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INTRODUCTION

raditionally, investment is defined as the current commitment of resources in

order to achieve later benefits. If resources and benefits take the form of money,

investment is the present commitment of money for the purpose of receiving
(hopefully more) money later. In some cases, such as the purchase of a bank certificate
of deposit, the amount of money to be obtained later is known exactly. However, in
most situations the amount of money to be obtained later is uncertain.

There is also a broader viewpoint of investment—based on the idea of flows of
expenditures and receipts spanning a period of time. From this viewpoint, the objective
of investment is to tailor the pattern of these flows over time to be as desirable as
possible. When expenditures and receipts are denominated in cash,.the net receipts at
any time period are termed cash flow, and the series of flows over several periods
is termed a cash flow stream. The investment objective is that of tailoring this cash
flow stream to be more desirable than it would be otherwise. For example, by taking
out a loan, it may be possible to exchange a large negative cash flow next month
for a series of smaller negative cash flows over several months, and this alternative
cash flow stream may be preferred to the original one. Often future cash flows have a
degree of uncertainty, and part of the design, or tailoring, of a cash flow stream may
be concerned with controlling that uncertainty, perhaps reducing the level of risk. This
broader definition of investment, as tailoring a pattern of cash flows, encompasses the
wide assortment of financial activities more fully than the traditional view. It is this
broader interpretation that guides the presentation of this book.

Investment science is the application of scientific tools to investments. The
scientific tools used are primarily mathematical, but only a modest level of mathematics
is required to understand the primary concepts discussed in this book. The purpose of
this book is to convey both the principles of investment science and an understanding
of how these principles can be used in practice to make calculations that lead to good
investment decisions.

There is also an art to investment. Part of this art is knowing what to analyze and
how to go about it. This part of the art can be enhanced by studying the material in this
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book. However, there is also an intuitive art of being able to evaluate an investment
from an assortment of qualitative information, such as the personality characteristics
of the people involved (the principals), whether a proposed new product will sell well,
and so forth. This part of the art is not treated explicitly in this book, although the
reader will gain some appreciation for just what this art entails.

1.1 CASH FLOWS

According to the broad interpretation, an investment is defined in terms of its resuiting
cash flow sequence—the amounts of money that will flow to and from an investor over
time. Usually these cash flows (either positive or negative) occur at known specific
dates, such as at the end of each quarter of a year or at the end of each year. The stream
can then be described by listing the flow at each of these times. This is simplest if the
flows are known deterministically, as in bank interest receipts or mortgage payments. In
such cases the stream can be described by a series of numbers. For example, if the ba-
sic time period is taken as one year, one possible stream over a year, from beginning to
end, is (—1, 1.2), corresponding to an initial payment (the investment) of $1 at the be-
ginning of the year and the receipt of $1.20 a year later. An investment over four years
might be (-1, .10, .10, .10, 1.10), where an initial investment of $1 leads to payment
of $.10 at the end of each year for three years and then a final payment of $1.10. Note
that for a span of one year, two cash flow numbers are specified—one at the beginning
and one at the end. Likewise, the four-year example involves five cash flow numbers.

Cash flow streams can also be represented in diagram form, as illustrated in
Figure 1.1. In such a figure a time axis is drawn and a cash flow at a particular time
is indicated by a vertical line at that time, the length of the line being proportional to
the magnitude of the flow.

If the magnitudes of some future cash flows are uncertain (as is frequently the
case), a more complex representation of a cash flow stream must be employed. There
are a few different techniques for doing this, and they are presented later in the book.
But whether or not uncertainty is present, investments are described in terms of cash
flow streams.

A diversity of investment issues can be stated in terms of cash flow streams,
such as the following: Which of two cash flow streams is most preferable? How much
would I be willing to pay to own a given stream? Are two streams together worth more
to me than the sum of their individual values? If I can purchase a share of a stream,
how much should I purchase? Given a collection of available cash flow streams, what
is the most favorable combination of them?

FIGURE 1.1 Cash flow stream. The cash flow stream of an
investment can be represented by a diagram. In the example
shown, the cash flows occur periodically. The first of these
flows is negative, representing a cash outlay, and the subse-

> quent flows are all positive.
Time
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Other more complex questions also arise. For example, sometimes the timing of
all cash flows is not fixed, but can be influenced by the investor. If I purchase stock
in a company, I have a negative cash flow initially, corresponding to my purchase
payment; while I hold the stock, I perhaps receive dividends (relatively small positive
cash flows) on a regular basis; finally, when I sell the stock, I obtain a major cash
flow. However, the time of the last cash flow is not predetermined; I am free to
choose it. Indeed, investments sometimes can be actively managed to influence both
the amounts and the timing of all cash flows. For example, if | purchase a gold mine
as an investment, [ can decide how to mine it and thereby influence the cash flow
every year. Determination of suitable management strategies is also part of investment
science.

