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- (R4 SIAM NEWS 26 # (93 ¥)11 )

FengKang, China’s leading applied mathematician, died suddenly on Augustl?7, inhis
73rd year,after a long and distinguished career that had shown on sign of slowing.

Feng’s early education was in electrical engineering, physics, andmathematics, aback-
ground that subtly shaped his later interests. He spent the early 1950s at the Steklov Insti-
tute in Moscow. Under the influence of Pontryagin, he began by working on problems of
topological groups and Lie groups. On his return to China,he was among the first to popular-
ize the theory of distributions.

In the late 1950s,Feng turned his attention to applied mathematics, where his most im-
portant contributions lie. Independently of parallel developments in the West, he created a
theory of the finite element method. He was instrumental in both the implementation of the
method and the creation of its theoretical foundation using estimates in Sobolev spaces. He
showed how to combine boundary and domain finite elements effectively, taking advantage
of integral relations satisfied by solutions of partial differential equations. In particular, he
showed how radiation conditions can be satisfied in this way. He oversaw the application of
the method to problems in elasticity as they occur in structural problems of engineering.

In the late 1980s,Feng proposed arid developed so-called symplectic algorithms for solv-
ing evolution equations in Hamiltonian form. Combining theoretical analysis and computer
experimentation , he showed that such methods,over long times,are much superior to stan-
dard methods. At the time of his death,he was at work on extensions of this idea to other
structures.

Feng’s significance for the scientific development of China cannot be exaggeratéd. He
not only put China on the map of applied and computational mathematics, through his own
research and that of his students,but he also saw to it that the needed resources were made
available. After the collapse of the Cultural Revolution, he was ready and able to help the
country build again from the ashes of this selfinflicted conflagration. Visitors to China were

deeply impressed by his familiarity with new developments everywhere.

© REBEHERLFAHTFRFER, KRELGHEME, RREVFE LK RAAFRFFK.



v

Throughout his life,Feng was fiercely independent,utterly courageous,and unwilling ta
knuckle under to authority. That such a person did survive and thrive shows that even in the
darkest days,the authorities were aware of how valuable and irreplaceable he was.

In Feng’s maturity the well-deserved honors were bestowed upon him —membership in
the Academia Sinica, the directorship of the Computing Center, the editorship of importaht
journals,and other honors galore.

By that time his reputation had become international. Many remember ‘his small figure
at international conferences, his eyes and mobile face radiating energy and intelligence. He
will be greatly missed by the mathematical sciences and by his numerous friends. — Peter

Laz,Courant Institute of Mathematical Sciences, New York University.
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ON THE MINIMALLY ALMOST PERIODIC
TOPOLOGICAL GROUPSY
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The theory of almost periodic (a. p. ) functions in arbitrary groups was first established
by von Neumann . In the following we shall confine ourselves to the case of topological
grqups,thus the a. p. functions and the representations are required to be continuous. The a.
p. functions are intimately related with the representations by unitary matrices,in fact,a rep-
resentation is equivalent to a unitary one if and only if all its martrix coefficients are a. p.
functions,and every a. p. function generates a unitary representarion-'--.. As to the admis-
sibility of the a. p. functions,i. e. ,of the unitary representations, we nhave,after von Neu-
mann, the following two extreme classes of groups:1. A topological group is called maximaily
almost periodic if to each pair of distinct elements there is an a. p. function which takes dif-
ferent values at these two elements Lor equivalently,to each non-identity element there 15 a u-
nitary representation which carries it into a matrix different from the unit marrix. 2. A topo-
logical group is called minimally almost periodic if every a. p. function is a constant,or equiv-

alently, every unitary representation is triviai. I'he maximaily a. p. case was characterized by

@ Science Record ,Vol. 3,No. 2-4,pp161-166,1950.
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Freudenthal and Weil :a connected locally compact group is maximally a. p. if and only if it
is a direct product of a compact group and an Euclidean vector grou P[ﬂ-[il_ The present note
is devoted to the characterization of the minimally a. p. groups. We obtain conditions,some
‘necessary,some sufficient ,for a connected Lie group to be minimally a. p. , and in particu-
lar,a necessary and sufficient condition for a connected linear Lie group to be minimally a. p.
We see that the minimal case,in contradistinction to the maximal one, corresponds to the
“essentially” non-compact and non-abelian groups.

Let G be a topological group,and K be the.subset of G which consists of all the elements
a such that f(a) is the unit matrix for every unitary representation f of G. K is called the u-
nitary kernel of G and is a closed normal subgroup of G (this was first introduced by Weill*,
cf. also [5]). With this in view,the maximal and minimal cases correspond to K= (e) and
K=G respectively. The factor group (here and henceforth the factor groups are understood
in the topologico-group-theoretic sense) G/K is obviously maximally a. p. ,and every closed
normal subgroup H of G such tl_xat G/H is maximally a. p. contains K. Thus it follows im-
mediately that a topological group is minimally a. p. if and only if it has no proper closed
normal subgroup whose corresponding factor group is maximally a. p. It is also evident that
the direct product of a finite number of minimally a. p. topological groups is minimally a. p.
and every factor group of a minimally a. p. topological group is minimally a. p.

