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Computer-simulated molecular motions, reminiscent of 2-dimensional BrRownNian
motion. [From ALDER,B.]J., and T. E. WAINWRIGHT: Molecular motions. Scientific
American 201, no. 4, 113—126 (1959)].




Preface

RoBerT BrowN, an English botanist, observed (1828) that pollen
grains suspended in water perform a continual swarming motion (see,
for example, D’Arcy THoMmPsON [1: 73—77]).

L. BACHELIER {1900} derived the law govering the position of a
single grain performing a 1-dimensional BRoOwNian motion startmg at
a€ R! at time ¢ = 0:

1) P [x(t) €db] = g(t,a,b)db  (t,a,b) € (0, +o0) X RY,

where g is the source {GREEN) function

e— a3t

2 t,a,b) =
of the problem of heat flow:
2
3) ou _ 1 0% {t>0).

at 2 da?

BACHELIER also pointed out the MARKOVian nature of the BrownNian
path expressed in

4) Pla, < x(t) <by,a, <x(ty) <by,..., a6, <x(t,) < b,
b by b
_f f _[g l’a El (t2 tl:E];Ez)-..
a, ag
g(tn_tn—lx Eﬂ,—]l E‘n)dfl d£2'-- E’n O<t1<t2<"'<tn

and used it to establish the law of maximum displacement

e- -/2:

5) P[ma.xx(s)Sb]——Zf t>0,b=0
(see BACHELIER [I]).

A. EINSTEIN (1905) also derived 1) from statistical mechanical con-
siderations and applied it to the determination of molecular diameters
(see, for example, A. EINSTEIN [Z]).

BACHELIER was unable to obtain a clear picture of the BrRowNian
motion and his ideas were unappreciated at the time; nor is this sur-
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prising because the precise definition of the BrowNian motion involves
a measure on the path space, and it was not until 1909 that E. BoreL
published his classical memoir [I] on BERNOULLI trials. But as socon as
the ideas of BOREL, LEBESGUE, and DANIELL appeared, it was possible
to put the BRowNian motion on a firm mathematical foundation; this
was achieved in 1923 by N. WIENER [1].

Consider the space of conitnuous paths w:{€ [0, 4 oo} - R! with
coordinates x(f) = w(#) and let B be the smallest BoreL algebra of
subsets B of this path space which includes all the simple events
B=(w:a=x(t)<b) (t=0,a<b). WIENER established the exi-
stence of non-negative BOREL measures P,(B) (e € R, BEB) for
which 4) holds; among other things, this result attaches a precise
meaning to BACHELIER’s statement that the Browmian path is conti-
HUOUS.

P.LEvy [2] found another construction of the BrRowNian motion
and, in his 1948 monograph [3], gave a profound description of the fine
structure of the individual BRowNian path. LEvy’s results, with several
complements due to D. B. Ray [4] and ourselves, will be explained in
chapters 1 and 2, with special attention to the standard Brownian
local time (the mesure du voisinage of P. LEVY):

measure (s: a S x(s) < b, s ¥)
2(b— a) '

6) t(t, a) = lm
Given a STURM-LIOUVILLE operator & = (¢,/2) D*4-¢; D (¢, > 0) on
the line, the source (GREEN) function p = p{t, @, b) of the problem

7) 2w (t > 0)

shares with the Gauss kernel g of 2) the properties

8a) 09
8b) - [ pt,a,b)db =1
Rl
8c) P, a,b) = fp(t—s,a,c)p(s,c,b)dc t>s>0.
R

Soon after the publication of WIENER's monograph [3] in 1930, the
associated stochastic motions (diffusions) analogous to the BrowNian
motion (& = D?2) made their debut; the names of W. FELLER and
A.N. KoLMoGoRrovV stand out in this connection. At a later date (1946),
K. IT0 [2] proved that if

9) ley(8) — ¢,(a)| + |Vea(B) — Veg(a) | < constant X |b — af,
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then the motion associated with & = (c,/2) D% +- ¢, D is identical in
law to the contznuous solution of

[4 t
10) a(t) = a(0) + [, (@) ds + [ Veala) db
0 0

where b is a standard Brownian motion.

W. FELLER took the lead in the next development.

Given a MARKOVian motion with sample paths w:¢ — x(f) and
probabilities P, (B) on a linear interval (, the operators

11) Hy:f — [ Pylx(t) € 48] f(b)
constitute a semi-group: )
12) H,=H_,H (t=s),

and as E. HiLLe [I] and K. Yosipa [I] proved,
13) H, = ¢© (¢ >0)

with a suitable interpretation of the exponential, where & is the so-
called generator.

