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Preface

About half a century ago Landau formulated the central principles of the phe-
nomenological second-order phase transition theory which is based on the idea
of spontaneous symmetry breaking at phase transition. By means of this ap-
proach it has been possible to treat phase transitions of different nature in
altogether distinct systems from a unified viewpoint, to embrace the aforemen-
tioned transitions by a unified body of mathematics and to show that, in a
certain sense, physical systems in the vicinity of second-order phase transitions
exhibit universal behavior.

For several decades the Landau method has been extensively used to an-
alyze specific phase transitions in systems and has been providing a basis for
interpreting experimental data on the behavior of physical characteristics near
the phase transition, including the behavior of these characteristics in systems
subject to various external effects such as pressure, electric and magnetic fields,
deformation, etc.

The symmetry aspects of Landau’s theory are perhaps most effective in
analyzing phase transitions in crystals because the relevant body of mathemat-
ics for this symmetry, namely, the crystal space group representation, has been
worked out in great detail. Since particular phase transitions in crystals often
call for a subtle symmetry analysis, the Landau method has been continually
refined and developed over the past ten or fifteen years. A general survey of
the various trends in the evolution of Landau’s theory in the past two decades
is presented at the end of §1. The object of the present book is to provide an
exhaustive account of the current state of Landau’s theory of phase transitions
as applied to crystals. The particular physical nature of a phase transition itself
is of no fundamental importance, since the various (structural, magnetic, ferro-
electric, and other) transitions are described in terms of a unified scheme based
on the mathematical foundations of the theory of space group representations.

xiii



Xiv PREFACE

A special challenge to the authors was the exposition of methods that
permit analysis of phase transitions in crystals of arbitrary complexity. In
keeping with this goal, efficient techniques are handled and developed in this
book allowing one to determine the principal characteristic of a system under-
going a phase transition, that is, the order parameter, from a knowledge of
the symmetry groups of the initial and final phases, or to enumerate all the
symmetry-allowed phases that are likely to arise as a result of a second-order
phase transition from the initial phase. Methods are presented of constructing
polynomial expansions of the thermodynamic potential in powers of a multi-
component order parameter. The exposition of the general theory and methods
is illustrated with numerous examples of typical phase transitions of different
nature, so that the reader may learn independently to apply this material in
practice. This is facilitated also by a number of tables compiled by the authors,
which furnish in compact form the necessary information related to irreducible
representations of space groups.

Some chapters of the book deal with the analysis of phase diagrams in the
space of thermodynamic-potential parameters and in the space of generalized
thermodynamic forces. Consideration is given to the most important thermo-
dynamic potential types, and the analysis performed in the book shows what
kind of physical effects may be expected to occur in specific, more complicated,
cases and what devices should be invoked to accomplish such an analysis.

Along with the exposition of general methods, the book provides an over-
view of recent developments in a number of new branches of the physics of phase
transitions, such as transitions to incommensurate phases, and the branch con-
cerned with the role of fluctuations.

Thus the present book combines and gives a sufficiently detailed treatment
of both major constituents of the contemporary phase transition theory —
symmetry theory and fluctuation theory. By doing so, the authors have tried
to show how the underlying suggestion by Landau that second-order phase
transitions display a universal symmetry-governed behavior has been revived
in fluctuation theory as the universality of the critical indices, which depend
only on the number of components of the order parameter, that is, ultimately
on symmetry again.

Taking into account the systematic and fundamental character of presen-
tation, it is hoped that the sophisticated reader will find in the book a general
and fairly exhaustive treatment of a large domain of the theory of phase tran-
sitions in crystalline systems, as well as some new techniques of symmetry
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analysis at a phase transition. As for the reader who has just started studying
phase transition theory, he will be able to master methods of analysis and to
learn how to apply these in solving particular problems. The reader who is
unconcerned with the mathematical machinery of phase transition theory and
wishes only to become acquainted with the most fundamental results of the
theory is recommended, on reading the first introductory chapter of the book,
to start reading the last four chapters.

