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Preface

Complex geometry is a highly attractive branch of modern mathematics that
has witnessed many years of active and successful research and that has re-
cently obtained new impetus from physicists’ interest in questions related to
mirror symmetry. Due to its interactions with various other fields (differential,
algebraic, and arithmetic geometry, but also string theory and conformal field
theory), it has become an area with many facets. Also, there are a number of
challenging open problems which contribute to the subject’s attraction. The
most famous among them is the Hodge conjecture, one of the seven one-million
dollar millennium problems of the Clay Mathematics Institute. So, it seems
likely that this area will fascinate new generations for many years to come.

Complex geometry, as presented in this book, studies the geometry of
(mostly compact) complex manifolds. A complex manifold is a differentiable
manifold endowed with the additional datum of a complex structure which is
much more rigid than the geometrical structures in differential geometry. Due
to this rigidity, one is often able to describe the geometry of complex manifolds
in very explicit terms. E.g. the important class of projective manifolds can, in
principle, be described as zero sets of polynomials.

Yet, a complete classification of all compact complex manifolds is too
much to be hoped for. Complex curves can be classified in some sense (in-
volving moduli spaces etc.), but already the classification of complex surfaces
is tremendously complicated and partly incomplete.

In this book we will concentrate on more restrictive types of complex
manifolds for which a rather complete theory is in store and which are also
relevant in the applications. A prominent example are Calabi-Yau manifolds,
which play a central role in questions related to mirror symmetry. Often,
interesting complex manifolds are distinguished by the presence of special
Riemannian metrics. This will be one of the central themes throughout this
text. The idea is to study cases where the Riemannian and complex geometry
on a differentiable manifold are not totally unrelated. This inevitably leads to
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Kéhler manifolds, and a large part of the book is devoted to techniques suited
for the investigation of this prominent type of complex manifolds.

The book is based on a two semester course taught in 2001/2002 at the
university of Cologne. It assumes, besides the usual facts from the theory of
holomorphic functions in one variable, the basic notions of differentiable man-

_ifolds and sheaf theory. For the convenience of the reader we have summarized
those in the appendices A and B. The aim of the course was to introduce cer-
tain fundamental concepts, techniques, and results in the theory of compact
complex manifolds, without being neither too basic nor too sketchy.

I tried to teach the subject in a way that would enable the students to
follow recent developments in complex geometry and in particular some of the
exciting aspects of the interplay between complex geometry and string theory.
Thus, I hope that the book will be useful for both communities, those readers
aiming at understanding and doing research in complex geometry and those
using mathematics and especially complex geometry in mathematical physics.

Some of the material was intended rather as an outlook to more specialized
topics, and I have added those as appendices to the corresponding chapters.
They are not necessary for the understanding of the subsequent sections.

I am aware of several shortcomings of this book. As I found it difficult to
teach the deeper aspects of complex analysis to third-year students, the book
cannot serve as an introduction to the fascinating program initiated by Siu,
Demailly, and others, that recently has lead to important results in complex
and algebraic geometry. So, for the analysis I have to refer to Demailly’s excel-
lent forthcoming (7) text book [35]. I also had to leave out quite a number of
important tools, like higher direct imagg sheaves, spectral sequences, interme-
diate Jacobians, and others. The hope was to create a streamlined approach to
some central results and so I did not want to enter too many of the promising
side-roads. Finally, although relevant examples have been included in the text
as well as in the exercises, the book does not discuss in depth any difficult
type of geometry, e.g. Calabi-Yau or hyperkahler manifolds. But I believe
that with the book at hand, it should not be too difficult to understand more
advanced texts on special complex manifolds.

Besides Demailly’s book [35], there are 2 number of text books on complex
geometry, Hodge theory, etc. The classic [59] and the more recent one by Voisin
[113] are excellent sources for more advanced reading. I hope that this book
may serve as a leisurely introduction to those.

In the following, we will give an idea of the content of the book. For more
information, the reader may consult the introductions at the beginning of each
chapter.