The view of investment science as the tailoring of cash flow streams gives the
subject wide application. For individuals it applies to personal investment decisions,
such as deciding on a home mortgage or planning for retirement. It also applies
to business decisions, such as whether to invest in product development, whether
to build a new manufacturing plant, and how to manage cash resources. Finally, it
applies to government decisions, such as whether to build a dam or change the tax
rate. Investment science guides us in the process of combining stocks, bonds, and
other investment products into an overall package that has desirable properties. This
process enhances total productivity by converting projects that in isolation may be too
risky into members of attractive combinations.

1.2 INVESTMENTS AND MARKETS

At its root, investment analysis is a process of examining aiternatives and deciding
which alternative is most preferable. In this respect investment analysis is similar to
the analysis of other decisions—operating a production facility, designing a building,
planning a trip, or formulating an advertising campaign. Indeed, much of investment
science relies on the same general tools used for analysis of these other decisions.
Investment problems differ from other decision problems in an important respect,
however: most investments are carried out within the framework of a financial market,
and these markets provide alternatives not found in other decision situations. This
structure is what makes investment analysis unique and unusually powerful.

The Comparison Principle

Financial markets simplify decision making through a concept that we term the com-
parison principle. To introduce this principle, consider the following hypothetical
situation.

Your uncle offers you a special investment. If you give him $100 now, he will
repay you $110 in one year. His repayment is fully guaranteed by a trust fund of U.S.
Treasury securities, and hence there is virtually no risk to the investment. Also, there
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is no moral or personal obligation to make this investment. You can either accept the
offer or not. What should you do?

To analyze this situation, you would certainly note that the investment offers
10% imterest, and you could compare this rate with the prevailing rate of interest
that can be obtained elsewhere, say, at your local bank or from the U.S. Government
through, for example, a Treasury bill. If the prevailing interest rate were only 7%,
you would probably invest in this special offer by your uncle (assuming you have
the cash to invest). If on the other hand the prevailing interest rate were 12%, you
would surely decline the offer. From a pure investment viewpoint you can evaluate this
opportunity very easily without engaging in deep reflection or mathematical analysis.
If the investment offers a rate above normal, you accept; if it offers a rate below
normal, you decline.

This analysis is an example of the comparison principle. You evaluate the in-
vestment by comparing it with other investments available in the financial market. The
financial market provides a basis for comparison.

If, on the other hand, your uncle offers to sell you a family portrait whose
value is largely sentimental, an outside comparison is not available. You must decide
whether, to you, the portrait is worth his asking price.

Arbitrage

When two similar investment alternatives are both available in the market, conclusions
stronger than the comparison principle hold. For example, consider (idealized) banks
that offer to loan money or accept deposits at the same rate of interest. Suppose that
the rate used at one bank for loans and deposits is 10% and at another bank the rate
1s 12%. You could go to the first bank and borrow, say, $10,000 at 10% and then
deposit that $10,000 in the second bank at 12%. In one year you would earn 2% of
$10,000, which is $200, without investing any cash of your own. This is a form of
arbitrage—earning money without investing anything. Presumably, you could even
make more money by running your scheme at a higher level. It should be clear that
this kind of thing does not occur—at least not very often. The interest rates in the two
banks would soon equalize.

The example of the two banks assumed that the interest rate for loans and the
interest rate paid for deposits were equal within any one bank. Generally, of course,
there is a difference in these rates. However, in markets of high volume, such as the
markets for U.S. Treasury securities, the difference between the buying price and the
selling price is small. Therefore two different securities with identical properties must
have approximately the same price—otherwise there would be an arbitrage opportunity.

Often it is assumed, for purposes of analysis, that no arbitrage opportunity exists.
This is the no-arbitrage assumption.

Ruling out the possibility of arbitrage is a simple idea, but it has profound
consequences. We shall find that the principle of no arbitrage implies that pricing
relations are linear, that stock prices must satisfy certain relations, and that the prices
of derivative securities, such as options and futures, can be determined analytically.
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This one principle, based on the existence of well-developed markets, permeates a
good portion of modern investment science.

