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Notes for the Second Printing

The second printing of this book corrects the many typos and errors that
were brought to our attention by readers from around the world. We have
also added a few exercises and clarified parts of the text. We are grateful
to all the readers who have helped improve our book, but owe particular
thanks to Brian Conrad, Sdndor Kovics, Grisha Stewart, and especially
to Rahim Zaare Nahandi of the University of Tehran, who is engaged in
translating this volume into Persian.

Karen E. Smith
Berkeley, CA, USA
March 2003
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Pretace

These notes grew out of a course at the University of Jyviskyld in Jan-
uary 1996 as part of Finland’s new graduate school in mathematics. The
course was suggested by Professor Kari Astala, who asked me to give a series
of ten two-hour lectures entitled “Algebraic Geometry for Analysts.” The
audience consisted mainly of two groups of mathematicians: Ph.D. students
from the Universities of Jyviskyld and Helsinki, and mature mathemati-
cians whose research and training were quite far removed from algebra.
Finland has a rich tradition in classical and topological analysis, and it was
primarily in this tradition that my audience was educated, although there
were representatives of another well-known Finnish school, mathematical
logic.

I tried to conduct a course that would be accessible to everyone, but
that would take participants beyond the standard course in algebraic ge-
ometry. I wanted to convey a feeling for the underlying algebraic principles
of algebraic geometry. But equally important, I wanted to explain some of
algebraic geometry’s major achievements in the twentieth century, as well
as some of the problems that occupy its practitioners today. With such
ambitious goals, it was necessary to omit many proofs and sacrifice some
rigor.

In light of the background of the audience, few algebraic prerequisites
were presumed beyond a basic course in linear algebra. On the other hand,
the language of elementary point-set topology and some basic facts from
complex analysis were used freely, as was a passing familiarity with the
definition of a manifold.

My sketchy lectures were beautifully written up and massaged into this
text by Lauri Kahanpié and Pekka [{ekildinen. This was a Herculean effort,
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no less because of the excellent figures Lauri created with the computer.
Extensive revisions to the Finnish text were carried out together with Lauri
and Pekka; later Will Traves joined in to help with substantial revisions to
the English version. What finally resulted is this book, and it would not
have been possible without the valuable contributions of all members of
our four-author team.

This book is intended for the working or the aspiring mathematician who
is unfamiliar with algebraic geometry but wishes to gain an appreciation of
its foundations and its goals with a minimum of prerequisites. It is not in-
tended to compete with such comprehensive introductions as Hartshorne’s
or Shafarevich’s texts, to which we freely refer for proofs and rigor. Rather,
we hope that at least some readers will be inspired to undertake more se-
rious study of this beautiful subject. This book is, in short, An Invitation
to Algebraic Geometry.

Karen E. Smith
Jyvaskyld, Finland
August 1998



Acknowledgments

The notes of Ari Lehtonen, Jouni Parkkonen, and Tero Kilpeldinen com-
plemented those of authors Lauri and Pekka. in producing a typed version of
the original lectures. Comments of Osmo Pekonen, Ari Lehtonen, and Lassi
Kurittu then helped eradicate most of the misprints and misunderstand-
ings marring the first draft, and remarks of Bill Fulton later helped improve
the manuscript. Artistic advice from Virpi Kauko greatly improved the pic-
tures, although we were able to execute her suggestions only with the help of
Ari Lehtonen’s prize-winning Mathematica skills. Computer support from
Ari and from Bonnie Freidman at MIT made working together feasible
in Jyviskyld and in the US despite different computer systems. The sug-
gestions of Manuel Blickle, Mario Bonk, Bill Fulton, Juha Heinonen, Eero
Hyry, and Irena Swanson improved the final exposition. We are especially
grateful to Eero for comments on the Finnish version; as one of the few alge-
braic geometers working in Finland, he advised us on the choices we made
regarding mathematical terminology in the Finnish language. The Finnish
craftwork of Liisa Heinonen provided instructive props for the lectures,
most notably the traditional Christmas Blowup, whose image appears in-
side the cover of this book. Cooperation with Ari Lehtonen was crucial
in creating the photograph. The lectures were hosted by the University
of Jyviskyld mathematics department, and we are indebted to the chair-
man, Tapani Kuusalo, for making them possible. Finally, author Karen
acknowledges the patience of her daughter Sanelma during the final stages
of work on this project, and the support of her husband and babysitter,
Juha Heinonen.