Chapter 1 provides the minimum of the local theory needed for the global
description of complex manifolds. It may be read along with the later chapters
or worked through before diving into the general theory of complex manifolds
beginning with Chapter 2.
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Section 1.1 shows a way from the theory of holomorphic functions of one
variable to the general theory of complex functions. Eventually, it would lead
to the local theory of complex spaces, but we restrict ourselves to those aspects
strictly necessary for the understanding of the rest of the book. The reader
interested in this attractive combination of complex analysis and commutative
algebra may consult [35] or any of the classics, e.g. (57, 64].

Section 1.2 is a lesson in linear algebra and as such rather elementary.
We start out with a real vector space endowed with a scalar product and
the additional datum of an almost complex structure. We shall investigate
what kind of structure is induced on the exterior algebra of the vector space.
1 tried to present the material with some care in order to make the reader
feel comfortable when later, in the global context, the machinery is applied
to compact Kahler manifolds.

Section 1.3 proves holomorphic versions of the Poincaré lemma and is
supposed to accustom the reader to the yoga of complex differential forms on
open sets of C™.

With Chapter 2 the story begins. Sections 2.1 and 2.2 deal with complex
manifolds and holomorphic vector bundles, both holomorphic analogues of
the corresponding notions in real differential geometry. But a few striking
differences between the real and the complex world will become apparent
right away. The many concrete examples of complex manifolds are meant to
motivate the discussion of the more advanced techniques in the subsequent
chapters.

Section 2.3 illuminates the intimate relation between complex codimension
one submanifolds (or, more generally, divisors) and holomorphic line bundles
with their global sections. This builds the bridge to classical algebraic geom-
etry, e.g. Veronese and Segre embedding are discussed. The section ends with
a short discussion of the curve case. .

Section 2.4 is devoted to the complex projective space P™, a universal
object in complex (algebraic) geometry comparable to spheres in the real
world. We describe its tangent bundle by means of the Euler sequence and
certain tautological line bundles. A discussion of the Riemannian structure of
P" (e.g. the Fubini-Study metric) is postponed until Section 3.1.

Section 2.5 provides an example of the universal use of the projective space.
It explains a complex surgery, called blow-up, which modifies a given complex
manifold along a distinguished complex submanifold, replacing a point by a
projective space. Apart from its importance in the birational classification of
complex manifolds, blow-ups will turn out to be of use in the proof of the
Kodaira embedding theorem in Section 5.2.

Section 2.6 interprets complex manifolds as differentiable manifolds to-
gether with an additional linear datum {(an almost complex structure) satis-
fying an integrability condition. Here, the linear algebra of Section 1.2 comes
in handy. The crucial Newlander—Nierenberg theorem, asserting the equiva-
lence of the two points of view, is formulated but not proved.
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Chapter 3 is devoted to (mostly compact) Kéahler manifolds. The exis-
tence of a Kiahler metric on a compact complex manifold has far reaching
consequences for its cohomology. Behind most of the results on Kahler mani-
folds one finds the so-called Kahler identities, a set of commutator relations
for the various differential and linear operators. They are the topic of Section
3.1.

~ In Section 3.2, Hodge theory for compact manifolds is used to pass from

arbitrary forms to harmonic forms and eventually to cohomology classes. This
immediately yields central results, like Serre duality and, in Section 3.3, Lef-
schetz decomposition.

Section 3.3 also explains how to determine those classes in the second coho-
mology H%(X) of a compact Kihler manifold X that come from holomorphic
line bundles. This is the Lefschetz theorem on (1, 1)-classes. A short introduc-
tion to the hoped for generalization to higher degree cohomology classes, i.e.
the Hodge conjecture, ends this section.

There are three appendices to Chapter 3. Appendix 3.A proves the for-
mality of compact Kahler manifolds, a result that interprets the crucial 89-
lemma of Section 3.2 homologically. Appendix 3.B is a first introduction to
some mathematical aspects of supersymmetry. The cohomological structures
encountered in the bulk of the chapter are formalized by the notion of a Hodge
structure. Appendix 3.C collects a few basic notions and explains how they
fit in our context.

