
u,,uﬂring both sddes of (9) ond uyking use of (EO} one obtains

g’ ==9 - 2@ (s =r )t -0 +r'(.=r it

«nd now'on feaming sxpectotions (=ad noting that » is indarenuam
-of g mid § ) it follows thyt :

R S b r:.[r[r-u}] » N ] .
S S[’] A& e |

T . gf.uewu‘ Rah | ey
g~ g 5o a-5 DN, e LR

It is tamhtin~ to think that the first exoﬂeesion ror 619] may be
valid for more genersi input-processss, »ubt this ssems %o be a f-:xllwy,
the ersunent bresks down becauss. - az:d ¢ willi no* then Le
statistically inlevendent {some further remarks on :nqme general input-
progessos will be found in =2 5).

From (12) it is quite essy to pass to the eacmession for the:
mean ’*niti'zg-—\.ime Supr-ss thot a aeparting’ customer lesves € custo-
mers behind him and let his own waiting- ond sorvice-times be i
respectively w =nd i . Then g is the nungber of grrivels
in o totel §ime u v » end 80

o

L4

cts)m,{é’[w]vr:'[r]}/a- S R s
From this' 1t will be found that : e
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(14}
end this §s eguu'alent to tse Polleozek-Ehintohine farmuls. ,
' It 18 cexvenlont to express the result in this way, bocsuse
the rotic on the left~hand side 18 u useful "figurs of demerit"
for the system (it i€ the retio of the musn tima spont waiting
- to the mean service~time waited for)e If the memn service-time
- 1s kept constant end §f the freqwney of ¢alls for sarvies remeins
the aame then the values of & od o will be fixed, ond :
in these eircumstances it follows fyrom (14) that maximun efficiency
will be obtained if and only if thare s no varistion in the service-
time,  #th & pozitive-sxpenuntial distributicn of servicae-tines
ths ratio (14) is ogusl to twice the minimum possible vsluw, snd
80 in this sense a3 syaten characterized by a nesative-exponsntial
gervice~time distrimution is working ot only 50 var cant., efficd eney.
- Por & £ixsd fomm of service-tims distribution, on the ether °
hend, the "congedtion-ratio® (14) is o ccustent multicde of gfcy-p;
and the situstion can than only be improved vy a reducticn or ths .
traffic intensity (l.e., by & ridvetion i1 the mehn servici~time-
or by a reducticn in the frequency £ eslls for service). This
implies a corresponlind inorecse in the fracticn of time ( £ —p )
_during whieh the counter is unufed®, sc that while & reduetion in
the velue ¢f @ inereases the efricienoy in one resp@ct it sutonmz®
tically redrses 1% in anothor.
in practive these simple principles will nct alweys apply, or |
»t 1bast their working mo& be obscured by a number of sacond~orier
oﬁ‘eets. Foo example, in eoms circumstanses a reduction in the
mean sgrvice~time mayr,reaml;‘ in 2 proporticnete inerease in the rum-
ber cf colls for service, so that ¢ would temd to)stay constunt. |
When this situstion obtuins the only wey of impw ving the system is
tec modify the form of the sarvice—time distribution {in the direecti-n
of crmplete concentration at the mesn value), but the simple theory
xoulé, of course, ceass to apply if the disrruntled custumer narched
immedietely bagic to the end of the gusue. ' )
'Other second-crier effects which proviid an nutsmstic contrel
reiucing congastion below-the Lmoraticnl value urs:

()  the premature departure of eusiomers WO becomo tired ef
waiting;
(v} the. iisconraéing erfect cr a lens queue on an imcor:ing
customer;
(c) “he tendency to serve more eri*Jy e customer who Ber &
long queue »vaiting behihd him. |
. Tn a long period ef time, 7~ , the number of mxmle will be
‘gpproxinetely 7/a o Afrsction.(: /=g ) of these will
on depertinz leove an empty counter behind them and the ensuring IS
nglack pericds™ will be of mean longth o . This mikes the total
"Slack™ time approximetely equal to 7i(/ -¢# yARER N

»

\
|
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« Similn reno vks a‘*vly ohc.n the other applicatiine are being