Karen E. Smith
Ann Arbor, Michigan, USA
July 2000



Universitext (continued)

Jones/Morris/Pearson: Abstract Algebra and Famous Impossibilities
Kac/Cheung: Quantum Calculus

Kannan/Krueger: Advanced Analysis
. Kelly/Matthews: The Non-Euclidean Hyperbolic Plane

Kostrikin: Introduction to Algebra

Kurzweil/Stelimacher: The Theory of Finite Groups: An Introduction
Luecking/Rubel: Complex Analysis: A Functional Analysis Approach
MacLane/Moerdijk: Sheaves in Geometry and Logic

Marcus: Number Fields .

Martinez: An Introduction to Semiclassical and Microlocal Analysis
Matsuki: Introduction to the Mori Program

McCarthy: Introduction to Arithmetical Functions

McCrimimon: A Taste of Jordan Algebras

Meyer: Essential Mathematics for Applied Fields
Mines/Richman/Ruitenburg: A Course in Constructive Algebra
Moise: Introductory Problems Course in Analysis and Topology
Morris: Introduction to Game Theory

Poizat: A Course In Model Theory: An Introduction to Conterriporary Mathematical Logic
Polster: A Geometrical Picture Book

Porter/Woods: Extensions and Absolutes of Hausdorff Spaces
Radjavi/Resenthal: Simultaneous Triangularization
Ramsay/Richtmyer: Introduction to Hyperbolic Geometry

Reisel: Elementary Theory of Metric Spaces

Ribenboim: Classical Theory of Algebraic Numbers

Rickart: Natural Function Algebras

Rotman: Galois Theory

Rubel/Colliander: Entire and Meromorphic Functions

Sagan: Space-Filling Curves

Samelson: Notes on Lie Algebras

Schiff: Normal Families

Shapire: Composition Operators and Classical Function Theory
Simonnet: Measures and Probability

Smith: Power Series From a Computational Point of View
Smith/Kahanpsi/Kekiliiinen/Traves: An Invitation to Algebraic Geometry
Smorynski: Sclf-Reference and Modal Logic

Stillwell: Geometry of Surfaces

Stroock: An Introduction to the Theory of Large Deviations

Sunder: An Invitation to von Neumann Algebras

Tondeur: Foliations on Riemannian Manifolds

Toth: Finite Mdbius Groups, Minimal Immersions of Spheres, and Moduli
van Bruat: The Calculus of Variations

Wong: Weyl Transforms

Zhang: Matrix Theory: Basic Results and Techniques

Zong: Sphere Packings

Zong: Strange Phenomena in Convex and Discrete Geometry




Index of Notation

A™ Affine n-space

B;(V) blow up of V along the ideal J

By (V) blow up of V at the point p

By (V) blow up of V along the subcariety Y
C complex numbers

C[V] coordinate ring of the variety V'

C(V) function field of V

dF differential of F

F, field of p elements

F# pull-back of a morphism F

({F;}) ideal generated by the polynomials F;
GL(n,C) group of invertible n x n complex matrices
Gr(k,n) Grassmannian variety

'z graph of the rational map F

I(V) ideal of functions vanishing on V

VT radical of the ideal T

|Z| complete linear system

maxSpec(R) maximal spectrum of a ring R
9, moduli space of curves of genus g

Oy structure sheaf of V

Qx sheaf of sections of the cotangent bundle
wx canonical line bundle

P" Projective n-space

P" dual projective n-space

[ao : -+ : ap) point in P"



xvi Contents

PGL(n,C) automorphism group of P*~1

R real numbers

R sheaf associated to Spec(R)

R(U) sections of a sheaf R over an open set U
X --+ Y rational map from X to Y

Sec X secant variety to X

SL(n, C) group of n x n complex matrices with determinant 1
Spec(R) spectrum of a ring R

Zm,n Segre mapping

Sing V singular locus of V'

Tan X tangent variety to X

T,V tangent space to V' at the point p

TV total tangent bundle to V'

Ox sheaf of sections of the tangent bundle
U(n) group of unitary (n X n)-matrices

V projective closure of V

V({F;}) common zeros of the polynomials F;
vy Veronese mapping of degree d

Z integers



Contents

Notes for the Second Printing

Preface

Acknowledgments

Index of Notation

1 Affine Algebraic Varieties

1.1
1.2
1.3
1.4

Definition and Examples

The Zariski Topology .

..................

..................

