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Analysis on Interface Failure Mechanism of
Reinforced Concrete Continuous Beam
Strengthened by FRP

YUAN Hong* LIN Zi-feng

( Department of Mechanics and Civil Engineering, Jinan University,
Guangzhou 510062, P. R. China)

Abstract ; Fiber reinforced polymer (FRP) composites are increasingly being used for the repair and
strengthening of deteriorated concrete structural components through adhesive bonding of prefabricated
strips/plates and the wey lay-up of fabric. Interfacial bond failure modes have attracted the attention
of the researchers because of the importance. The objective of the present study is to analyse the
interface failure mechanism of reinforced concrete continuous beam strengthened by FRP. An
analytical solution has been firstly presented to predict the entire debonding process of the model. The
realistic bi-linear bond-slip interfacial law was adopted to study this problem. The crack propagation
process of the loaded model was divided into four stages ( elastic, elastic-softening, elastic-softening-
debonded and softening-debonded stage). Among them, elastic-softening-debonded stage has four
sub-stages. The equations are solved by adding suitable stress and displacement boundary conditions.
Finally, critical value of bond length is determined to make the failure mechanism in the paper be
effect by solving the simultaneously linear algebraic equations. The interaction of upper and lower
FRP plates can be neglected if axial stiffness ratio of the concrete-to-plate prism is large enough.

Key words: FRP, interface, bond-slip law, critical length, continuous beam, ultimate load

1 Introduction

The strengthening of concrete structures by means of externally-bonded fibre reinforced

polymers ( FRPs) is now routinely considered as a viable alternative to the rather costly

* T MR, BORFNFEERIEA, DERBRKFT AL TS, T2007 57 AASBARYEE S0 FAJGRE
FEMA BT SHARBEARL WAL GRLE G’ L,



replacement of these structures. A concrete structure can be strengthened by bonding an FRP
plate to the tension face. However, the behaviour
of the FRP-to-concrete interface in a continuous
beam can be significantly different from that

captured in a pull-off test' . Negative bending

moment exists near the support of continuous

F ﬂesive beam. Therefore, if FRP strengthening method is

Adll;ﬁsgve P applied to continuous beam, FRP sheets are

needed to be bonded on both the upper and lower

Fig.1 Continuous beam strengthened by FRP  surface of the beam (Fig.1). The behavior of

the FRP-to-concrete interface between two

adjacent main cracks as shown in Fig. 1 may be idealized as the simple model in Fig. 2.

1 l_l’ FRP | L |

2 p bi|b, b.g

Adhesive

(a) Elevation (b) Plan

Fig.2 Mechanics model of FRP strengthening concrete in double surface model

Assume that the width and thickness of each of the five components (two plates, two
adhesive layers and concrete prism) are constant along the length. The width of the upper plate,
concrete and the lower plate are denoted by b, , b, and b, respectively, the thickness of those by
t,, t,and t, respectively, and the Young’ s modulus of those are E,, E, and E, respectively. The
bonded length of the plate (i. e. bond length) is denoted by L. The interfacial slip is defined as
the relative displacement between the neighboring adherends. The slips of the upper and lower
interfaces are denoted by §, and §, respectively. The softening length and debonded length in the
interfaces are denoted by a and d respectively.

In such a joint, the adhesive layer is mainly subjected to shear deformations. A simple
mechanical model for this joint can be thus established by treating the two plates and the concrete
prism (the three adherends) as being subject to axial deformations only while the adhesive layer
can be assumed to be subject to shear deformations only. That is, three adherends are assumed
to be subject to uniformly distributed axial stresses only, with any bending effects neglected,
while the adhesive layer is assumed to be subject to shear stresses only which are also constant
across the thickness of the adhesive layer. It should be noted that in such a model, the adhesive
layer represents not only the deformation of the actual adhesive layer but also that of the
materials adjacent to the adhesive layer and is thus also referred to in the paper as the

interface'””".



