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Preface

This book collects the recent development on the theory of continuous dynamical
systems from a different point of view. From the author’s 20 years researches and
teaching experience, the author places materials in five chapters to provide a better
understanding of stability, stability switching, bifurcation, complexity and chaos
in nonlinear continuous dynamical systems. For completeness, the theory for dis-
crete and switching systems with transports is presented in a different volume.

The stability theory of linear continuous dynamical systems is comprehen-
sively discussed in Chapter ! from the author’s teaching experience. The materials
presented in this book are a foundation to understand stability and bifurcation the-
ory in nonlinear dynamical systems. In Chapter 2, the author used a different point
of view to present the stability, stability switching and bifurcation of equilibriums
for nonlinear continuous systems. Such presentation makes the stability and bifur-
cation theory much simpler, readable and doable. In Chapter 3, an analytical
method is presented to obtain the analytical solutions of periodic flows and chaos
in nonlinear dynamical systems. The analytical solution of chaos ends the history
of chaos numerically simulated only. In Chapter 4, the global transversality of a
flow to the generic separatrix in nonlinear dynamical systems is presented, and the
theory of global transversality is the base to understand the complexity of flows in
nonlinear dynamical systems. How to determine the separatrix and all possible
first integral manifolds in » -dimensional dynamical systems is still unsolved. In
Chapter 5, chaos in stochastic and resonant layers in nonlinear Hamiltonian sys-
tems is discussed. The physical mechanism of chaos in stochastic layers is the
resonance interaction to form the hyperbolic characteristics.

Finally, I would like to appreciate my student, Jianzhe Huang for completing
numerical computations in Chapter 3. Herein, I thank my wife (Sherry X. Huang)
and my children (Yanyi Luo, Robin Ruo-Bing Luo, and Robert Zong-Yuan Luo)
for tolerance, patience, understanding and support. 1 hope this book will be a good
gift for them.

Albert C.J. Luo
Edwardsville, Illinois
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Chapter 1
Linear Systems and Stability

In this Chapter, the theory of linear systems will be presented. Separated linear
systems and diagonalization of square matrix will be discussed first. The linear
operator exponentials will be presented. The fundamental solutions of autonomous
linear systems will be given with the matrix possessing real eigenvalues, complex
eigenvalues and repeated eigenvalues. The stability theory for autonomous linear
systems will be discussed. The solutions of non-autonomous linear systems will be
discussed and steady state solutions will be presented. A generalized “resonance”
concept will be introduced, and the resonant solutions will be presented. Solutions
and stability for lower dimensional linear systems will be discussed in details.

1.1 Linear systems with distinct eigenvalues

Definition 1.1 Consider a linear system
x=Ax+Q(t) forfe.» and x = (x,,x,,--,x,) €. 4" (1.1
where x =dx/dr is differentiation with respect to time . A is an nxn matrix

and Q(¢) is a continuous vector function. If Q(7) =0, the linear system in Eq.(1.1)
is autonomous. Equation (1.1) becomes

x=Ax forte.# andxe. #" (1.2)

which is called an autonomous linear system or a homogenous linear system. With
an initial condition of x(7,) = x, , the solution of Eq.(1.2) is given by

x(2) = eVx,. (1.3)
If Q(¢) =0, the linear system in Eq.(1.1) is non-autonomous, and such a non-
Albert C. J. Luo, Continuous Dynamical Systems 1
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2 I Linear Systems and Stability

autonomous system is also called a nonhomogenous linear system. With an initial
condition of x(z,) =X, , the solution of Eq.(1.1) is given by

X(1) = (D (1,)x, + [ DO (1)Q(e)MT, (1.4)

where ®(r) is a fundamental matrix of the homogenous linear system in Eq.(1.2)
with

@(1)= AD(r) forallrel <. . (1.5)

Definition 1.2 For a linear dynamical system in Eq.(1.2), if the linear matrix
A =diag(4,A4,, -+, A,) is a diagonal matrix, then the linear system in Eq.(1.2) is

called an uncoupled linear homogenous system. With an initial condition of
x(f,) = X, , the solution of the uncoupled linear homogenous solution is

x(’):diag[e“’,e"’,'",ej“’]xo. (1.6)

Theorem 1.1 Consider a linear system X = Ax in Eq.(1.2) with the initial condi-
tion of x(t,) =X, . If the real and distinct eigenvalues of the nxn matrix A are

AsAy,e A, then a set of corresponding eigenvectors {v,,v,,--+,v } is deter-
mined by
(A-ADv, =0 (1.7)

n

which forms a basis in Q <. #". The eigenvector matrix of P =[v,v,,---,v, ] is

invertible and
P"AP:diag[A,/lz,---,A"]. (1.8)