Morphisms of Affine Algebraic Varieties. . . . . ... ..

Dimension . ... . ...

2 Algebraic Foundations
A Quick Review of Commutative Ring Theory . . . . . .

21
2.2
2.3
24
2.5
2.6

Hilbert’s Basis Theorem
Hilbert’s Nullstellensatz

The Coordinate Ring . .

..................

..................

..................

..................

The Equivalence of Algebra and Geometry . . . ... ..

The Spectrum of a Ring

3 Projective Varieties

3.1
3.2

Projective Space . . . . .
Projective Varieties . . .

..................

..................

..................

vii

Xxv

- D N e

15
15
18
20
23
26
30

33
33
37



xii Contents

3.3  The Projective Closure of an Affine Variety .. ... .. 41
".3.4 Morphisms of Projective Varieties . . . ... ....... 44
3.5  Automorphisms of Projective Space . . . . ... ... .. 47
4 Quasi-Projective Varieties 51
4.1 Quasi-Projective Varieties . ... ... ... .. ... .. 51
4.2 A Basis for the Zariski Topology . . . . .. ... ... .. 55
43 RegularFunctions .. . . ... ..... ... .. ..... 56
5 Classical Constructions 63
51 VeromeseMaps. . . . ... ................. 63
5.2 Five Points Determine a Conic . . . . ... ... ... .. 65
5.3 The Segre Map and Products of Varieties . . . . . . . .. 67
54 Grassmannians . ... ... ... ... ... ... 71
55 Degree . ... . ... . ... 74
5.6 The Hilbert Function . . . .. ... ... ......... 81
6 Smoothness 85
6.1 The Tangent Space at a Point .. . .. .......... 85
6.2 SmoothPoints . . .. .................... 92
6.3 Smoothmess in Families . . . ... ... .......... 96
6.4 Bertini'sTheorem . ... .................. 99
6.5 TheGaussMapping. .. ... ... ... 102
7 Birational Geometry 105
7.1  Resolution of Singularities . . ... ............ 105
72 RationalMaps . . . ... ... .. ... .......... 112
7.3 Birational Equivalence . ... ............... 114
74 BlowingUp AlonganlIdeal . . . ... ........... 115
7.5 Hypersurfaces . . .. .. ... ... ... . ... ... 119
7.6  The Classification Problems . ............... 120
8 Maps to Projective Space 123
8.1 Embedding a Smooth Curve in Three-Space . . . . . . . 124
8.2 Vector Bundles and Line Bundles . .. ... ....... 127
83 The Sections of a Vector Bundle . . . . . ... ... ... 129
84 Examplesof VectorBundles . . .. ........... Lo 131
8.5 Line Bundles and Rational Maps . . ... ... ... .. 136
86 Very Ample LineBundles .. ............... 141
A Sheaves and Abstract Algebraic Varieties 145
Al Sheaves. . ... ... e e e e e 145
A2  Abstract Algebraic Varieties . . . . . ... ... .. ... 150

References 153



xiii

Contents

157

Index



1
Affine Algebraic Varieties

Algebraic geometers study zero loci of polynomials. More accurately, they
study geometric objects, called algebraic varieties, that can be described
locally as zero loci of polynomials. For example, every high school mathe-
matics student has studied a bit of algebraic geometry, in learning the basic
properties of conic sections such as parabolas and hyperbolas. ‘

Algebraic geometry is a thriving discipline with a rich history. In an-
cient Greece, mathematicians such as Apollonius probably knew that a
non-degenerate plane conic is uniquely determined by five tangent lines, a
problem that would cause many modern students of algebraic geometry to
pause. But it was not until the introduction of the Cartesian coordinate
system in the seventeenth century, when it became possible to study conic
sections by considering quadratic polynomials, that the subject of algebraic
geometry could really take off.

By the mid-nineteenth century, algebraic geometry was flourishing. On
the one hand, Riemann realized that compact Riemann surfaces can al-
ways be described by polynomial equations. On the other hand, particular
examples of algebraic varieties, such as quadric and cubic surfaces (zero
loci of a single quadratic or cubic polynomial in three variables) were well
known and intensely studied. For example, it was understood that every
quadric surface is perfectly covered by a family of disjoint lines, whereas
every cubic surface contains exactly twenty-seven lines. Detailed studies of
the ways in which these twenty-seven lines can be configured and how they
can vary in families occupied the attention of numerous nineteenth-century
mathematicians.



