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Part 1 Mathematical Analysis
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Introduction

The germination, appearance and development of Mathematical Analysis went through a long peri-
od. The germination period started from the method of exhaustion put forward by the ancient Greek
mathematician Eudoxus (about 408~ 355 BC) and Archimedes (about 287 ~212 BC) who worked out
the area of parabolic arch. The idea of limits is well put into practice, such as, in 263 BC, Liu Hui raised
“Cyclotomic Method” as he glossed for a book named Nine Chapters of Arithmetic; In 1328, the British
archbishop Bradwardine (1290 ~ 1349) gave the definition for homogeneous rate of change and non-
homogeneous of change in his book published in Oxford. By the middle of the 16" century, the preparing
period of Mathematical Analysis really started. Two famous works made great influence at that time.
One was New Space Geometry by the German mathematician Kepler (1571~1630), another was Geome-
tria Indivisibilibus Continuorum Nova Quadam Ratione Promota by the Italian mathematician Cavalieri
(1598~1647).

Great foundation of Mathematical Analysis had been laid from the early 17 century to the middle of
17" century. Among the pioneers were Pascal (1623 ~1662) and Fermat (1601~ 1665) from France.,
Wallis (1616~1703) and Barrow (1630~1677) from UK.

In the late 17™ century, Newton (1642~1727) and Leibniz (1646 ~1716) founded Calculus based
on the works of early mathematicians. Right after its birth, there was a heated debate over whether it
was logically strict and fundamentally stable. Consequently, many mathematicians tried to remedy its
loose foundation, among whom were Maclaurin (1698~ 1746) and Taylor (1685~1731) from UK, D’
Alembert (1717~1783) from France. In particular, D’ Alembert once tried to define the base of calculus

to limit, but to our regret, abandoned the idea halfway.

Meanwhile, many mathematicians had made great achievement on the loose Calculus. For example,
the Switzerland mathematician Euler (1707~1783), by using Calculus as a tool, solved many problems
in the fields of astronomy, physics and mechanics, and also founded many new subjects such as differen-
tial equations, infinite series and calculus of variations. And the first systematically integrated book on a-
nalysis, Introductio in Analysin Infinitorum, was published in 1748, Moreover, Lagrange (1736~
1813), Laplace (1749~1827), Legendre (1752~1833), Fourier (1768~1830) also contributed a lot to
Mathematical Analysis. But no efficient solution to the loose base of Mathematical Analysis had been
found.

Stepping into the 19* century, the loose foundation of Mathematical Analysis came up to the degree
that had to be solved. But there were no strict definition for variable and limits. Terms such as continui-
ty and the convergence of series were unknown. The existence of definite integral was still ambiguous,
which could be seen from the statement of the Norwegian mathematician Abel (1802~1829) in 1826,
“Only few proofs of the theorems in advanced analysis can logically hold water. Unreliable reasoning
methods drawing conclusions of general cases from special ones can be found everywhere”. In order to
solve the loose foundation of Mathematical Analysis, the Czechic mathematician Bolzano (1781~1848),
the Norway mathematician Abel and the French mathematician Cauchy(1789~1857) did great amount of
work. In 1821, Prof. Cauchy, the Science and Engineering university of France, wrote the book Analy-
sis Course s in which Mathematical Analysis was defined on the concept of limit, and thus got a major line
out of the disorderly numerous concepts. But the language was still not strict enough to avoid the expres-
sions such as “approach infinitely”, thus met the opposition of some mathematicians, among whom was
the German mathematician Weierstrass (1815~1897) who believed that the variable was not more than a
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letter, which is used to represent the number in an interval. This idea resulted in the new method that if
x belongs to the interval (z; — €.z, &) then f(z) must be a number of the interval ( f(zo) — e f(x0)
+¢). Hence today’s widely used “e8” language came into being.

Since the tool of Mathematical Analysis is limit, which is related to real numbers, the strictness of
Mathematical Analysis is based on the real number theory. In this aspect, the French mathematician
Cauchy, Méray (1835~1911), the German mathematician Heine (1821~1881), Cantor (1845~1918)
and Dedekind (1831~1916) all made great contribution to the foundation of real number theory.

In the late 19" century, the theoretical developments of Mathematical Analysis are very rapid: In
1870, Heine put up the concept of uniform continuity. In 1895, Borel (1871~1956) gave the theorem of
finite covering. In 1872, Weierstrass gave a function which is continuous at every point but not differen-
tiable. In 1854 and 1885, the German mathematician Riemann (1826~1866) and the French mathemati-
cian Darboux (1842~ 1917) respectively gave the definition of bounded function, integrability and its
necessary and sufficient conditions. All of these made up the major contents of Mathematical Analysis
nowadays. At present, Mathematical Analysis is rooted in different subjects of natural science and social
science. Calculus, as the base of Mathematical Analysis, not only supplies all mathematical methods and
algorithms with methodology, but also cultivates people’s thinking mode. Presently, the major contents
of Mathematical Analysis have already become the compulsory course for math majors, and the selective
course for science, engineering and management majors.

Mathematical Analysis has formed a structure composed of four major parts: analysis theory, differ-
entials, integrals, infinite series and generalized integrals. Mathematical Analysis is founded on the con-
tinuum of real numbers, and the subject for study in Mathematical Analysis is functions. The major re-

search tool in Mathematical Analysis is limits.