Chapter 4 provides indispensable tools for the study of complex mani-
folds: connections, curvature, and Chern classes. In contrast to previous sec-
tions, we will not just study complex manifolds and their tangent bundles but
broaden our perspective by considering arbitrary holomorphic vector bundies.
However, we will not be in the position to undertake an indepth analysis of
all fundamental questions. E.g. the question whether there exist holomorphic
vector bundles besides the obvious ones on a given manifold (or holomorphic
structures on a given complex vector bundie) will not be addressed. This is
partially due to the limitations of the book, but also to the state of the art.
Only for curves and projective surfaces the situation is fairly well understood
(see [70]).

In the appendices to Chapter 4 we discuss the interplay of complex and
Riemannian geometry. Appendix 4.A tries to clarify the relation between the
Levi-Civita connection and the Chern connection on a Kéhler manifold. The
concept of holonomy, well known in classical Riemannian geometry, allows
to view certain features in complex geometry from a slightly different angle.
Appendix 4.B outlines some basic results about Kahler—Einstein and Hermite—
Einstein metrics. Before, the hermitian structure on a holomorphic vector
bundle was used as an auxiliary in order to apply Hodge theory, etc. Now, we
ask whether canonical hermitian structures, satisfying certain compatibility
conditions, can be found. '

In order to illustrate the power of cohomological methods, we present in
Chapter 5 three central results in complex algebraic geometry. Except for the



Preface IX

Hirzebruch-Riemann-Roch theorem, complete proofs are given, in particular
for Kodaira’s vanishing and embedding theorems. The latter one determines
which compact complex manifolds can be embedded into a projective space.
All three results are of fundamental importance in the global theory of complex
manifolds.

Chapter 6 is relevant to the reader interested in Calabi~Yau manifolds
and mirror symmetry. It is meant as a first encounter with deformation the-
ory, a notoriously difficult and technical subject. In Section 6.1 we leave aside
convergence questions and show how to study deformations by a power series
expansion leading to the Maurer—Cartan equation. This approach can suc-
cessfully be carried out for compact Kihler manifolds with trivial canonical
bundle (Calabi-Yau manifolds) due to the Tian-Todorov lemma. Section 6.2
surveys the more abstract parts of deformation theory, without going into
detail. The appendix to this chapter is very much in the spirit of appendix
3.A. Here, the content of Section 6.1 is put in the homological language of
Batalin—Vilkovisky algebras, a notion that has turned out to be useful in the
construction of Frobenius manifolds and in the formulation of mirror symme-
try.

In general, all results are proved except for assertions presented as ‘the-
orems’, indicating that they are beyond the scope of this book, and a few
rather sketchy points in the various appendices to the chapters. Certain argu-
ments, though, are relegated to the exercises, not because I wanted to leave
unpleasant bits to the reader, but because sometimes it is just more rewarding
performing a computation on ones own.

Acknowledgement: I learned much of the material from the two clas-
sics (8, 59] and from my teacher H. Kurke. Later, the interplay of algebraic
geometry and gauge theory as well as the various mathematical aspects of
mirror symmetry have formed my way of thinking about complex geometry.
The style of the presentation has been influenced by stimulating discussions
with D. Kaledin, R. Thomas, and many others over the last few years.

I'want to thank G. Hein, M. Nieper-WiBkirchen, D. Ploog, and A. Schmidt,
who read preliminary versions of the text and came up with long lists of
comments, corrections, and suggestions. Due to their effort, the text has consi-
derably improved.

Paris, June 2004 Daniel Huybrechts



Universitext

Aksoy, A.; Khamsi, M. A.: Methods in Fixed
Point Theory

Alevras, D.; Padberg M. W.: Linear Optimi-
zation and Extensions

Andersson, M.: Topics in Complex Analysis
Aoki, M.: State Space Modeling of Time Se-
ries :

Audin, M.: Geometry

Aupetit, B.: A Primer on Spectral Theory
Bachem, A.; Kern, W.: Linear Programming
Duality

Bachmann, G.; Narici, L.; Beckenstein, E.:
Fourier and Wavelet Analysis

Badescu, L.: Algebraic Surfaces

Balakrishnan, R.; Ranganathan, K.: A Text-
book of Graph Theory

Balser, W.: Formal Power Series and Linear
Systems of Meromorphic Ordinary Differen-
tial Equations

Bapat, R.B.: Linear Algebra and Linear Mo-
dels

Benedetti, R.; Petronio, C.: Lectures on Hy-
perbolic Geometry

Benth, E E.: Option Theory with Stochastic
Analysis

Berberian, S. K.: Fundamentals of Real Ana-
lysis

Berger, M.: Geometryl,and Il

Bliedtner, J.; Hansen, W.: Potential Theory
Blowey, ].E; Coleman, ].P; Craig, A.W.