D. Ray {2] proved that if the motion is strect Markov (i.e., if it
starts afresh at certain stochastic (MARKOV) times including the passage
times m, = min (¢: x ({) = a), efc.), then & is local if and only if the
motion has continuous sample paths, substantiating a conjecture of
W. FELLER; this combined with FELLER’s papers [4, 4, 7, 9] im-
plies that the generator of a strict MARKOvian motion with continuous
paths (diffusion) can be expressed as a differential operator
u* (b) — u* (a)

ma, b]

14) (& u) (a) = 1im )

where m is a non-negative BOREL measure positive on open intervals
and, with a change of scale, u*(z) = lbiir; (b — a)~2[u(b) — u(a)], except
at certain singular points where & degenerates to a differential operator
of degree =1.

E. B. DynkIN [I] also arrived at the idea of a strict MARKOV process,
derived an elegant formula for &, and used it to make a simple (prob-
abilistic) proof of FELLER’s expression for &; the names of R. BLUMEN-
THAL [I] and G. HunT [I] and the monographs of E. B. DYNKIN [6, &]
should also be mentioned in this connection.

Our plan is the following.

Brownian motion is discussed in chapters 1 and 2 and then, in
chapter 3, the general linear diffuston is introduced as a strict MARKOVian
motion with continuous paths on a linear interval subject to possible
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annihilation of mass. ® is computed in great detail in chapter 4 using
probabilistic methods similar to those of E. B. DyNkiIN [5]; in the so-
called non-singular case it is a differential operator

ut(b) —ut(@) — [ udk

. H (e, b]
15) (® u) (a) = hm i@, bl

with «* and m as in 14), where now k is the (non-negative) BOREL
measure that governs the annihilation of mass (such generators occur
somewhat disguised in W. FELLER {9]).

Given ® as in 14) and a standard BrowNian motion with sample
paths w: ¢ — x(f), if t is P. LEvy's Brownian local time and if {-! is the
inverse function of the local time integral

16) i) = [ t(t, &) m(@8),

then the motion z () is identical in law to the diffusion attached to &,
as will be proved in chapter §, substantiating a ‘suggestion of H. TroT-
TER; B. VoLkonskli [I] has obtained the same time substitution in a
less explicit form.

Given ® as in 15), the associated motion can be obtained by killing
the paths % (j-!) described above at a (stochastic) time m., with conditio-
nal law

) Pime > t] () = 107 0 060

as is also proved in chapter 5; in the special case of the elastic Brownian
motion on [0, + oo) with generator @ = D?/2 subject to the condition
yu(0) = —y) % (0) 0 <y <1,

+ o

§ =f t(t, &) 2d & = measure (s: 2(s) = 0, s <),

0
x{f~1) is identical in law to the classical reflecting Brownian motion
x* = ||, and 17) takes the simple form

vy .
18) P.[mw>tlx+]=e'-i-_—;;l+(t.0) (t+ = 2t),
substantiating a conjecture of W, FELLER: that the elastic BRowNian
motion ought to be the same as the reflecting BrowNian motion killed
at the instant a certain increasing functional ¢(8. N [0, ?)) of the time ¢
and the visiting set §* = (¢: #* () = 0) hits a certain level.

Details about the fine structure of the sample paths of the general
linear diffusion with emphasis on local times, will be found in chapter 6.
Brownian motion in several dimensions is treated in chapter 7, and
in chapter 8, the reader will find some glimpses of the general higher-
dimensional diffusion.
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Prerequisites

The reader is expected to have about the same mathematical back-
ground as is needed to read COURANT-HILBERT [I, 2]. Besides this, he
should have mastered most of W. FELLER's book on probability [3]
plus the topics listed below (see A.N. KorMocorov [2] for a helpful
outline and some of the proofs).

Algebras. Given a space W, a class A of its subsets is said to be an
algebra if

1) wWeA

2) A—_B,AUB,ANBE€A incase A4,BEA.

A is said to be a Borel algebra if, in addition,

3) U B,, N B,€EA incase B,EA(n=1).
nz1 n21

Borel extension. A class A of subsets of W is contained in a least
Borel algebra B. B is the so-called Borel extension of A.