Lemma 1 Every connected semi-simple Lie group whose Lie algebra contains no simple
ideal corresponding to a compact group is minimally a. p. Thus,in particular,all semi-simple
complex Lie groups are minimally a. p.

Proof. Let G be a non-compact, non-abelian, simple Lie group. All possible proper
closed normal subgroups of G are discrete. Thus all possible non-trivial factor groups are lo-
cally isomorphic to G; they are also non-compact,non-abelian, simple Lie groups for which
the Freudenthal-Weil decompositions are impossible. Therefore G is minimally a. p. Every
connected semi-simple Lie group whose Lie algebra contains no simple ideal corresponding to
a compact group is a factor group of a direct product of groups of the above type modulo a
discrete normal subgroup. Therefore it is also minimally a. p.

Lemma 2 Let G be a connected Lic group which coincides with its commutator sub-
group,and G, be the maximal semi-simple subgroup of G which corresponds te the maximal
semi-simple subalgebra of a Levi decomposition of the Lie algebra of G. Then every closed
connected normal subgroup of G containing G, coincides with G.

Proof. Let A be the Lie algebra of G, A=A, + A, be a Levi decomposition of A,where
A, is a semi-simple subalgebra of A and A, is the maximal s<;1vable ideal of A, and G, be the
subgroup of G which corresponds to the subalgebra A;. Let G’ be a closed connected normal
subgroup of G containing G,, A’ be an ideal of A corresponding to G'. Since G’ is itself a
connected Lie group,so the factor group G/G’ has a Lie algebra isomorphic with A/A4’. Let
$ be the natural homomorphism of G onto G/G', ¢ induces a homomorphism ¢ of A onto

A/A'. It is easily seen that the contraction of ¢ on the ideal A, is a homomorphism of A; on-




to A/A'. Thus A/A’ is solvable,and so is G/G'. Suppose G#G' , then G/G' has a nontriv-
ial abelian abstract homomorph,and the group G has also a non-trivial abelian abstract ho-
momorph. This leac.ls to a contradiction.

Theorem 3  If G is a connected Lie group satisfying the following conditions:

(1) G coincides with its commutator subgroup.

(1) the marimal sémi—simple subalgebra of the Lie algebra of G contains no simple di-

rect factor which corresponds to a compact group,then G is minimally a. p.

Proof. We keep the notations in the proof of lemma 2. In view of (1) and lemma 1,
we see that the subgroup G, is minimally a. p. with respect to its intrinsic topology. The con-
traction of any continuous mapping of G on the subset G, is also a continuous mapping of G,
with respect to its intrinsic topology. Thus every unitary representation of G is trivial on the
subset G,. Therefore G, is contained in the unitary kernel K of G. Since G, is connected ,s0
it is contained in the closed identity-component of K. Then it follows from lemma 2 that G
is minimally a. p.

As further examples of minimally a. p. groups we now enumerate all the complex Lie
groups which coincide with their own commutator subgroups,sinee then the condition (1)
is automatically satisfied. Furthermore,let G be one of the following linear Lie groups:the
special linear groups SL(n,R), SL(n,C), nz=2; the special complex-orthogonal groups
SO(n,C),n=3; the symplectic groups Sp(2n,R),Sp(2n,C),n=1; R and C denote the
fields of real and of complex numbers respectively. Let E,G be the group of all the matrices
of the form
A P
o 1,

where A is an arbitrary matrix of the group G (of degree,say,m),P is an arbitrary matrix

L4

of m rows and p columns over the appropriate field,and I, is the unit matrix of degree p. It
can be verified that E, G is a connected Lie group satisfying the conditions ( I } and (1),
so it is minimally a. p. Also the Lie group locally isomorphic to a direct product of groups of
the type E, G and the type G is minimally a. p.

Lemma 4 The Lie algebra of a minimally a. p. connected semi-simple Lie growp con-
tains no simple ideal which corresponds to a compact group.

Proof. We have G=G'/N ,where GG’ is the universal covering group of the group G in
question,and N is a discrete normal subgroup of G' which is contained in the center Z of G'.
We may write

G' =G, XG; X XG,,

Z=Z\XZ X+ XZ,,
where G;(i=1,2,+*,p; p=>1) are non-abelian,simple,connected Lie groups,and Z; is the
center of G;. Suppose,say G;(j=1,2,**,9;9==1) are compact and the remaining G; are not
compact. Let f;(j=1,+,q) be the adjoint representation of G;; without loss of generality,
they may be assumed to be unitary. Let f,(£=g-+1,+-+,p) be the trivial representation of



G- Then the “sum” representation f, defined by
v f=fHi+fitet S,
is a unitary representation of G' such that f(a) is the unit matrix if and only if a belongs to
the subset -
ZiX 000 X Z, X Gogy X o X G
Since N is contained in the above subset,so f induces a non-trivial unitary representation of
G, this leads to a contradiction.

k Theorem § [f G is a minimally a. p. connected non-solvable Lie group,then every
maximal semi-stmple subalgebra of the Lie algebra of G contains no simple direct factor
which corresponds to a compact group.