2  Governing Equations

Based on equilibrium considerations (Fig.3), the following fundamental equations can be

easily found.

do, T,
~— =0, la
dx 4 tla)
do T
=2 =0, (1b)
dx I
otb +otb +o,t,b, =P. (lc)

The constitutive equations for the two adhesive layers o, ~—— o +do
(here assume that they have the same properties) and the three o — 7
adherends can be expressed as é

T2
o, =E, % (2a) B
du, Fig.3 Deformation and stresses
o, =E X (2b)
o, =E &, (2¢)
22 dx
T, =f(8,), (2d)
7, =f(8,). (2e)
The interfacial slips of the upper and lower interfaces can be expressed as
8, =u, ~u, (3a)
8, =u, —u. (3b)

Because of complexity of unsymmetrical model, this paper considers only the symmetrical

model for simplicity, i. e. , the upper and lower FRP plates have the same materials, thickness

and width (E =E

following governing differential equations ;

ot =t,,b =b,). Substituting Egs. (1) and (2) into Eq. (3) vyield the

d’s, 1 ,

P 1( Et b ' Ebt )f(al) - Eibitif(az) ' 427
d252 - b ( ! + )f((S ) —i—f(S ). (4b)
ds "WEtb  Ebg * Epp !



And the stresses in plates

P dé dé
(k41— —
E1b1’1 dx dx
0'1 =E1 24k ) (Sa)
dé dé
r +—1+(k +1)——2
E bt dx dx
o, =E, Dk » (5b)

where k is the axial stiffness ratio of the concrete-to-plate prism

Ebt

i i

3 Local Bond-slip Model

Various bond-slip models have been considered in previous work >, However,
experimental results'®’ indicate that the bilinear model shown in Fig. 4 which features a linear
ascending branch followed by a linear descending branch provides a close approximation.
According to this model, the bond shear stress increases linearly with the interfacial slip until it
reaches the peak stress 7 at which the value of the slip is denoted by §,. Interfacial softening (or
micro-cracking) then starts with the shear stress reducing linearly with the interfacial slip. The
shear stress reduces to zero when the slip exceeds §_, signifying the shear fracture (or debonding
or macro-cracking ) of a local bond element. This bond-slip model shown in Fig.4 is

mathematically described by the following

L5, 0<8<5,,
| deilih (5,-8), 8, <5<d T
! <8<5,,
: . 8, 5,, ‘ J
0 o 5 5
0, 6>6

Fig.4 Local bond-slip model

4 Analysis for Failure Process

Once the bond-slip model is defined, the governing Eq. (4) can be solved to find the shear
stress distribution along the interface. The solution is presented below stage by stage with
illustrations of the corresponding interfacial shear stress distribution ( Fig.5). The solution

presented here and the interfacial shear stress distribution shown in Fig.5 is strictly correct only



(a) Elastic state

T,

R |

I ]

(b) Initiation of softening at =0

(c) Elastic-softening state

T,

1
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a

I

(d) Initiation of debonding at + =0

Ty

doy 1

(f) a+d=L/2

a
(j) d=L/2

I 7,
L d .l /
! '/'T\_L
w m

]
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J d ;1w
I =
m a
I
s, =6

|m d x I T,
— 1] a

I}

(m) Softening-debonded state

Fig.5 Interfacial shear stress distribution for each state



for a bond length longer than critical length whose value will be defined in the following. With
the increase of P, the interfacial shear stress distribution features an elastic stage, an elastic-
softening stage, an elastic-softening-debonded stage which has four sub-stages, and a softening-
debonded stage. Therefore, 7 interfacial shear stress states and 6 critical conditions between
different interfacial shear stress states will be appeared in the debonding process. Fig.5 shows
the 13 different debonding processes from (a) to (m). (a) elastic state (8, )x _0 <8,);
(b) critical condition between elastic state and elastic-softening state ( &, |x o = 6, )
(c¢) elastic-softening state (8, <&, lx _, <6 f) ; (d) critical condition between elastic-softening
state and elastic-softening-debonded state 1 (8, |X , =96 f) ; (e) elastic-softening-debonded
state 1 (a +d <L/2); (f) critical condition between elastic-softening-debonded state 1 and
elastic-softening-debonded state 2 (a +d = L/2); (g) elastic-softening-debonded state
2 (a/2 +d <L/2 <a +d) ; (h) critical condition between elastic-softening-debonded state 2 and
elastic-softening-debonded state 3 (a/2 +d =L/ 2); (i) elastic-softening-debonded state 3 (d<
L/2 <a/2 +d); (j) critical condition between elastic-softening-debonded state 3 and elastic-
softening-debonded state 4 (d =L/2) ; (k) elastic-softening-debonded state 4 (8, |X _, <83
(1) critical condition between elastic-softening-debonded state 4 and softening-debonded state
(6, |X=L =§,); (m) softening-debonded state (&, lx g 20, )