Thus, with an initial condition of x(t,)=X,, the solution of linear system in

Eq.(1.2)is
x(t) = Pdiag[e*!' ' "t ) ... PP g

=PE(—1,)P 'x,, (1.9)
where the diagonal matrix E(t) is given by

E(t—1,) = diag[e*" " ¢»"") ... e*l™0)] (1.10)

Proof: The proof can be referred to Luo (2011). ]

Computing the eigenvector is a key to obtain the general solution of linear sys-
tems. Consider an alternative method herein and the eigenvector of v, is assumed

as



1.1 Linear systems with distinct eigenvalues

From Eq.(1.7), we have

a, — 4, by 1
o v =0,
€l 1ml All _/?'ilm—]mn n LY

where the minor of matrix A is A, , and other vectors are defined by

C(,,, hyx1 = (al] )(n byx1 (I = 2’ 3"”?’7)’

b|><("fl) :(au )lx(n 1 (/:2~3,"',’1)-

A]] :(a,, )(,, Hyx(n-1) (i,j':2,3,"',

Thus,
1
r,=(A, _j'll(n—lllln 1)) Cin-ia-

The solution of linear system in Eq.(1.2) is

x(7) = z:’___] Civie&(l )
=[v,,v,,---, v, Idiag[e
— Pdiag[e;“'_'°’,e}f("'“’,»-',e}“"""’]C,

AU ) Aati=1y)
9e ')“

where
c=(C,C,,--,C)".
For t =1, the initial conditions is x(7) = x,, . Thus,
C=P'x,.

Therefore, the solution is expressed by

x(1) = Pdiag[e’““ ) ghlh) L ’“)]P' |XU _ PE(I)P"x(,.

The two methods give the same expression.

n).

LeRtC

(1.

(1.

(l.

11)

12)

13)

.15)

.16)

17)

18)

Theorem 1.2 Consider a linear system x = Ax in Eq.(1.2) with the initial condi-
tion of x(t,) =x,. If distinct complex eigenvalues of the 2nx2n matrix A are

A, =a,+if, and A, =a,—if, with corresponding eigenvectors w, =u, +iv,

and W, =, —iv, (j=12,--,n and i =-1), then the corresponding eigenvec-

tors u; and v, (j=12,---,n) are determined by



4 1 Linear Systems and Stability

(A—(aj +i,6’,.)l)(uj +iv,)=0, or
7 | 1.19
(A_(a,r‘iﬂ,)l)(llj—ivj):(), ( )

which forms a basis in Qc.#"" . The corresponding eigenvector matrix of

P=[u,v,u,,v,,---,u,,v, ] is invertible and

P'AP =diag|B,,B,,--,B,], (1.20)
where
a p,
B = ] / (j:1,2,-",n). 1.21
S 12n

Thus, with an initial condition of x(t,) =X, the solution of the linear system in
Eq.(1.2)is
x(t) = PE(t—1,)P"'x,, (1.22)
where the diagonal matrix E(t—1,) is given by
E(t-1,) = diag[E, (1 —1,).E, (1 =1,),--,E, (1 - 1,)],

Ny { cos B,(t—1,) sinp (1 —z{,)] (1.23)

E, (-1 —sin §,(1—1,) cos fB,(1—1,)

4

Proof: The proof can be referred to Luo (2011). [ ]

Consider an alternative approach, and the conjugate complex eigenvectors are

1 —|1
u,+iv,,=C{ }and u, -iv, =C, {_], (1.24)
r

r
where the conjugate complex constants are assumed as

Ci :—I—(M‘ —iNi)and C_‘,v :l(Mi +1Nl)
5 2 (1.25)

r,=U,+iV, andT = U, -iV,.

From Eq.(1.19), we have

@ —a ip, Brucren Hl }c -0 (1.26)

€ty Ay —(a, +iB), e LT

Thus, the foregoing equation gives

c+[(A,, —a,])—iBIr. =0, (127)



1.1 Linear systems with distinct eigenvalues

r=[(A,—aly+£1] [(A, -aD+ifl]e=U,+iV,. (1.28)
where
U =[(A, -aD?+£1] (A, -aDe,

g (1.29)
V,=[(A, —aly+ 1] Be

The solution of the linear system in Eq.(1.2) is

a1 . 1 a, +if K-t
X(t):Zi~|E(M._LN.)|:U LIV :|e(' pxe)

i i

1 _
P M, 1N el AN
2 U -iv,

i

:Zn ea,(r»r,,)[ M’ Cosﬂ,(t—l )
i=] M,»U,» +N‘»V’ i 0

Ni .
+ t—1
{N,U, -M,v,,]smﬂ'( 2

p 1 0
= Zi:leu‘“_lu)[(M’ {U }F N, ]:V :l)cosﬁi(’_’o)

i

1 0

+(N,{Ui}—Mi{V[})sinﬂi(t—to)]
— Zf’lea,(ll‘,)(u"vl)|: CO‘Sﬂi(t_t()) Sin ﬂ,(t_{o):“:M:]

