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$F1E #K (Groupoids)

KB FENBEM (groupoid) FIHEE. 1X—HE& 2 H Heinrich Brandt 7E 1926
FRETIHR, EREE RIS &5 Hopf AREU (weak Hopf algebra) 55531
Hopf f8# (weak multiplier Hopf algebra) BRI L. X T HWIERTE, BATE LN
HEMKRREEEHE.

1.1 X AR (Equivalence Relations)

EHNHRKR (relation) HEA MBI T, #E—PHREMN KR (equivalence rela-

tion).

Definition 1.1.1 A relation(3X%&) on a nonempty set A is a collection of
ordered pairs of elements of A. In other words, it is a subset of the Cartesian product
A? = A x A.

If S is a set, we will use the symbol “~” to denote either an abstract relation or
a specific relation for which there is no standard notation. For a,b € S, we will write

a ~ b, not (a,b) €~, to indicate that a and b are related.

Definition 1.1.2  Let ~ be a relation of a set .S. ,

(1) We say that ~ is reflexive( H xtf) provided for all a € S, it implies a ~ a.

(2) We say that ~ is symmetric(XF{) provided for all a,b € S, a ~ b implies
b~ a.

(3) We say that ~ is transitive (f£i%%) provided for all a,b,c € S, if a ~ b

and b ~ ¢, then a ~ c.

Example 1.1.3 (1) Consider the relation “<” on R. It is easy to check that
“<”is transitive but not reflexive and symmetric.
(2) Consider the relation “<” on R. It is easy to check that “<” is transitive
and reflexive but not symmetric.
(3) Define the relation ~ as follows: a,b € Q, if |a —b| < 1, then a ~ b. It is easy

to show that ~ is symmetric and reflexive but not transitive.
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Definition 1.1.4 A relation ~ on a set S is called an equivalence relation

provided ~ is reflexive, symmetric, and transitive.

Example 1.1.5 (1) For z,y € R, define  ~ y to mean that z —y € Z. It can
be showed that ~ is an equivalence relation on R.

(2) Define the “square” relation R to mean that z? = y2.

Then the square
relation is an equivalence relation.
(3) For a,b € Z, define a ~ b to mean that a divides b. Since 0 does not divide

0, ~ is not an equivalence relation.

Definition 1.1.6 Let n be a positive integer. For integers a and b, we say
that a is congruent to b modulo n(a 5 b F&H n), and write a = b (mod n),
provided a — b is divisible by n.

The following statements are various ways to say a = b (mod n), that is, the
statements are equivalent:

(i) a = b (mod n);

(ii) @ — b = kn for some integer k;

(iii) @ = kn + b for some integer k.

Theorem 1.1.7 Congruence modulo n is an equivalence relation on Z.

IRl EERRIERSM. & o AE—EBE. B a—a=0F 0 7TH n B,
%1 a =a (mod n) ARIL.

TAEXFRYE. ¥ oo 1 b HEH, WADFEREY £ 18 o — b = kn, ENH
b—a=—(a—0b)=—(kn) = (—k)n. B n B b—a, Bl b=a (mod n).

FHiEE#ESE. % o = b (mod n), b = ¢ (mod n), MBFEEE k& F45
a—b=kn,b—c=kn FRa—c=k+k)n & n ¥ a—c Bl a=c (mod n).

d

1.2 ZFHE (Equivalence Classes)
EWFAEN KA IETREBIT IR, FIRIHEIZPMES SO

Definition 1.2.1 Let ~ be an equivalence relation on a set S. For each a € S,

we define the equivalence class (1K) of a, denoted by @, to be the set

a={beS|b~a}.
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Example 1.2.2 For z,y € R, define z ~ y to mean that |z| = |y|. Then for
every a € R, we have

a = {a,—a}.

Theorem 1.2.3 Let ~ be an equivalence relation on the set S. For a,b € S,
the following statements are equivalent:

() a=b

(ii) a ~ b;

(iii) a € b;

(ivianb # @.

MERR (i)=(ii): BMMbeb=a, Bl a~b.

(i) =(iil): BAR.

(ii)=(iv): HaecbMaca BIF[EI and # 2.

(iv)=(): WeceanbMc~aHen~nbd BERdeca Md~a TEH~
AEMRR, WReEEY, He~rafMldra 5, dee. XH e~b, W deb, B
a Cb.