(Eds.): Theory and Numerics of Differential
Equations

Bérger, E.; Gridel, E.; Gurevich, Y.: The Clas-
sical Decision Problem

Bbttcher, A; Silbermann, B.: Introduction to
Large Truncated Toeplitz Matrices
Boltyanski, V.; Martini, H.; Soltan, P.S.: Ex-
cursions into Combinatorial Geometry

Boltyanskii, V.G.; Efremovich, V. A.: Intui-
tive Combinatorial Topology

Booss, B.; Bleecker, D. D.: Topology and Ana-
lysis

Borkar, V. S.: Probability Theory

Carleson, L; Gamelin, T. W.: Complex Dy-
namics

Cecil, T. E.: Lie Sphere Geometry: With Ap-
plications of Submanifolds

Chae, S. B.: Lebesgue Integration
Chandrasekharan, K.:
Transform .
Charlap, L.S.: Bieberbach Groups and Flat
Manifolds

Chern, S.: Complex Manifolds without Po-
tential Theory

Chorin, A.]; Marsden, ]. E.: Mathematical
Introduction to Fluid Mechanics

Cohn, H.: A Classical Invitation to Algebraic
Numbers and Class Fields

Curtis, M. L.: Abstract Linear Algebra
Curtis, M. L.: Matrix Groups

Cyganowski, S.; Kloeden, P; Ombach, ].:
From Elementary Probability to Stochastic
Differential Equations with MAPLE

Dalen, D. van: Logic and Structure

Das, A.: The Special Theory of Relativity: A
Mathematical Exposition

Classical Fourier

Debarre, O.: Higher-Dimensional Algebraic
Geometry

Deitmar, A.: A First Course in Harmonic
Analysis

Demazure, M.: Bifurcations and Catas-

trophes

Devlin, K.].: Fundamentals of Contempo-
rary Set Theory

DiBenedetto, E.: Degenerate Parabolic Equa-
tions

Diener, F; Diener, M.(Eds.): Nonstandard
Analysis in Practice

Dimca, A.: Sheaves in Topology

Dimca, A.: Singularities and Topology of
Hypersurfaces



DoCarmo, M. P: Differential Forms and Ap-
plications

Duistermaat, J. J.; Kolk, J. A. C.: Lie Groups

Edwards, R. E.: A Formal Background to Hi-
gher Mathematics Ia, and Ib

Edwards, R. E.: A Formal Background to Hi-
gher Mathematics Ila, and IIb

Emery, M.: Stochastic Calculus in Manifolds
Endler, O.: Valuation Theory
Erez, B.: Galois Modules in Arithmetic

Everest, G.; Ward, T.: Heights of Polynomials
and Entropy in Algebraic Dynamics
Farenick, D. R.: Algebras of Linear Transfor-
mations

Foulds, L. R.: Graph Theory Applications
Frauenthal, J. C.: Mathematical Modeling in
Epidemiology

Friedman, R.: Algebraic Surfaces and Holo-
morphic Vector Bundles

Fuks, D. B.; Rokhlin, V. A.: Beginner’s Course
in Topology

Fuhrmann, P. A.: A Polynomial Approach to
Linear Algebra

Gallot, S.; Hulin, D.; Lafontaine, J.: Rieman-
nian Geometry

Gardiner, C.E: A First Course in Group
Theory )

Gérding, L.; Tambour, T: Algebra for Com-
puter Science

Godbillon, C.: Dynamical Systems on Sur-
faces

Godement, R.: Analysis I

Goldblatt, R.: Orthogonality and Spacetime
Geometry

Gouvéa, F Q.: p-Adic Numbers

Gustafson, K. E.; Rao, D.K. M.: Numerical

Range. The Field of Values of Linear Opera-
tors and Matrices

Gustafson, S.].; Sigal, I. M.: Mathematical
Concepts of Quantum Mechanics

Hahn, A. J.: Quadratic Algebras, Clifford Al-
gebras, and Arithmetic Witt Groups

Hajek, P; Havranek, T.: Mechanizing Hypo-
thesis Formation

Heinonen, J.: Lectures on Analysis on Metric
Spaces

Hlawka, E.; Schoiflengeier, ].; Taschner, R.:
Geometric and Analytic Number Theory
Holmgren, R. A.: A First Course in Discrete
Dynamical Systems