= —sin B (t—1,) cosfB(t—t))|| N,
=PE(r—1,)C, (1.30)

where

P=[u,v,-,u,v,]
E(t-t,) = diag[E, (1 —1,),E,(t =1, E, (1 =1,)],
C=(M,,N, .M N),

E (1—1)=e"" " cos B(1—1t,) sinf(1—1,) (1.31)
Y —sinB(t~1,) cosB(t—1,)|

1 0
u, = and v, = .
R

For ¢ =1, the initial conditions is x(¢) = x,,. Thus,
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C=P'x,. (1.32)
Therefore, the solution is expressed by
x(t) = Pdiag[E, (t —t,),E,(t —1,),---,E (1= 1,)]P"'x,
=PE(r—1,)P'x,. (1.33)

The two methods give the same expression.

Theorem 1.3 Consider a linear system X = Ax in Eq.(1.2) with the initial condi-
tion of x(t,) =X, . If the eigenvalues of the nxn matrix A possesses p -pairs of

distinct complex eigenvalues with A, =a; +if, and /Tf =a,—1f; with corre-
sponding eigenvectors W, =u, +iv and W, =, —iv,(j=12,---,pand i= \/—_1),
and (n—2p) distinct real eigenvalues of 4,,,,,24,,,,,"**,4,, then the correspond-
ing eigenvectors u, and v for complex eigenvalues (4,,2} Y(j= L2,---,p)are
determined by

(A—(aj +iﬂj)l)(uj +iv,)=0, or

(1.34)
(A—(a_, _iﬂ/’)l)(“.i —iv;)=0
and the eigenvectors {V,,,,V,,.,,""",V,} for real eigenvalues are determined by
(A-ADv, =0 (1.35)
which forms a basis in Q < .#". The eigenvector matrix of
P=[u,v,u,,v,,--,u_,v vzpﬂ,vzp,*z,u-,v”] (1.36)

sHpr Vpo

is invertible and

PiIAP:diag[Br’Bz"'"BpJ’z,nwizmz"“”ln]’ (1-37)
where
a, pf,
B = ! ! (]:1’2’51)) 138
s 139

Thus, for x(1,) = x, the solution of linear system in Eq.(1.2) is

x(1) = Pdiag[E, (1 — 1)), E, (1 —1,),---,E (1 = 1,),

Ao pat (=1 Ao pan (1—15) - -
e 2 et n)’e 2pe2 (170 ’“.,e/l,,(t r")]P 1x0

= PE(t—1,)P'x,, (1.39)



1.2 Operator exponentials

where the diagonal matrix E(t—1t,) is given by

E(r—1,) =diagl[E (1 —1,),E, (1 - 1,),---.E (1 =1,),

Aapa 1g) A palt-tg) A r-0) 7.
e’ ,e 4 R4 0 ]’

’ ) ) (1.40)
cosfB.(t—t sin . (¢ —1¢,
E (t_to):ea,(t ) ‘ '6/( 0) ﬁl( 0 (l,-:l’zvu_’p)'
/ —sin f,(t—1,) cosfB,(t—1,)
Proof: The proof can be referred to Luo (2011). |

1.2 Operator exponentials

Definition 1.3 Consider a linear operator A :.#" — #" in linear operator space
(i.e., A e L(.#")). The operator norm of A is defined by

I A= max | A0 (1.41)
where || x| 1s the Euclidean norm of x €. #". The operator norm has the follow-
ing properties for A,Be L(. #"):

(i) |A]|=20 and ||A|=0 ifand only if A=0,
(i) |kA||=k || A|| for ke.#,
(i) |A+B{<|[A]+]B].

Definition 1.4 Consider a sequence of linear operator A, € L(. #") and the linear
operator A € L(.»") . For any ¢ > 0, there exists an N such that for k> N,
|A-A, |<e (1.42)

Then, the sequence of linear operator A, is called to be convergent to a linear

operator A as k >, i.e,

limA, = A. (1.43)

Theorem 1.4 For A, Be L(. #")andx e . ",
@) NAx[I<[A]-lIx],
(i) [|ABI<[[Al-]IB]l
(iiiy [JA“ [ <|[A]".
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Proof: The proof can be referred to Luo (2011). [ ]

Theorem 1.5 For Ae L(.#")andte # with t,>0, a series 1+~ A"/ k!

is absolutely and uniformly convergent for |t|<t,.
Proof: The proof can be referred to Luo (2011). ]