-

eonslderei, although there =re often instructit diff ereuces Lf
teil.
If one continues to assume thot the systen ech maintain itself
«in stAtistical eguilibrium, then it 48 voszsible to dewslop the pre-
celinz crzument in a fairly obvious,way 8o 'as tc obtain the statiorn-

ery Zistributions for the waitinz-tie w - of on arbitrary customer.
,ond she cueue ¢  vhich he leaves Uchind him, The semercting funce

tion for $he . g=distribution is
A ~e)(1-2) T e
H(Z/“ E(Z o z /J{z} i b ® o) \ > “: (15’

and the I.emlace trare fom cr the  w =distribution is accordiinzly

»

" ziven by

- @ 4
r(s) af[ef"“j.;q/‘ e PAC W)
‘ e 54 ‘
Ve k a:"‘ T % "‘—n.-. - :_.‘f..(sl’ = ; » . 3
wh ere s for : ; A T e :
(’(S)‘!E[e"“’]!a 1 i ‘”dgm i 7y
‘is the I.cpl"ce t*ansrorm o:‘ the sorviee-time - 1st.ri,1:%tton dE(P7,
and ' ! : e
K(z}- P—'( e ) LA . 4 o - (18)

From thesa formul'ze St A ey Khintchine -'id) exiressions
‘for the higler moments (in purticulir, the variunces) of the respec-
tive random variszblss.. In any (;ivm ¢nse the functicm @B(5Ah. @
will be specifiel, mnd then the d¢ sterminotion of the distributions
themselves rzises only inversion pmbloms of a standard typo.

It'is worth ncting that when s tends to infinity thrr\u.gh
ri#al positive values the expression .n the miht-heni side of (16)
tends to the nonszero limit I=g » 'This iniicstes the
existanco of & probability-ccneentration of intensity S e e
#t the point /=0 ; de84, , /7-F 18 the vvavﬁilitj 7
thut an 1mmino custoner will fini the ccunter free anl w1l
acccriingly have a zero woiting-tine, It is interssting thut the-
probability of a zero waitinsetine shuul’ he inlaﬂenwnt of the
form of the service-time ilstribution; the form of the latter distri-
tution will, however, affect the wsy in which the remcining agount
of nrobsbility ()  1is iistributet ovér the open interval = .

o w<l @ . @hen the servide~time distridbution 15 neza-
tive-2xponential ing fom the eantinuﬂus ccmvrmcut of | the vaitinz-time

l
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N i =10s . v

“Adstribution 1s. 2 : - .
) “‘Ow/cﬁdw/c (o g a),
@ s
“thure : _ i
i Y né‘z/(q.—éj. Witz
| ‘ ey > s
This is onc ‘of she fogmul-e of Erlan: s onl #4s and Lis corresuonglix ‘
{ solution when $he serviceetines cro constunt will be found in the
mzemcdr by Brockmeyer et ale (1948} ond in the took by Fey (1928). |
% ¥ mow leave the squllibriun theury end tupn to on investiZotion
- of the ewsciic properties of the ecngesticn process, The 2ifficule
thes mssocisted with the nom-Marityiun chi Tucker of g Drocess
w111 be evaied by coneentruting atsention on o Mcrkov chain uhieh
leseribes #he behaviour of she nroeess st on emm:r* 1o sg€ of
resenar-tion polntse ,
3. 'The approach to equili’Lrium . - Intuiuﬂn su:zcets thag
when the traffic intepsity ¢ 1s less thur unity ths system sheuldd
nossels: the charccteristic "erzodic® nronerty of settling dcwn'
after the lapse of o sufficfently lonz hurdod of time {or cf§or Shg |
nassazs of & sufficiently lorgé number of customers) inge an eqnm-'
hrium mode »f behavisur indepenient of its initdal
state, anl that vhen P »/ 0o such stadility of behﬂviow
is to be eipecyel. T shedl now establish ths, truth of these
ccnjecturss (vghen sultably fomulated), «nd as e secondery ¢ cnsequance
. of the inwvestization I shall be atle to deseribe the cvxious
behevicour of the system when' 2=y . |
The non-atr-ticnary behsviour of the e xgesticn pmeess hns been