Howe, R., Tan, E. Ch.: Non-Abelian Harmo-
nic Analysis

Howes, N.R.: Modern Analysis and Topo-
logy

Hsieh, P-F; Sibuya, Y. (Eds.): Basic Theory
of Ordinary Differential Equations

Humi, M., Miller, W.: Second Course in Or-
dinary Differential Equations for Scientists
and Engineers

Hurwitz, A.; Kritikos, N.: Lectures on Num-
ber Theory

Huybrechts, D.: Complex Geometry: An In-
troduction

Isaev, A.: Introduction to Mathematical Me-
thods in Bioinformatics

Iversen, B.: Cohomology of Sheaves

Jacod, J.; Protter, P: Probability Essentials
Jennings, G. A.: Modern Geometry with Ap-
plications

Jones, A.; Morris, S. A.; Pearson, K. R.: Abs-
tract Algebra and Famous Inpossibilities
Jost, J.: Compact Riemann Surfaces

Jost, J.: Postmodern Analysis

Jost, ].: Riemannian Geometry and Geome-
tric Analysis

Kac, V.; Cheung, P.: Quantum Calculus
Kannan, R.; Krueger, C. K.: Advanced Ana-
lysis on the Real Line

Kelly, P; Matthews, G.: The Non-Euclidean
Hyperbolic Plane

Kempf, G.: Complex Abelian Varieties and
Theta Functions

Kitchens, B. P: Symbolic Dynamics
Kloeden, P; Ombach, J.; Cyganowski, S.:
From Elementary Probability to Stochastic
Differential Equations with MAPLE



Kloeden, PE.; Platen; E.; Schurz, H.: Nu-
merical Solution of SDE Through Computer
Experiments

Kostrikin, A. L: Introduction to Algebra
Krasnoselskii, M. A.; Pokrovskii, A. V.: Sys-
tems with Hysteresis

Luecking, D. H., Rubel, L. A.: Complex Ana-
lysis. A Functional Analysis Approach

Ma, Zhi-Ming; Roeckner, M.: Introduction
to the Theory of (non-symmetric) Dirichlet
Forms

Mac Lane, S.; Moerdijk, I.: Sheaves in Geo-
metry and Logic

Marcus, D. A.: Number Fields

Martinez, A.: An Introduction to Semiclas-
sical and Microlocal Analysis

Matousek, J.: Using the Borsuk-Ulam Theo-
rem

Matsuki, K.: Introduction to the Mori Pro-
gram

Mc Carthy, P.].: Introduction to Arithmeti-
cal Functions

Meyer, R. M.: Essential Mathematics for Ap-
plied Field

Meyer-Nieberg, P.: Banach Lattices

Mikosch, T.: Non-Life Insurance Mathema-
tics

Mines, R.; Richman, F; Ruitenburg, W.: A
Course in Constructive Algebra

Moise, E. E.: Introductory Problem Courses
in Analysis and Topology
Montesinos-Amilibia, ]. M.: Classical Tessel-
lations and Three Manifolds

Morris, P: Introduction to Game Theory
Nikulin, V. V; Shafarevich, I. R.: Geometries
and Groups

Oden, J. ].; Reddy, J. N.; Variational Methods
in Theoretical Mechanics

Dksendal, B.: Stochastic Differential Equa-
tions

Poizat, B.: A Course in Model Theory
Polster, B.: A Geometrical Picture Book
Porter, J.R.; Woods, R.G.: Extensions and
Absolutes of Hausdorff Spaces