EEA4a>b FRa=0. 0

Equivalence classes for congruence mod n are also called congruence classes( |7

4£K). Let a be an integer. By the definition of an equivalence class we have
a={ze€Z|z=amod(n)} ={z € Z |z — a = kn for some integer k}.

For the given n, we denote by Z, the set of all congruence classes of Z for the

relation congruence mod n. Thus, Z, = {a | a € Z}.

Theorem 1.2.4 For every positive integer n, Z, = {0,1,--- ,n — 1}.

ERR W oa € Z, WHHERBREABMBGFEREY ¢r, B a=gn+r H
0LKr<n WMa-—r=qn Blacr HEH 1.23 8[4,a=7 MNIENPMTF 0K
Fon—1 MBHESITLAE 0,1, ,n — 1 ZHHFEBRE DR, HarBRoL. a

Corollary 1.2.5 Let n be a positive integer. For every a, b € Z, the following
statements are equivalent:

(i) In Zy, @=Db;

(ii) @ = b (mod n), that is, n divides a — b;

(i) a € b;

(iv)anb # @.

iER A EHE 1.2.3 FMEHE 1.2.4 B[4, ]
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We know that the set of all equivalence classes of S under ~ is defined to be the
set of all subsets of S which are equivalence classes of S under ~ , and is denoted by

S/ ~ . The map z +— T is sometimes referred to as the canonical pro jection(ﬁ‘fﬁ

BA).

Definition 1.2.6 Let S be a nonempty set. If S can be represented as a union
of some subsets and these subsets are disjoint sets with each other, i.e. S = U?=1 S;,
where S; €S, n=1,2,---,00, 5;NS; = @ for i # j, then every S; is called a class
of S, and {S; |i=1,2,--- ,n} is called a partition (Xl|4}) of S.

Let S be a set with an equivalence relation ~. We will see that for every equiv-
alence relation ~ | the set of all equivalence classes of S under ~ is a partition of S,
and this correspondence is a bijection between the set of equivalence relations on S

and the set of partitions of S (consisting of nonempty sets).

Theorem 1.2.7 A partition of a nonempty set S decided an equivalence re-
lation ~ in S.

R B S=Ur, S, % S C S, n=1,2,---,00, B i #5855 5; X

EX S PHRRER ~ WF:

a~b <= a5bFEITE—K, Hla, bEE T HEAS:.

TE ~ A—MEMRE.

XRME: 2 a~b, WFEE i, 8 a,beS;. BRE b~a.

REMH: FHacS MALFEE i, FB acS,. Bla~a.

it 3 a~b, b~ c, WFFLE 4,5, #13 a,be Si, bce S;, Bl be SinsS;. A
ME i=j. BabceS. TRa~c

g bmran, ~ HEH KA. O

Theorem 1.2.8 An equivalence relation ~ in a nonempty set S decided a
partition of S.

MR W~ 8 S PR AENRR, WEBE S =U,csa HF ah o BFEM
R OHEHE1.23, AIHE o 5o AEM, Wa 5o B NTAR S =U, s 3
Foa; BUE S FRT ~ BEFHRHRET. O

Then we can get the following
Corollary 1.2.9 For a given set S, ~ is an equivalence relation if and only if

it produces a partition.
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Definition 1.2.10 Let ~ be an equivalence relation on nonempty set S. The
set of all equivalence classes in S is called the quotient set (Fi%E) of S relative to
~, and is denoted by S/ ~ or S, that is,

S/ ~={@|a€ A} C P(S),

where P(S) is the power set of S.

Define a canonical projection by
v:8— 8/~ viaara,

which is a surjection.

1.3 #t (Groupoids)

AR EENARIE (groupoid) HIMES, F4A HERIRR 7%, FNTRH 52
FRSR A PR ATV FUR E) R L SCER (4] [5]. 9] [10] F [12].

Definition 1.3.1 A groupoid (B¥fE) is a set G with a unary operation ~! :
G — G and a partial function * : G x G — G (here * is not necessarily defined for all
possible pairs of G-elements) such that the following axiomatic properties hold: for
every a,b,c € G

(i) Associativity(£5A1): If a * b and b * ¢ are defined, then (a * b) * ¢ and
a x (b x ¢) are defined and equal. Conversely, if either of these last two expressions is
defined, then so is the other (and again they are equal);

(ii) Inverse(AJ¥it): a=! *a and a * a~! are always defined;

(iii) Identity (B4 HE): If a % b is defined, then a*b*b~! = a, and a~ ! xa*b = b.