‘studiel by Velbers (1?39&, b}e In the one paper of his which I have
'ssen he considered the zenerzl problem of & mony~-tounter queue Y

soverned by the rule of quoue=-disdinline assoeiated with (3). and -
hia anolysis is hased on onodintural euaticn tcchniqus. It .
sezms nogeitly that hie sseond peper may have rather more in gomnon
with the ncethols used here, but I have had no: mrortunity of verifys~
inz this. The srzoilc propsrties of the Mirkovian gusueinz systems .
studics Yy Erleh: hove been investizated ty Jemsen (1948}, snd mmothe
or (relnted) conzestion oroblam has been eonsidercd from the rosent
point of view of M., H. Johnson (1959) in a privetely circulated notes
I am wery much inuebted to Mr, Johnson for the opportunity of
soeing this account ~f his work, =ni I hope that we shall be
srivilesed to heap him lescribe it to us luter to=loye - ‘

. T'shall start fr.)m the fact that in o single=counter mm with

Poissaniun input t.he epcchs of derarture are points of rezedaration;
t:his mokes it L,rssz.ble to reduce the problem $0 one comeerninz a
* workov chuin in ".iscrete time®, smd $his s despite the f2ct thad
the <ccngestion process itself 18 not Merkoviane - % ois bef'ore, 1ot 2
and g°‘ be the queues left behind by #wo meeunmly éﬂaam
customers, and let £ ; be the'arbabinty thut o "'J B0

™ ' ' .

|
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when it is ziven th:at * @=¢ » 'Then, if one agrees to consider
the history of the system ag it would be observed at these
epochs’ of depurture, one is conecerned with $he ultimate bahvaiour
of a Markov chain having an enumerable infinity of states and for
which the matrix of one-s%ep transition-probabilities is ' 1
This is a stochastic matrix; that is to,say, it has nondnega ve
“elements snd unit row/sums,* The analysis of such ebrins was begun

- by Kolmogorov (1936, 1937) , end important simplifications X
Y‘nd continustions of his twork were later published by Doeblin (1939),

sida and Kakutani (1949), and Doob (1942, 1945). A camplete

and highly original pr. sentat;on of the subject has\ recently been
given by Feller (1950) with the aid of his general theory wf recurrent
events, and it is precisely this work of PFeller whigh makes it possi-
ble to investigate the ergodic properties of the congestion process
in a relatively elementary manner. ‘

For the purposes of the present paper some of the general pro-
perties of Markov chains will be required” and these I shall now -
summgrise.

) (1) let p " be the probability ef an n-step transition from the
ith  to the 4thstate, As tends to infinity; the 2%
need not converge to limiting values in“the ordinary sense, gut they
always do ‘so in the generalized ( C, / ) sense (to limits Ly
. sﬂy) X J /
(11) The row«-sums of the matrix {7;, ; - satisfy the inequality

=4 & 2-«' ﬂu‘/ / (‘::sa &, “l'/\; 7 (19)

and the sign of equality need not hold, (If the sign of equality
holds for every / , I shall follaew Fbster (1951) and say that the
system is non-dissipative.)

(111) ‘The rows of the 7 -matrix need not be identical, and
so the ultimete beheviour of the system may depend on {ts initial
state. In any case, however, oner will have

w

]
L

o Ereayn Brey = ria g )
for every 4 ~and J e Itwill be noticed that the = = -matrix
1s always idempotent.
- Blegant ond surprisingly simple proofs of the rusults (i), {4i) end
(1ii) will be found in the paper of Yosida and Kakutani which hag
Just been cited.  In the present problem all the extremes &f patha-
logical behaviour are not realized -and to establish this fact
| s WO further rasnlt.s will be needed. :

. Re® {
© #Note that the Second suffix (denoting the colemn) identifies .
_the new ‘state, and the first suffix (denoting the/row) identifies
the ola state.‘ The reverse convention-is somgtimes ad@pted,




for every | 3

where

w]lle

(19} The transition-probabilities #;: converge to the.limite -

7ty  in the ordinary Sense if i¢ havpens- that all the. dia gonaI !
elements of the p-matrix are positive.