Probability measures. Consider a non-negative set function P(C)
defined on an algebra A. P is said to be a probability measure if

1) P(W) =1

and

2) P(AUB) =P(A) + P(B) A, BEA, ANnB=go.
P is said to be a Borel probability measure if, in addition,

3a) P(B)10 (nt+o) Byi@,B,€A(m=1)

or, what is the same,
nel nal
B,€A(n=1), U B,€A.
nz1
Kolmogorov extension. Given a BOREL probability measure P on

an algebra A, there is a unique BOREL probability measure @ on the
BoREL extension B of A that coincides with Pon A :Q (B) = inf 3 P(4,)
nz1

where the infemum is taken over all coverings U 4, of B€ B with

na1
A, € A(n = 1); the triple (W, B, Q) is said to be a probability space.

1t6/McKean, Diffusion processes 1
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58]

Measurable functions. Given a space W and a BOREL algebra B of
its subsets, a function f: W - [—oe, + o0] is said to be measurable B
(or BoreL) if the ordinate set f-*[a, ) € B for each choice of a < &.

Integrals. Given a probability space (W, B, Q), the integral or ex-
pectation of a non-negative B measurable function f is defined to be

==ffdo
= lim 3" [2"Q[f[({—1)2™127"] QM (+e)) =0
nhr oo 3
=t oo Q[ (+ )] > 0.
E, applied to such non-negative functions, satisfies
1) Efy=z0
2) E()=1
3) E(fy + i) = E(f)) + E(fa)
4a) E{fa) 4 E(f) fatf
4b) E(fa) 4 E{f) fat [, E(fy) < +oo,
5) E(limf,) < LimE(f,).

E(f,B) = E(B, ) is short for | [ dQ.
B

Produets. Given probability spaces (W,, B,, ¢,) and {(W,, B,,Q,),
the class A of finite sums A4 of disjoint rectangles By X B, (B, € B,,
B, € By) is an algebra and

Q(B; X By) = QI(BI) XQ2(32)

can be extended to a BoOREL probability measure on A; the product
0, X Q. is the KOLMOGOROV extension of this () to the BOREL extension
B =B, xB,of A.

Fubini’s theorem. Given a B, x B, measurable function f from
W, X W, to {0, +00),

j’fdolx@2—~jdolffdoz fdozf/dol
W, x Wy
Intinite produets. Given probablhty spaces (Wn, Bn, Qn (= 1),
AycA=BX W, X W,,.x etc., BEB;xByx - .- xB,

is a BoreL algebra and

Q(A) = Q1 X Qg X - - X Qu(B)

is a BOREL probability measure on the algebra A = U A,,; the infinite
nzl
product x Q, is defined as the KoLMOGOROV extension of ¢ to the Borer
n=1
extension x B, of A.
nZl
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Independence. Given a probability space (W, B, P), the BoreL
algebras B,, B, C B are said to be independent if

P(B, N B,) = P(B,) P(B,) B,€B,, B,€B,;

the BoreL algebras B, (» = 1) are independent, if, for each » > 1, B,
is independent of the BoREL extension of U B; the sets B, € B (n = 1)

I£n
are independent if the algebras B, = {@ ,*B,,, W —B,, W] (n=1) are
such; the B measurable functions f, (# = 1) are independent if the
BOREL extensions F, of their ordinate sets f;'[a, d) (@ < b) are such;
the B measurable function f is independent of the BOREL algebra AC B
if the BoreL extension of its ordinates sets is independent of A; eic
E(f,fs) = E(f) E(fy) it f, is independent of f,.

Kolmogorov 01 law. If A, (» = 1) are independent subalgebras
of B, if B, is the BoRrEL extension of U A,, and if B€ N B,, then
P{By=10or 1. ten nel

Strong law of large numbers. Given independent, non-negative,
B measurable functions f,{n = 1) with the same distribution,

Pl lim n-! Z /,,_E(fl)} =

n4+o0

Borel-Cantelli lemmas. G1ven events B, €B (n = 1), if

SPB) < foo, then P[0 UB|=0; if ZPE)= o
nzllzn =1
and if the events are independent, then P[ leJ Bl] =1,

ngal n

Conditional expectations. Given a BoRgL subalgebra A of B and a non-
negative B measurable function [, the conditional expectation E(f| A)
of f relative to A is defined to be the class of A measurable functions g
such that E(g, 4) = E(f,A) (A€ A); two such functions differ on
a null set € A. E(f| A) is the RapoN-N1kopYM derivative of Q(4) =
E(f, A) with respect to the restriction of P to A. E(f| A) (applied to
non-negative f) satisfies

1) E(ffA) 2

2) 1]A)=

3) E(/1+fz|A)= /IIA +E/2‘A

4) E(f,| A+ E(f| A) fnt!
5) E(E(f| A | A) =E(|A) Ao A
and

6) E(E(/| A) = Ef);

in addition,

7) E(f{A) =E(f)

1*