Dynamics

Another important feature of financial markets is that they are dynamic, in the sense
that the same or similar financial instruments are traded on a continuing basis. This
means that the future price of an asset is not regarded as a single number, but rather as
a process moving in time and subject to uncertainty. An important part of the analysis
of an investment situation is the characterization of this process.

There are a few standard frameworks that are used to represent price processes.
These include binomial lattice models, difference equation models, and differential
equation models, all of which are discussed in this text. Typically, a record of the past
prices and other information are used to specify the parameters of such a model.

Because markets are dynamic, investment is itself dynamic—the value of an
investment changes with time, and the composition of good portfolios may change.
Once this dynamic character is understood and formalized, it is possible to structure
investments to take advantage of their dynamic nature so that the overall portfolio
value increases rapidly.

Risk Aversion

Another principle of investment science is risk aversion. Suppose two possible invest-
ments have the same cost, and both are expected to return the same amount (somewhat
greater than the initial cost), where the term expected is defined in a probabilistic sense
(explained in Chapter 6). However, the return is certain for one of these investments
and uncertain for the other. Individuals seeking investment rather than outright spec-
ulation will elect the first (certain) alternative over the second (risky) alternative. This
is the risk aversion principle.

Another way to state this principle is in terms of market rates of return. Suppose
one investment will pay a fixed return with certainty—say 10%—as obtained perhaps
from a government-guaranteed bank certificate of deposit. A second investment, say the
stock in a corporation, has an uncertain return. Then the expected rate of return on that
stock must be greater than 10%; otherwise investors will not purchase the stock. In gen-
eral, we accept more risk only if we expect to get greater expected (or average) return.

This risk aversion principle can be formalized (and made analytical) in a few
different ways, which are discussed in later chapters. Once a formalism is established,
the risk aversion principle can be used to help analyze many investment alternatives.

One way that the risk aversion principle is formalized is through mean-variance
analysis. In this approach, the uncertainty of the return on an asset is characterized
by just two quantities: the mean value of the return and the variance of the return.
The risk aversion principle then says that if several investment opportunities have the
same mean but different variances, a rational (risk-averse) investor will select the one
that has the smallest variance.
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Chapter 1

INTRODUCTION

This mean—-variance method of formalizing risk is the basis for the most well-
known method of quantitative portfolio analysis, which was pioneered by Harry
Markowitz (who won the Nobel prize in economics for his work). This approach leads
to a comprehensive theory of investment and is widely considered to be the foundation
for modern portfolio theory. We discuss this important theory in Chapter 6.

A more general way to formalize the risk aversion principle is through the
introduction of individual utility functions. This approach is presented in Chapter 9.

Later, in Chapter 15, we find that risk aversion takes on a new character when
investments are made repeatedly over time. In fact, short-term variance will be found
to be good, not bad. This is one of the surprising conclusions of the comprehensive
view of investment represented by investment science.

1.3 TYPICAL INVESTMENT PROBLEMS

Every investment problem has unique features, but many fit into a few broad categories
or types. We briefly outline some of the most important problem types here. Fuller
descriptions of these general types and more specific examples appear in the relevant
chapters.

Pricing

Let us go back to our very first example of an investment situation, the first offer
from your uncle, but now let us turn it around. Imagine that there is an investment
opportunity that will pay exactly $110 at the end of one year. We ask: How much
is this investment worth today? In other words, what is the appropriate price of this
investment, given the overall financial environment?

If the current interest rate for one-year investments is 10%, then this investment
should have a price of exactly $100. In that case, the $110 paid at the end of the year
would correspond to a rate of return of 10%. If the current interest rate for one-year
investments is less than 10%, then the price of this investment would be somewhat
greater than $100. In general, if the interest rate is r (expressed as a decimal, such
as r = .10), then the price of an investment that pays X after one year should be
X/(1+7r).

We determined the price by a simple application of the comparison principle.
This investment can be directly compared with one of investing money in a one-year
certificate of deposit (or one-year Treasury bill), and hence it must bear the same
effective interest rate.

This interest rate example is a simple example of the general pricing problem:
Given an investment with known payoff characteristics (which may be random), what
is the reasonable price; or, equivalently, what price is consistent with the other se-
curities that are available? We shall encounter this problem in many contexts. For
example, early in our study we shall determine the appropriate price of a bond. Later
we shall compute the appropriate price of a share of stock with random return char-
acteristics. Still later we shall compute suitable prices of more complicated securities,