(i1)* The system will be npn-diesipative {so that the -natrix

_will have unit row-sums ) ii‘

’

B e e R R AR

The first of these results is relatively a 'Meep* one; it tollwa
egqsily from the theory given in Peller's dogk on noting that
(beczuse of the stated condition) every state in the Markov chain'
is neeess: arily %aperiodic"*, (I owe this helpful remark to Mr,
Fo G. Poster,} The mseful criterion (i1)* for mon-dissipution is
due to Foster (1951); in words, his condition reguires that the
expected increase in state-lebel is never to be positive. In

. the same paper he has given one or twe other conditions sufficient

for non-dissipation, and I have generalized (4i)" to Zive a criterom
inveriant unders+a change of state-lebelling (Kendall, 1951).
1t should be ohserved that neither of (1)* and (11)* mekes any 5
statement about necessary conditions. .

" The matrix {&} defining the Markov chain assgtiated »ith
the congestion process has a particularh’ simple fornm #. it is

| ST s e SR i

{ TEG B R Y] ' kg
2 'S Ko 'kl /f; - Kil .
3. Y 2 8 ko 'A'l kz ,’ ‘ \\ 4
: g [} i z

4‘ ] o - o L4 k.l k-, d

k,g;;.-/ '-ru( )dB\v) (rtta 2-4-04&)

':'I'he period » of the jth state §s deﬁnnl W Teller to be the
greatest common divisor of those values of % fuor mmfex BF >o .
When A=/ the jth state if 'said to be sperie@ic, sod Peller

has shown that L ‘then exj.sts as el oaltlnr’ Iimit for 2ol vaiwe

ot t,
# 'The occurrence in congesti&. theoty of stazhas«tf.e meteices having |

, 'this particular form wes first moticed by I, E. Johnson; thoy play

! * )
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en important role in his own imesti'éwtmn of non-stationary
gueuss uith a constant service-time snd = general. input,

"T.c., kr 18 the probability th't there will be preciscly »~

nhew arrivels during a single scrvice-time. None of tho A4S

“can vrnish, and so the disgonal slemcnts of the p-aetPix cre 211

positive. The following recult is thorefors un imnzediﬂte consenn=

ence of fi)'. :
Theoren 1. « For the -onzes tion process * the n-gtep ur'msitmn-

orobebilitios 7%,  convergs to limits ) ss' 2> -,

There is snother simpls conssguence of the fo:m of the n-nmatrix; -

it con be seen at a glunce that there is always o positive proba=

bility #; thit the system will rove in a single trane*tlon

" from o given (non-zorc) stots into the next lowest stats, and =180 °

that cny state con be reached in a single trensition from the zZero-

strte (. F=0 ). Accordingly it is always dossible to move

from one to snother of @ given ordered pair of states in some finits

number of steps with pcsitive probability. In the terminoloay e

of Feller's bock the chain is irreducible {~nd aperiodic}. :
It hos just boen shown that the limits sz¢f , exigt in the

ordinory sense; I shall next show that either all are zero, or

else all are positive. TFor let a5 = O . » Then

since : ‘ ' '

.

% =25 ! Mo N
. < _Fn-#lﬂ-rl'(ab 3,P°4F£JPJA U ‘23)

it follows that

Moo . = X
Tt ZF ai ’tijPJﬁ e A T . (24}
for every M and N '« Now for given a, &, < mmd J it 13 .
possible to choosa M and A/  so that the p-factors in (24)
are both positive, and thus the vnniehing of " 4 must imnly the

vanishing of 777; for every / and/ :
Because of {19) =2nd becaase the ks fom .3 prob:jbili_ty dis-

tribution with o finite mean vatlye , the three power~series
3 K(Z) 2 k,f? 8 -
‘ - /~K(z} 7 = e =
= lemEE i s 50 *
/T(Z)& %z’i{t‘u (‘tal i 2/ ‘“") % (,Z.rr}

a&fwwﬁ:.b&%mng 1, 3 folloos fronm 26l Baw-
Cncuity Sitotone Chak :
¥ It is to be undorstood thet the congestion yrocess hes here
been redefined interms of the ¥arksv chsin having the one-step
transition-probebilitiss . A ¢omplete discussion of the -
original process in "contlnuous time® would be much less elumentury

—



T me s

Y Z > -: i . ‘, l.'_,) ‘ i g
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when £ spyproachkss ths unxt aoint aiong the roal \.&Xis from the left.