Radjavi, H.; Rosenthal, P: Simultaneous
Triangularization

Ramsay, A.; Richtmeyer, R. D.: Introduction
to Hyperbolic Geometry

Rees, E. G.: Notes on Geometry

Reisel, R. B.: Elementary Theory of Metric
Spaces

Rey, W.].J.: Introduction to Robust and
Quasi-Robust Statistical Methods

Ribenboim, P.: Classical Theory of Algebraic
Numbers

Rickart, C. E.: Natural Function Algebras
Rotman, J. J.: Galois Theory

Rubel, L. A.: Entire and Meromorphic Func-
tions

Rybakowski, K. P.: The Homotopy Index and
Partial Differential Equations

Sagan, H.: Space-Filling Curves
Samelson, H.: Notes on Lie Algebras
Schiff, ]. L.: Normal Families

Sengupta, ].K.: Optimal Decisions under
Uncertainty

Séroul, R.: Programming for Mathemati-
cians

Seydel, R.: Tools for Computational Finance
Shafarevich, 1. R.: Discourses on Algebra

Shapiro, J. H.: Composition Operators and
Classical Function Theory
Simonnet, M.: Measures and Probabilities

Smith, K. E.; Kahanpad, L.; Kekaldinen, P;
Traves, W.: An Invitation to Algebraic Geo-
metry

Smith, K. T.: Power Series from a Computa-
tional Point of View

Smorynski, C.: Logical Number Theory 1. An
Introduction

Stichtenoth, H.: Algebraic Function Fields
and Codes

Stillwell, J.: Geometry of Surfaces

Stroock, D.W.: An Introduction to the
Theory of Large Deviations



Sunder, V. S.: An Invitation to von Neumann
Algebras

Tamme, G.: Introduction to Etale Cohomo-
logy

Tondeur, P: Foliations on Riemannian Ma-
nifolds

Verhulst, E: Nonlinear Differential Equa-
tions and Dynamical Systems

Wong, M. W.: Weyl Transforms
Xambé-Descamps, S.: Block Error-Cor-
recting Codes

Zaanen, A.C.: Continuity, Integration and
Fourier Theory

Zhang, E.: Matrix Theory
Zong, C.: Sphere Packings

Zong, C.: Strange Phenomena in Convex and
Discrete Geometry

Zorich, V. A.: Mathematical Analysis I
Zorich, V. A.: Mathematical Analysis I1



Contents

1 Local ThEOTY ... vocuiniriieaams et m e 1
1.1 Holomorphic Functions of Several Variables . ........covvnnnn 1
1.2 Complex and Hermitian Structures .............ocoovre-ee 25
1.3 Differential FOMMS .. ..oovvrveenrnraeere e 42
2 Complex Manifolds . .......c.oooeieriniearrrrreeees 51
2.1 Complex Manifolds: Definition and Examples ............... 52
2.9 Holomorphic Vector Bundles . .....ccovvivrvnenvrmeeres 66
93 Divisors and Line Bundles ... ....coovoeiiinieneees 77
2.4 The Projective SPace .........oveeenrarrrreremmees s 91
05 BIOW-UDS <o v v oeravaeneeaeernaen st 98
26 Differential Calculus on Complex Manifolds ................. 104
3 Kahler Manifolds ........... s 113
3.1 Kahler Identities . ......ocvuveinranmrinsmn i 114
3.2 Hodge Theory on Kahler Manifolds . ..o vvevenv e 125
3.3 Lefschetz Theorems ... .....cveeveaneeeneranus e eeroes 132
ADPEIAIX . v cevi s 145
3.A Formality of Compact Kahler Manifolds . .........coivnenns 145
3.B SUSY for Kahler Manifolds . .....vovivnvnevrernerennes 155
3.C Hodge StruCtUIeS ... .. .vuoovronnrnnrnrn et 160
4 Vector Bundles ... ...ty 165
4.1 Hermitian Vector Bundles and Serre Duality ....covvevernnnn 166
4.2 CONMECIONS - .o v vveevrnneesonanseeanen st 173
4.3 CUIVALUTE & vvvveneneanaeennssa st e 182
4.4 Chern Classes . ... vcuvvrnrerneannmsnsssas st 193
APPENAIX « ..o vvti e s 206

4.A Levi-Civita Connection and Holonomy on Complex Manifolds . 206 .
4B Hermite-Einstein and Kahler-Einstein Metrics .. ..o 217




