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Chapter 1 Introduction

Chapter 1 Introduction

Numerical analysis is the development and study of procedures for solving
problems with computers. The exact solution to a problem is called an analvtical
solution. Unfortunately, very few analytical solutions can be obtained in practice.
Numerical solutions, approximations to analytical solutions, are considered. They
can be found using a suitable type of calculation-intensive process, known as a
numerical method called algorithm. The term “algorithm” is used for a systematic
procedure that solves a problem or approximates a solution to the problem. A major
advantage for numerical analysis is that a numerical answer can be obtained even when
a problem has no analytical solution. Further, only the required mathematical
operations are additions, subtractions, multiplications, and divisions as well as
comparisons. Because these simple operations are exactly the functions that
computers can perform, computers and numerical analysis make a perfect

combination.

1.1 Errors and Significant Digits

It is important to realize that the result from numerical analysis is an
approximation, which means the result has errors. The estimation of
computing errors and the other sources of error in numerical methods is a

critical part of the numerical analysis, which will occur often throughout this

book.
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1.1.1 Truncation Error and Roundoff Error

In numerical analysis two kinds of errors, truncation error and roundoff error,
are mainly considered.

Truncation error is error made by numerical algorithms that arises from taking
finite number of steps in computation. It is present even with infinite-precision
arithmetic, because it is caused by truncation of the infinite Taylor series to form the
algorithm.

For example,
_ 1 1
e=1+1+S5+-+—=+"-,
21 n!
but we have to use its finite items to approximate e, say as
e=1414L Attt
21 n!
and the error

al i) =€ ( 21 n!>_(n+1)! .E

is the truncation error.
In computers, numbers are usually represented in the noermalized decimal
Sfloating-point form
" =x0.a1a;*ra, X10™, 1<{a,; <9, 0<{a; <9y i=2, 3, ***, n,
(1.1. 1)
which are called n-digit decimal machine numbers.

Roundoff error is produced when using finite precision floating-point
numbers on computers to represent real numbers (which in theory have infinite
digits) since computer can only represent a number with finite number of
digits.

Note. Roundoff errors are due to “ rounding” in the basic arithmetic
operations. There are two ways to do this. One way is called chopping, and the

other is called rounding. The following example illustrates the two ways:
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