Proof. Let S be the maximal solvable normal subgroup of G. According to Malcev,S is
a closed subgroup of G'™. Then the factor group G/S is minimally a. p. and has a Lie alge-
bra isomorphic with every maximal semi-simple subalgebra of the Lie algebra of G. Then
our assertion follows from lemma 4. -

Theorem 6 Let G be a minimally a. p. connected Lie group which is a covering group
of some Lie group whose commutator subgroup is closed. Then G coincides with its own com-
mutator subgroup. ‘

Proof. Let.G be a covering group of G' whose commutator subgroup C’ is closed. Since
G’ is also minimally a. p. ,it coincides with its unitary kernel which is contained in C'. Then
C'=C"=G'. Thus the common Lie algebra of G and G' coincides with its derived algebra.
Therefore G coincides with its own commutator subgroup.

The commutator subgroup of a simply-connected Lie group is closed. The linear Lie
groups also enjoy the same property,as was shown by Malcev!®). Thus the above theorem
holds for the Lie groups which are covering groups of linear Lie groups (this includes the
simply-connected case’as is easily seen from the well-known theorem of Ado on the repre-
sentability of Lie algebra by matrices). In view of this we may deduce the following

Corollary 7 Every connected solvable Lie group is not minimally a. p.

Proof. We may assume that the group G is not abelian. The center Z of G is properly
contained in G,thus the adjoint group G/Z is a non-trivial connected linear Lie group. Since
G/Z is also solvable,it does not coincide with its own commutator subgroup. Therefore G/Z
1 not minimally a. p. and so is G.

In view of theorems 3.5,6 and corollary 7,we obtain: .

Theorem 8 A linear connected Lie group, or more generally, a comected Lie group
which is a covering grdup of some linear Lie group,is minimally a. p. if and only if its Lie
algebra satis fies the following conditions:

(1) it coincides with its dertved algebra,

(1) all its maximal semi-simple subalgebra contains no simple direct factor which corre-

sponds to a compact group.

It is highly probable that conditions ( I ) and (I ) suffice to characterize the minimal



almost periodicity of arbitray connected Lie groups. This amounts to say that minimal almost
periodicity is an invariant under local isomorphism ; but we are unable to prove this at pre-
sent. However,in a weaker form,the minimal almost periodicity is an invariant of the equiva-
lent classes introduced by Malcev'™ within a family of local isomorphic groups (two connect-
ed Lie groups are said to be equivalent if they are finite-multiple covering groups of a third
group). Our assertion is justified by the following

Theorem 9 The finite-multiple cavering groups of a minimally a. p. connected Lie
group are minimally a. p.

Proof. Let G'=G/N, where N is a finite central subgroup of G. Suppose G is not
minimally a. p. Let K be the unitary kernel of G,then G/K is a non-trivial maximally a. p.
connected group and assumes the form G/K= H, X H,,where H, is a compact group,and
H, is an Euclidean vector group. Let ¢ be the natural homomorphism of G onto G/K=
$(G). Then #(NN) is a finite central subgroup of $(G) ;and it is easily seen that $(N) is con-
tained in H,. Thus we have $(G)/#(N)=(H,/$(N)) X H,, and ¢(G)/$(N) is maximally
a.p. and admits a non-trival unitary representation f. Let ¢ be the natural homomorphism
of $(G) onto $(G)/$(N). Then the unitary representation /' of G defined by f'=f-¢-¢is
non-trivial and having a kernel containing N. Thus f induces a non-trivial and having a
kernel containing N. Thus f' induces a non-trivial unitary representation of G', so G’ is not
minimally a. p.

It may be of some interest to remark that the minimal almost periodicity may serve to
prove a well-known theorem to the effect that every compact complex Lie group is necessari-
ly abelian (cf. for example!®). It is a consequence of the following

Theorem 10 A connected complex Lie group G is solvable if and only if it contains a
proper closed normal solvable subgroup S (not necessarily a complex subgroup) such that G/S
is compact.

Proof. Let G be solvable. In view of corollary 7, G is not minimally a. p. Let K be the
unitary kernel of G, then G/K is of the form G/K=H, X H,,where H, is a compact group,
H, is an Euclidean vector group,and H, and H, do not reduce to the trival groups simultane-
ously. Evidently G/K has a non-trivial compact factor group,thus G has a proper closed nor-
mal solvable subgroup S such that G/S is compact. Conversely,let S be the subgroup in ques-
tion. As G/S is compact,it admits a faithful unitary representation. Then the natural homo-
morphism of G onto G/K carries the unitary kernel K into the identity element of G/S,i.
e. »the solvable subgroups contains K, which,in turn,contains all the maximal semi-simple
subgroups of G. Thus the semi-simple part of G necessarily reduces to the trivial group.
* Therefore G is solvable.

If, furthermore, G is itself compact,then,in view of theorem 10,it is solvable. According
to a theorem of Chevalley™ and Malcev™,G can be written in the form A+E, where Ais a
compact abelian subgroup of G,and E is a subset of G,homeomorphic to an Euclidean space,

and every element of G has a unique decomposition. Now, since G is compact,the Euclidean



part vanishes,therefore G is abelian.
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