It is to Pe noted that the generating function el 1 rolsted

‘to the Lgplage trensform #&) 'of the sarvice-t'ima disiribution
Jifv) by tne mentmy : =R

gz}-:,:(---:’:?. FEIL S Sy

g8 soon as d&(v/ h-s been specified, thereforc, the functionsf(z,)
and £ (Z] and the sequence of A5 ean be dstwudned. :
. Oa multiplvinz the ;% of the eguations :

X o Pay =0
=g

T oy Py (where %! < ¢/ ) and summinz over 21l the ¥alues of ‘,
(fqr a fixed value of. { )} one obtains the identity -

7 {zi{/~ L2l iy Kiz) . ({os b &deecingy

from watoh fon letting =z —> /—@  ')-it follows thct
S AREN SCi= IR sy 0 s L (29)
RQW {(io ana X =g 5 v . - %
/'7‘»')(/)‘:. T i & f 2= il
3 jaa ) L N

- are both finite and non-nezative, and so T, must vanish i? =1/ »
; This complstes the proof of’
: Theorem 2. - If the traffic intensity ¢ is greater than
or equal to one brl‘ng then the congestion process is ccmpl«.tely i
dissinative, the limits ;) being equal to zero for every ¢

and

' ‘%le practical interpretation of this result is s followv

AL p2 / , then as 722 tends to infinity there is & vanigshingly
small prcbability that the ', bong departing customer will leave behind
him a queue of fewer tham £ walting custauesrs. YHere O is

. fixed, but it may be erbitrarily lagse .} The mecst interesting

. feature of the result .is the "unstable®™ character of the systen when o S

the input is equal to_the capscity{ (=7 j
. A more detailed analysis of the behaviour of the svstem when
g> [ will be given in 7% 4, and the remainder of the present
section will be devoted to e discussion of the situntion. when
= . < . It is com'enient to write )

)
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‘(/ Z’K(bl
f—//z,,-z):h F z(/—('/ -
&(z)
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{#his is 1d nti cal with the function Hizi which qecurrsd inm z 2),
and (28) thon bccr‘mes ,

‘ T (HmmoHEZH-p)  (121<4) F ()

My aim #111 now Se to establish ' _
: Thetrem - If the traffic intonslty # is less than ons orle-
. ng then sTij=h; rcr ovomy ¢ ond Y % y 3
“Mis means thaf when @< / , the prob,biuty that the =%
leparting customer leuves behind hm a queue ‘of size ¥  cporocches’
{as 7. tends to.infinity) o non-zaro limit 4, which is indepea-
dent of the initiul state of the system, The limiting Jdistribution
- {hg} is idemtical with that found by Pollsczdk ~ni Khintchine inm
thexr analysis of ths ™ecguilibrium" problem, and in “ny particuler
oage it cun be found by expending the genersating function A70°z/
in powers of Z (it will be recalled thut AH(zZ)  is itself
determined 8 soun &8 the servicu-time listribvution £L&(¥/ has
besn specified). , For example, if the sgrvice~time »ustnbution has
the negativa-exponantal forn (5), then B(s)= (Av*4és) - :
and 8o

- 2 ) é
Helmaminim A

.

Bnd ' [ ¥ . i e | 4 ) ¥ \ ; - I
' WL L i
: o e [

and the size of a‘queue left by a Iepqrtine, ‘customer is thc.n distri-

* 'buted aceording to the gcometrio Yow: . :

(r-pip* ( 2=0,7 2 o

(the "equilibrium" solution found by Erlams ). - : ;

' In srder exainles the oanleulation of the 4As w1l be nmore

‘. tedious, but it is tﬂngys in orinciple e stmmishtforwerd nroblem' of

-, power-series expansion. It is intersstin® to notice (ani this in

faet constitutes an impertant step in the pmof of Theorsm 3) that

' H(z.) does olwaeys genernté h genwine probebility iistribution when
.p</ « . This follows from the axpension '

\ H (2)= e PIR(ZS, B Bti=i1"

( the louble ssTies being absslutely convergsnt if ° p< end 2z
=/ ), which 2isplays the non-nezative, cher=cter of the
A’y .4 And e (30) and (26) shich toether fply that

¢4 -