X1I Contents
5 Applications of Cohomology ...... e 231
5.1 Hirzebruch-Riemann-Roch Theorem ....................... 231
5.2 Kodaira Vanishing Theorem and Applications............... 239
5.3 Kodaira Embedding Theorem . ........... ... ...t 247
6 Deformations of Complex Structures ...................... 255
6.1 The Maurer—Cartan Equation ... ... .. ... .. i 255
6.2 General Results .. ... i 268
APPendiX .. ... e 275
6.A dGBV-Algebras ... 275
A Hodge Theory on Differentiable Manifolds................. 281
B Sheaf CohomolOgy .. ... ..oioiii i 287
R erenCeS . . o . oottt e e e 297
INAeX . .. oo e 303



1

Local Theory

This chapter consists of three sections. Section 1.1 collects the principal facts
from the theory of holomorphic functions of several variables. We assume that
the reader has mastered the theory of holomorphic functions of one variable,
but the main results shall be briefly recalled.

Section 1.2 is pure linear algebra. The reader may skip this part, or skim
through it, and come back to it whenever feeling uncomfortable about certain
points in the later chapters. I tried to present the material with great care.
In particular, the interplay between the Hodge and Lefschetz operators is
explained with all the details.

In Section 1.3 the techniques of the previous two sections are merged. The
reader will be introduced to the theory of complex differential forms on open
subsets of C™. This gives him the opportunity to do some explicit calculations
before these notions will be reconsidered in the global context. The central
result of this section is the d-Poincaré lemma.

1.1 Holomorphic Functions of Several Variables

Let us first recall some basic facts and definitions from the theory of holomor-
phic functions of one variable. For proofs and further discussion the reader
may consult any textbook on the subject, e.g. [98].

Let U C C be an open subset. A function f : U — C is called holomorphic
if for any point zo € U there exists a ball B¢(20) C U of radius € > 0 around
20 such that f on Be(2p) can be written as a convergent power series, i.e.

F(z) = an(z = 20)" for all 2 € Be(z0)- (1.1)

n=0

There are equivalent definitions of holomorphicity. The most important
one uses the Cauchy-Riemann equations. Let us denote the real and imaginary
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part of 2 € C by z respectively y. Thus, f can be regarded as a complex
function f(z,y) of two real variables z and y. Furthermore, f can be written in
the form f(z,y) = u(x,y) + tv(x, y), where u(z, y) and v(z,y) denote the real
and imaginary part of f, respectively. Then one shows that f is holomorphic
if and only if u and v are continuously differentiable and

ou Ov Ou ov
=L 2= 1.2
or 9y’ Oy or (1.2)
In other words, the derivative of f has to be complex linear. Let us intro-
duce the differential operators

5z~ 2\5z oy 5z~ 2\az Vo) -

The notation is motivated by the properties 5‘9;(2) = %(2) =1 and 5’—2(2) =

%(z) = 0. Then, the Cauchy-Riemann equations (1.2) can be rewritten as

g—é = 0. This is easy if one uses f = u + iv. It might be instructive to do the

same calculation for f written as the vector (%) and % = %(%— +(93H g—y).
As the transition from the real partial differentials g—z, % to the complex

partial differentials g;, g; is a crucial point, let us discuss this a little further.
Consider a differentiable map f : U ¢ C = R? — C = R2. Its differential df (2)
at a point z € U is an R-linear map between the tangent spaces df (z) : T,R? —
Tj(z)R2. Writing the complex coordinate on the left hand side as z = z + iy
and on the right hand side as w = r +<s the two tangent spaces can be given
canonical bases {0/0z,0/0y) and (0/0r,8/0s), respectively. With respect to
these the differential df (z) is given by the real Jacobian

ou duy.
oz Oy
Jr(f) = 5 oe |
v Ov
oz By

where f = u + iv as before, i.e. u =ro fandv=so0 f.
After extending df(z) to a C-linear map df (z)c : T.R?®C — Ty(,)R2®C,
we may choose different bases (% = %(g—I - i-g—y), g—z = %(% + zg—y)) and

correspondingly for the right hand side. With respect to those df (z) is given
by the matrix

of of
0z 0z



