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Preface

This is a textbook on multivariate and vector calculus, but it is also a story.
It is a story that begins and ends with revolutions in our understanding
of the physical world in which we live. It carries us from the birth of the
mechanized view of the world in Isaac Newton’s Mathematical Principles
of Natural Philosophy, in which mathematics becomes the ultimate tool
for modeling physical reality, to the dawn of a radically new and often
counterintuitive age in Albert Einstein’s Special Theory of Relativity, in
which it is the mathematical model that suggests new aspects of that reality.

This is also a chance to have some fun with mathematics. Here is the
promised reward of being able to do something interesting and useful with
the calculus that you have mastered in the past year. A colleague once told
me of a high school experience in which he had the opportunity to partic-
ipate in a special class that promised to reveal the basic tools of mathe-
matics. Visions of orbit calculations and other mathematical applications
danced through his head in anticipation. He was disappointed when the
course turned out to be set theory. Presented here is the course for which
he was hoping. We shall compute orbits and rocket trajectories, see how to
model flows and force fields, derive the laws of electricity and magnetism,
and show how observations of mathematical symmetry lead to the conclu-
sion that matter and energy are interchangeable.

If I stand accused of blurring the line between mathematics and physics,
1 enthusiastically plead “Guilty!” Mathematics is often viewed as all tech-
nique, the foundation for interesting studies of the world but dull and
tedious in and of itself. I hope that this book will reveal to you some of
the intimate interplay between mathematics and our understanding of the
physical universe and, in the process, illuminate some of the intrinsic beauty
of mathematics itself.

I have also tried to emphasize the mathematical structure underlying this
subject. For this, I have taken my inspiration from two of the great texts
on several variable calculus: Tom Apostol’s Calculus and Harold Edwards’
Advanced Calculus. The former was my own textbook as an undergraduate,
and I admire its clarity and precision and, above all, its treatment of the
derivative of a vector field as a linear transformation. Edwards opened the
world of differential forms to me, and I am especially indebted to him for
revealing the natural progression from the fundamental theorem of calculus
to Maxwell’s equations to special relativity. I have taken what I found most
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imitation as sincere flattery.

The physicist and occasional mathematician Freeman Dyson, in an ad-
dress to the American Mathematical Society in 1972, spoke of the passage
from the equations of electricity and magnetism to the insights of special
relativity as one of the opportunities missed by mathematicians as they
divorced themselves from the problems of physics. Even today, most math-
ematicians have a poor appreciation of Maxwell’s contributions. An excerpt
from Dyson’s comments is included as Appendix A. I hope that many of
you will be motivated to read all of his address and to participate in the
reintegration of physics and mathematics that I feel has begun.

This book grew out of an honors calculus class at Penn State. It is in-
tended to be covered in one 15-week semester of four classroom hours per
week. That is a fast pace, and yet it is one that dedicated students can
maintain. There are no interchangeable parts. This text was designed to
be used as a whole. That does not mean that each chapter need be given
the same emphasis. Chapters 1, 3, and 11, as well as Sections 8.2, 8.5, 9.5,
and 10.9, can be touched lightly and rapidly with the student responsible
for reading and assimilating much of the material. But, I hope that the in-
structor will not give these portions too scant attention for they provide the
flesh of a subject that too often is reduced to the dry bones of technique.

There are many people to whom [ owe a debt of gratitude for help with
this book, among them Don Albers and Freeman Dyson for their early
encouragement; Ray Ayoub, Allan Krall, Steve Maurer, and David Rosen,
who went through much of the manuscript and suggested improvements;
the National Security Agency for its support; and my editor at Springer-
Verlag, who expressed consistent confidence in this project and made a
number of valuable suggestions. But, most especially, I wish to thank the
students who struggled through the first draft of the text in the fall of
1990 and pointed out many of my misprints, as well as places where the
explanations were obscure, the examples inadequate, and the exercises im-
possible. I do not claim that they or I have now found all such faults, but
this is a better book for their efforts. They are Jeffrey Caruso, Robert Col-
bert, David Druist, Mark Flood, Kathleen Galvin, Darren Gibula, Steven
Gradess, Stanley Hsu, Steven Jackson, John Johnson, Timothy Keane,
Brian Ledell, Kurt Ludwick, Lara Palmer, Brian Pavlakovic, Christine Pen-
ney, Julie Richards, Alexander Richman, Nicola Schussler, Andrew Shrop-
shire, Michael Smith, Peter Stone, Xiong Sun, Christopher Tatnall, Melissa
Wallner, Marc Weinstein, and Jill Wyant.

To anyone who requests it, I will send a current list of corrections for
this book, and I ask your help in finding misprints and errors. Regular mail
should be sent to Macalester College, St. Paul, MN 55105, USA; e-mail to
bressoud@macalstr.edu.

David M. Bressoud March 6, 1991
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F =ma

The heavens declare the glory of God,
and the firmament shows his handiwork.
—Psalm 19

Had 1 been present at the creation, I would have given some
useful hints for the better ordering of the universe.
—attributed to King Alfonso X of Castile (1221-1284)

[Newton] has so clearly laid open and set before our eyes the
most beautiful frame of the System of the World, that if King
Alfonso were now alive, he would not complain for want of the
graces either of simplicity or of harmony in it.

—Roger Cotes, from the Preface to the second edition of
Philosophie Naturalis Principia Mathematica (1713)

1.1 Prelude to Newton’s Principia

Popular mathematical history attributes to Isaac Newton (1642-1727) and
Gottfried Wilhelm Leibniz (1646-1716) the distinction of having invented
calculus. Of course, it is not nearly so simple as that. Techniques for'evalu-
ating areas and volumes as limits of computable quantities go back to the
Greeks of the classical era. The rules for differentiating polynomials and the
uses of these derivatives were current before Newton or Leibniz were born.
Even the fundamental theorem of calculus, relating integral and differential
calculus, was known to Isaac Barrow (1630-1677), Newton’s teacher. Yet
it is not inappropriate to date calculus from these two men for they were
the first to grasp the power and universal applicability of the fundamental
theorem of calculus. They were the first to see an inchoate collection of
results as the body of a single unified theory.

Newton’s preeminent application of calculus is his account of celestial
mechanics in Philosophie Naturalis Principia Mathematica or Mathemati-
cal Principles of Natural Philosophy. Ironically, he makes very little specific
mention of calculus in it. This may, in part, be due to the fact that calculus
was still sufficiently new that he felt it would be suspect. In part, it is a
reflection of an earlier age in which mathematicians jealously guarded pow-
erful new techniques and only revealed the fruits of their labors. Newton’s
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