The authors wish to express their sincere appreciation to Prof. I.LE. Dzyalo-
shinsky for his support of the idea to write this book, for the numerous bits
of advice as to the selection of the topics involved, and for the criticism and
discussions that have helped to improve the text.



Preface to the English Edition

Nearly five years have passed since the Russian edition of the book appeared.
In this time span some problems of the phenomenological theory of phase tran-
sitions in crystals have been the subject of intensive research and have evolved
into new independent provinces. Three major areas have arisen: the theory
of reconstructive phase transitions, aspects associated with the exploitation of
color symmetry, and the theory of incommensurate structures.

1t is these new areas of research activity that have received considerable
attention in the present English edition (Chapters 8-10). Chapters 8 and 10,
dealing with reconstructive transitions and color symmetry, have been writ-
ten especially for the English edition. Chapter 9, devoted to incommensurate
structures, has been substantially revised and enlarged.

Chapter 8 treats martensitic phase transitions from the b.c.c. to the f.c.c.
and h.c.p. phases. These transitions are certainly first-order transitions and
go without the group-subgroup relation. However, a decisive role in these
transitions attaches to strains, from which one may construct the order param-
eter and use the expansion of the thermodynamic potential in powers of it, in
the spirit of Landau’s second-order phase transition theory. In describing the
transition itself and the characteristic pretransient phenomena, an important
role pertains to inhomogeneous states, which are soliton solutions of non-linear
equations of elasticity theory. Chapter 8 provides a systematic review of recent
developments in the problem of martensite transformations.

Chapter 10 treats a set of phase transitions whose description calls for
color symmetry. Here belong transitions to incommensurate structures and
quasicrystals and also phase transitions in systems described by a quantum
mechanical order parameter. Traditionally, color symmetry is used to describe
and classify structures. This chapter lays emphasis on the more important
physical meaning of the color groups as a mathematical machinery that enables
one to ascertain the role of physical interactions responsible for the occurrence

Xvii



xviii PREFACE TO THE ENGLISH EDITION

of specific structures. Consideration is given also to another aspect of color
symmetry, the so-called color supersymmetry — the symmetry of multidimen-
sional lattices, in terms of which a generality of commensurate-incommensurate
and melt-quasicrystal transitions is established. Section 20 contains a new sub-
section that deals with orientational phase transitions, and the bibliography of
Chapter 1 has been supplied with fresh references.

It is hoped that the enlarged English edition of the book contains a prac-
tically complete up-to-date exposition of problems in the theory of phase tran-
sitions in crystals, which is based on the concept of the order parameter and
on symmetry.

Most sincere thanks are due to Prof. A. Janner and Prof. J. Birman who
have recommended including in the English edition many of the above prob-
lems, and also we would like to express our sincere gratitude to Dr. D.J. Larner
who has given us an opportunity, on behalf of the D. Reidel Publishing Com-
pany, to introduce the aforementioned additions. For technical assistance in
preparing the English manuscript, we would like to thank Vyacheslav Reprint-
sev.

Yuri Izyumov

Vladimir Syromyatnikov



Notation

G crystal space group
G, wave-vector group
g = {h|7s} space group element with h its rotational part and 74 its
accompanying translation
t, arbitrary integral translation of the crystal
b arbitrary reciprocal-lattice vector
by,bs,ba primitive reciprocal-lattice vector
K wave-vector
{r} wave-vector star
KL star arm
I number of star arms
gL representative element of the decomposition of group G, relative
to a subgroup
d=v wave-vector group irreducible representation
1, dimension of the representation
Dix}v space group irreducible representation
d; permutational representation of group
dx, mechanical representation of group
dyy magnetic representation of group
T irreducible representation of group G, according to Kovalev’s
tables
3 irreducible-representation basis function
cyy mixing coefficients of the basis functions of an irreducible
representation
7 or £ order parameter component
n number of order parameter components
¢ phase of the complex order parameter
d thermodynamic potential

Xix
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NOTATION

coefficient of a quadratic expansion term

coefficients of quartic expansion terms

coupling coefficient of the concomitant and leading order
parameters
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