4.1 Elastic stage

At small loads, there is no interfacial softening or debonding along the upper and lower
plate-to-concrete interfaces. So the entire length of the interfaces is in an elastic stress state
(state 1) (Fig.5(a)). This is true as long as the upper interfacial shear stress at x =L is is less
than 7 4 Since the upper and lower FRP plates have the same materials, thickness and width
(E, =E,,t, =t,,b, =b,), it can be obtained that §, (x) =6, (L —x) for each stage. Therefore,
only half the boundary conditions are needed in deduction. Substituting the relationship of

Eq. (7) for the case of §<§, into Eq. (4), the following differential equations are obtained
(D" -1,)8, +1,8, =0, (8a)

2
A8, +(D' =A,)8, =0, (8b)

d
where D =——, and
dx

A =b ( S )—TL (92)
W Ebt Ebt |6,
1 7
A, = — 9b
’ l Eibiti 6z ( )

and the boundary conditions are



el =—

—, 10a
x=0 bltl ( )

=0. (10b)

0-2|x=0

With these boundary conditions and symmetry §,(x) =6, (L —x) the following expressions
for the interfacial slips are found by solving Eq. (8)

P 1 —-a,x
(i

= e e—a](L—x)]
l E b, 2(1,(1 +e—alL)
+ r ! o e P pe P (11a)
E]t|b] 231(1 -e ")
- _ P 1 [e»alx _e—a](L—x)]
2 =a. L
E b, 20!,(1 +e ")
o 1 o™+, (11b)
Eltlbl 2,31(1 =g ")
where
a = /A, A, (12a)

B, =/A, =1, (12b)

When elastic state is finished, load reaches maximum value P, at this state (Fig.5(b)).

The critical condition between elastic state and elastic-softening state is
8||x=0=62' (13)
Substituting Eq. (13) into Eq. (11a) yield the following

26 E t b

Pe _ e 1171 s 14
" 1-e ™" 1+e A" L=

+
a(1+e™") B (1-e™")

4.2 Elastic-softening stage

Once the shear stress along the upper plate-to-concrete interfaces reaches T, at x = 0

(81 |x o = 83) , softening commences at both loaded end of the bonded plate, so part of the
plate-to-concrete interface enters the softening state ( state [[ ) while the rest remains in the
elastic state (state | ) as shown in Fig.5(c). The load P continues to increase as the length of
the softening zone a increases. Substituting the relationship given in Eq. (7) into Eq. (4) gives

the following for the elastic-softening stage



(D’ =),)8, +A,8, =0 for 0<5, <5, and 0<5,<5,,

A8, +(D* —1,)8, =0 for 05, <8, and 0<5,<5,,

2
(D’ +A,)8, +1,8, =4,8, for 8, <5, <5, and 0<5,<35,,

2
A8, — (D" =2,)8, =18 for§, <5 <8 and 0<5,<5,,

where

=b —— —
* VEbt 8, -9,

(15a)
(15b)
(15¢)

(15d)

(16a)

(16b)

The solutions to Eq. (15) can be derived using symmetrical condition &, (x) =8, (L —x)

and the following boundary conditions

__P
0'] P ltl ’
02|x=0=0,
8,1, a- =8,
81 _..=8,

o, is continuous at x =a,
o, is continuous at x =a,

0, is continuous at x =a.

(17a)

(17b)
(17¢)
(17d)
(17e)
(17f)

(17g)

The solution for the softening-elastic region of the interface [§, <&, <& f and 0 <6, <94,

within 0<x<a] is given by
- —Q,X uz.\’ .
8, =Be 7 +B,e* +B.cospBx +Bsing,x +6,

(ol +1,) (B, -
8, = -———(B,
A2 2

where

\/)‘1 _)‘3 +\/()‘1 _)‘3)2 _4(’\2’\4 _)‘|)‘3)
az = )
2

\/(Al —Aa)z _4(’\2/\4 _AIAS) ;(Al —’\3)
B, = . ,

e +B,e"”) +T—3—(B3cosﬁzx +B,sinp x) ,

(18a)