Definition 1.5 The exponential of a linear operator A € L(-»") is defined by
et =1+ " —A~ (1.44)
If Aisan nxn matrix, for te. # ,

A 1
et :I+ZHFA"/‘. (1.45)

Theorem 1.6 For A,B,P e L(. #"),
(i) if P is nonsingular, then ¢* ¥ = P~'e*P,

(ii) ifAB=BA , then e**® =e*e®,

(iii) e =(e*)",

(iv) If A=Al, then e* =¢'l.
Proof: The proof can be referred to Luo (2011). [ ]
Lemma 1.1 For an nxn matrix A,

d

Ee"' = Ae". (1.46)

Theorem 1.7 Consider a linear systemx = Ax in Eq.(1.2) with the initial condi-
tion of x(t,) = X, . The solution of the linear system is unique, i.e.,

x=eYx,. (1.47)

Proof: The proof can be referred to Luo (2011). [ ]

1.3 Linear systems with repeated eigenvalues

Definition 1.6 Consider a linear system x = Ax in Eq.(1.2) with the initial condi-
tion of x(#,) =X, . If the nx»n matrix A has an m -repeated real eigenvalue of A



1.3 Linear systems with repeated eigenvalues 9
with ( m < n ), then any nonzero eigenvector of
(A-AD"v=0 (1.48)

is called a generalized eigenvector of A .

Definition 1.7 An nx»n matrix N 1s called a nilpotent matrix of order & if
N“'%0 and N* =0.

Theorem 1.8 Consider a linear system x = Ax in Eq.(1.2) with the initial condi-
tion of x(1,) =X, . There is a repeated eigenvalue A, with m -times among the real
eigenvalues A,,A,,---, A, of the nxn matrix A . If a set of generalized eigenvec-
tors {v,,v,,-:-,v,} forms a basis in Qc.#" . The eigenvector matrix of
P={v,v,,---,v,] is invertible. For the repeated eigenvalue A, the matrix A

can be decomposed by

A=S+N, (1.49)
where
P''SP = diag[4,],.,, (1.50)
and the matrix N = A - S s nilpotent of order m <n with SN = NS,

PAP = diag[A, -, A, \, A, 4, , A
A

m

Al
j+m n] ( 1 5 I )
Thus, with an initial condition of x(1,) = X, the solution of linear system in Eq.

(1.2) is

_ PE P ) l m Ithk
x()=PE(OP ' 1+ 1 = Ix,. (1.52)
where
=di AL prt MM Gl L ol
E(?) =diagle™,---,¢" ", &7 .- e e e™ . (1.53)
Proof. The proof can be referred to Luo (2011). [ ]

From a different point of view, consider a solution for repeated eigenvalues of
a linear system as

x”’(t)zzm le/:,/(Clij)vzj)tk)’ (1.54)

k=0

XU)([) - Zm I[A/ei,l(ci,;vij}fk)+el,/(kcij;vi/)tk—l )] (155)

k=1
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Submission of Egs.(1.54) and (1.55) into % = Ax in Eq.(1.2) gives

Z”"' (A-A D" (COVP Y= (kCOVP ] =0, (1.56)

el
and for k=0,1,2,---,m-2
(A-ADCVY —(k+DCIvY) =0, (1.57)

with(A—4,1)v{? =0. Once eigenvectors are determined, the constants C,” are

obtained. On the other hand, let
C = (k+ l)C,ﬁﬁ. (1.58)
Thus, one obtains

(A-2Dv,) =0,

m—1

) ) 1.59
(A-—/l,l)v;” = vﬁ-’fl k=0,1,2,---,m-2). ( )
Deformation of Eq.(1.59) gives
A(O,"’,Osvbj)yVij),'",vi,{h ’0"”’0)
—_— N — N
j-1 m n-m-j+1
= (0""a0av£)j),vij)y"'»v(,,{_)] 90a"'>0)B’ (160)
—_————— —
-1 m n-m—j+1
where the Jordan matrix is
(A4, 0 0 0 0]
1 /1,, 0
) o 1 A -
BV = : : :] : : > (1.61)
0O 0 O /?,j 0
. 0 0 O 1 j’jJIYI)(In
B= diag[o(j—l)x(jf[)’B(j)’O(mm—jH)X(nfm—jH)]' (1 62)
Thus
AP = Pdiag[j‘l"ua/lj,pB(j) 'mxm’ﬂ‘jé»ny"“’j'n]’ (1 63)
PAIAP = diag[/’{’l"“’ﬂ’jfl’B(j) 'mxm’ﬂ’jer’”"lﬂ]’ .
where

— (v (-1 ) (N ) J+m)
P—(v 5,V ,volav]/ a"'av,,{,lsv(/ m:""v("))

:(vl’vzv"“,vn)' (164)