From these axioms, it is easy to get (a™!)~! = a and that if a x b is defined, then

(@%b}t =b"Lwa 1.

Remark 1.3.2 Let G be a groupoid. When G is a finite set, we say that G
is a finite groupoid (5 FREEME). When G is an infinite set, we call G an infinite
groupoid (ERREEAL).

Let G be a groupoid. It is a set with a distinguished subset of pairs (p,q) in
G x G for which the product pg in G is defined. This product is associative, in the
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appropriate sense. The product pq is only defined when the so-called source s(p) of
the element p is equal to the target ¢(q) of the element g. The source and target maps
are defined from G to the set of units and this set can (and will) be considered as a
subset of G.

Examples 1.3.3 The simplest example of a groupoid is obtained from an
equivalence relation ~ on a set X. The elements of the groupoid G are pairs (y, z)
with z,y € X and = ~ y. The set of units is X and the source and target maps are
seperately given by

s(y,z) =z and i(y,z)=y,

for (y,z) in G. The set of units is considered as a subset of G via the map z — (z, ).

The product of (z,y) with (y,z) is (2,z) when z,y,z € X,z ~y and y ~ 2.

EFRAEM RS

(1) 3 G R— 1A RERAT, B AT PAE X —A~55 Hopf A3 (weak Hopf alge-
bra), HF5% WICHR [2]. [3]. [6]~[8)].

(2) 3 G B— LB, BRI LLE X —1 55T Hopf AAE (weak mul-
tiplier Hopf algebra), BT RICHER (1], [11]. [13]~[18].
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B2

1. For A, B € P(Z), define A ~ B to mean that AN B = @ (Recall that P(Z)
is the power set of Z),

(i) Prove or disprove that ~ is reflexive;

(ii) Prove or disprove that ~ is symmetric;

(iii) Prove or disprove that ~ is transitive.
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2. For (a,b),(c,d) € R?, define (a,b) ~ (c,d) to mean that 2a — b = 2¢ — d.
Prove that ~ is an equivalence relation on R2.

3. Define a function f : R — R by f(x) = 2? + 1. For a,b € R, define a ~ b to
mean that f(a) = f(b).

(i) Prove that ~ is an equivalence relation on R;

(ii) List all elements in the set {z € R|z ~ 3}.

4. Describe the set of all integers z such that = 4 (mod 9) and use the
description to list all integers = such that —36 < x < 36 and z =4 (mod 9).

5. Let m and n be positive integers such that m divides n. Prove that for all
integers a and b, if @ = b (mod n), then a = b (mod m).

6. Let R* denote the set of all nonzero real numbers and let Q* denote the set
of all nonzero rational numbers. For a,b € R*, define a ~ b to mean that a/b € Q*.

Prove that ~ is an equivalence relation, and prove each of the following:

0 = =
=
:/ S—
il
2ol o0
o
T
| Cr\l
sl
\]

. For a positive integer n, set
Zny = {@ € Zy, | ged(a,n) = 1}.

Thus, for example, Z10y = {1,3,7,9}.
(i) Prove that the set Z,) is well-defined, that is, prove that for all integers a;
and a, if a7 = @3 in Z(,,) and a7y € Z(,), then a3 € Z,);

(ii) Prove that for all integers a and b, if @,b € Z(n), then ab e Zpy.
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AEFEBENHEE (group) KIS (BSEH E.Galois 5|3#) RHEGEWMHR, B
K F#E (subgroup). IEFFH (normal subgroup). X FR#E (symmetric group). #f
E#& (homomorphism) MR EE (quotient group). BEWIEEXMASW K& T#
(quantum group) 53&F Hopf f8E (multiplier Hopf algebra) EEi& L.

21 B M &
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Definition 2.1.1 A binary operation( _JCiZ%) on a set G is a function
x:GxG—G.

In more details, an operation assigns an element x(z,y) in G to each ordered
pair (z,y) of elements in G. It is more natural to write z x y instead of *(z,y);
thus, composition of functions is the function (f,g) — g o f, while multiplication,
addition, and subtraction are respectively the functions (z,y) — zy, (z,y) — z + v,
and (z,y) — x —y. The examples of composition and subtraction show why we want
ordered pairs, for z*y and y*z may be distinct. As function,each operation is single-

valued; when one says this explicitly, it is usually called the law of substitution:
ifr=2"andy=19/, then zxy=2"xy’.