(18b)

(19a)

(19b)



and that for the elastic region of the interface [0<3, <4, and 0<§, <46, within a <x<L —a] is

given by

8, =Be " +Be" +B7e_ﬁ‘x +Bseﬁ'x, (20a)

8, =—Be " -Be" +Be " +B M. (20b)

2

9 unknowns B , B,, ---, B, and a can be determined by the following simultaneous equations

P 1
= - (a2+/\

) (21a)
4 E1t1b1 2 3 'BZ((X; +B§)
p 2
B, B, =~ (B, =A)—— ——» (21b)
] ’ Eltlbl ’ ’ az(az +,B§)
B, =-e "B, (21c¢)
B, =e™'B,, (21d)
B e~ +B, 8% +B,cosB,a +B,sinB,a =5, =6, (21e)
Bs[e-mﬂ _e—ul(L—H)] +B7[e—ﬂ]a +e—B|(L—a)] :82’ (21f)
o, +A, s B,
_—A—(B'e a +B2eaz ) + (B,cosB,a +B4sin32a)
2 2

- _BSC_O(IG _Bseala +B7e_ﬂla +Bgeﬁla’ (21g)

A ’32 Y

~B,e ™ +B,e™ = —%{“1(1 — )[e'“l" re B,
a,(a, +B;) A,
Bz A ~Bya -B, (L-a)
+31( : —1)[e g 7 187}, (21h)
2
A o A
—B,sinB,a +B,cosp,a = "%{al (# _1)[6_‘1‘“ +e_“1(L_a)]Bs
B,(a;, +8,) A,
az2 +A
+B1(1 +#)[e“*'“ —e“*l“‘“’137}. (21i)
AZ

During this stage of loading, debonding (or macrocracking or fracture) commences and
propagates along the interface. At the initiation of debonding 8, |x _o =6,a=a,(Fig.5(d)).
It is supposed that L is long enough and 0 <3, <9, for x<a,, that is L >2a_, then state 1
(Fig.5(e)) will appear. Substituting §, Ix _o = &, into Eq. (18a) yields the following equation

which can be used to determine critical length L_=2a,by combining with Eqgs. (21)



B, +B, +B, =0. (22)
4.3 Elastic-softening-debonding stage

Debonding will appear at elastic-softening-debonding stage. Debonding state is described as
state [ (Fig.5). There are 4 different sub-stages in the stage (Fig. 5(e), Fig. 5(g),
Fig.5(i), Fig.5(k) ). At each sub-stage the interface is divided into 5 segments from left to
right. Substituting the relationship given in Eq. (7) for different segments into Eq. (4) gives
governing equations. The solutions to governing equations can be derived using symmetrical

condition 6, (x) =8 (L —x) and the corresponding boundary conditions.
4.4 softening-debonded stage

With the continuing loading, peak shear stresses 7 , On upper and lower interface will arrive

at the unloaded end as shown in Fig. 5(1) and then the interface enters softening-debonding
stage (Fig.5(m) ). Substituting the relationship given in Eq. (7) into Eq. (4) gives governing
equations. The solutions to governing equations can be derived using symmetrical condition
8,(x) =8, (L —x) and the corresponding boundary conditions.

It is found that the softening length a is a constant as

'
™

a= . (23)

2%

Eq. (23) is the same as in reference [3, 5].

5 Numerical Calculation

To show that how do the upper and lower FRP plates affect each other, the following
material and geometric parameters are used in example unless otherwise stated: 7 =0.165 mm,
b, =25 mm, t, =150 mm, b, =150 mm, L =190 mm, E =256 GPa, E =28.6 GPa, §, =
0.034 mm, Bf:O. 16 mm and ’Tf=7. 2 MPa.

T,

5.1 Ciritical value of bond length

e It is supposed that L is long enough in this paper, that is

""" L>2a,. The critical length L, =2a, can be determined by

Fig.6 Critical length L., =2a, solving Egs. (21) and (22). It is obtained that L, =2a, =
101.72 mm (Fig. 6).

5.2 Effect of stiffness ratio
Eib,,t.

—. Except
111

Axial stiffness ratio of concrete-to-plate prism is denoted by k, that is k =

<10 ¢