Definition 2.1.2 A group(#f) (G, *,¢) is a nonempty set G equipped with a
binary operation * and a special element e € G called the identity(¥.47JG), such
that

(1) Associativity(4i&tE) holds: for every a,b,c € G,
ax(bxc)=(ax*xb)*c;

(2) Left Identity(ZE#iﬁZﬁ) holds: exa = a for all a € G, i.e., e is a left
identity;
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(3) Left inverse (Z£i¥i#4) holds: for every a € G, thereis a’ € G with a’*a = e,

i.e., d’ is a left inverse of a.

Remark 2.1.3 We can refer to G in place of a group (G, %, ), provided that

no confusion will result.

Example 2.1.4 (1) The set of integers under addition forms an infinite add-
itive group, (Z,+,0).

(2) The set of nonzero real numbers under multiplication forms an infinite mul-
tiplicative group, (R \ {0}, x,1).

(3) The complex numbers under the operation of addition, forms a group,
(C,+,0).

(4) The set

S = {z +yV2|z,y € Z, where (z,y) # (0,0)}
under multiplication forms a group, (5, x,1).

Let G be a group. If for all z,y € G, zy = yz, we call the group Abelian or
commutative (F] J1/RERAZ#[1]).

Lemma 2.1.5 If x is an associative operation on a set G, then
(@xb) x(cxd) =[ax(bxc) xd,

for all a,b,c,d € G.
R R g=axb, BBABE (axb)x(cxd) =g*(cxd) = (g*c)xd=
[(axb)*c]*d=[ax(bx*c)]*d. O

Lemma 2.1.6 If G is a group and a € G satisfies a x a = a, then a = e.
MR HBEXM, FE o €GB o/ xa=e. £ axa = a IEAPEILIFE
PL o/, MZERALA e, TAILA o x(axa) = (o' xa)*a=exa=a, Filla=e O

Proposition 2.1.7 Let G be a group with operation * and identity e, then
we have

(1) axa’ =e for all a € G;

(2) axe =a for all a € G;

(3) if e € G satisfies eg xa = a for all @ € G, then ey = €;

(4)if a € G. If b € G satisfies bxa = e, then b= a'.
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R (1) &ITEH o' xa=e, HETRIEH a*xa’ =e. HT|H 2.1.5,

(axa’)x(axa’)=[ax*(a"*a)]*ad

= (axe)xa
=ax(exa)
=gk u

FHRHES|IH 21.6,a%a =e.
(2) BA (1)

axe=ax*(a xa)=(a*ad)xa=exa=a.

F, axe=a.

(3) BAVMAIEH— MR EHEM—EATT. WER e *xa = a, AR
a e G, %B/é\%%u:ﬂﬁ €eg *x eg = €g. ﬁﬂa%lﬁ 2.1.6, eg = €.

(4) 7 (1) #, BRATEBWR o’ xa=e, W axa =e. HFA

b:b*e¥:b*(a*a’):(b*a)*a':e*a':a'. ]

From this proposition, we know that a left inverse is also a right inverse.
Thus, we use a~ ! to denote the inverse of a. The identity element of a group can
also be denoted by 1.

We now present a very important group. In high school mathematics, the words
of permutation and arrangement are used interchangeably, if the word arrangement

is used at all. We draw a distinction between them.

Definition 2.1.8 If X is a set, then a list in X is a function f : {1,2,--- ,n} —
X. Ifalist f in X is a bijection (so that X is now a finite set with |X| =n), then f
is called an arrangement of X.

If f is a list, denote its values f(i) by z;, where 1 < ¢ < n. Thus, a list in
X is merely an n-tuple (z1,z2,- - ,z,). To say that a list f is injective is to say
that there are no repeated coordinates [if ¢ # j, then z; = f(i) # f(j) = =;]; to
say that f is surjective is to say that every x € X occurs as some coordinate. Thus,
an arrangement of X is an n-tuple (zy,z2,---,z,) of all the elements of X with
no repetitions. We often omit parentheses and write a list as z;,22, -+ ,z,. For

example, there are 27 lists in X = {a,b, ¢} and 6 arrangements:

abc; ach; bac; bea; cab; cba.