F—F SMMEESEIIK
Chapter 1 Set of Real Numbers and Functions
MERETHRHIEMNEER LRFE MAR% ST RMNMAFTNRER. TENEATEE
EEHE TRZAMMHEXEREYR. AENAFITEARSH BB . Ea 0N DERBNWESR
BERENH—EHER,

« - -. . . - . . . - .

The main object investigated in Elementary Mathematics is constant quantities, while it is variables
that we investigate in Mathematical Analysis. The changeable domain of a variable is a set of real num-
bers and the correspondent relation between variables is called a function. The contents of this chapter

mainly include some fundamental concepts such as real numbers. functions, composite functions, ele-

mentary functions and their properties.

BiR) ¥ 45 iF Words and expressions

¥ BRHEME  real number and its properties REZAA% inverse triangle inequality
HH ¥ rational number HARMAZR Bernoulli inequality
FHE  irrational number W R JEH  principles of supremum and infimum
F£ X definition [defi'nifan] FX[d open interval

#wf8 proposition [propa'zifen] X8 closed interval

fin - plus 2 F XA semi-open interval

B minus A X [B] semi-closed interval

#F multiplied by / times HIRIXE finite interval

B over / is to / divided by FEPFRK 8] infinite interval

#3i {5 A% absolute value and inequality 483, neighborhood

=ZAARER  triangle inequality #0881, deleted neighborhood




A sum

#  difference

1 product [ 'prodokt |

B quotient [ 'kwoujont]

BB  number axis / number line
H M closeness

Pl B A8 BT Archimedean property
W% density

FRETRHR upper and lower bounds
A A4 bounded set

T HRE unbounded set
TP existence domain

+#A  supremum

FT#A  infimum
BF5EHHE  order-complete set
LHAEEME  completeness of real numbers
418, complete ordered field
SN axiom of completeness
W4 4% Dedekind cut
LR  Dedekind property
W5 H  constant and variable quantities
R A E X definition of function

€ M B, domain
{{3® range

H7ZEE  independent variable

H7ZE 4t dependent variable

Fifa} A dd  intermediate variable
HEME  monotonicity
VI BB elementary function
HHEMEE constant function

B  power function

TEBEEE  exponential function
R EE  logarithmic function

=M EB trigonometric {unction

R =FEB  inverse trigonometric function

X ¥ inverse function

B4R compound function

B mapping

St inverse mapping

1%  image

JF{% primary image

SEXPRBL  piecewise function
e sign  function

A7 EH K Dirichlet function

R E K Riemann function

B REH bounded function
BIEE  monotone function
A 1% PR # monotone increasing function
TR B REY  strictly monotone function
FUBYHEE odd (even) function

Rl B4 periodic function
B/NEY  minimal positive period
AXHE KR absolute value function
HZ KB identity function

LMK EE  polynomial function
LM ERE  linear function

ZIRE¥  quadratic function
AHEE rational function
WHEIE3%  hyperbolic sine

M4 5%  hyperbolic cosine
=ZAE%5L trigonometric identity
#FHEE X odd-even identity
AEBIEER  cofunction identity
ik F e % Pythagorean identity
HAE % half-angle identity
FUHEZ 3 product identity

FE% X sum identity

Mk1E% X addition identity
EAE%ERX  double-angle identity

HAMBEFTEMR Basic concepts and properties

R e SHAA EF(FR REER MWL, HEN W€ S, BAz<M(z>L0). ¥
ML) %A SH—1 ERCFR.
A nonempty set S of real numbers is said to have upper (lower) bound provided that there is a number
M(L) having the property that x <{ M(x > L) for all x in S. Such number M(L) is called an upper
bound (a lower bound) for S.

EFRIARNMRERALRXETH.
A set is said to be bounded if it has not only upper bound but also lower bound.
BEUMRESMRALREABESITM, W MHERES B ERREED L.
If the set of all upper bounds of a set S has the smallest number M, then Mis called the supremum (or

the least upper bound) of S.
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The supremum M of a set S has the following two properties: (i) Mis an upper bound of S, i. e, , for
any x € S, we have x<{ M ; (il) No numbers less than M can be an upper bound, i. e. , for any posi-

tive number g, there exists a number y € S, such that y > M—e.
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Key points of this chapter
Because the scope for problems discussed in unary calculus is real numbers, but functions are the
main object in Mathematical Analysis, and thus the following points must be mastered for real numbers
and functions.
% Why are real numbers studied?
3 Why are the notions of supremum and infimum introduced?
% Why is the absolute value inequality studied?
B3 What is a function? How to determine the domain of a function? What is the region of a function?
% What is the difference between mapping and function?
#:8 What is an elementary function?
B& Master the notion of composite functions and the method to “decompose” composite functions into

basic elementary functions.
FE IR
Chapter 2 Limits of Sequences
BESNTTHREOENETETARER MELIVERFLOLEREENERZ —. B L, —MK

BRI EERFEHFTHOEFIEE. IUAENRESELEIRR QU] 5 5 sk
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The major research tool in Mathematical Analysis is limit, while sequences of real numbers are the
most simple, but one of the most important functions. In fact, many properties of general functions can
be deduced from the understanding of sequences. Accordingly, the contents of this chapter include limits
of sequences of real numbers, properties of convergent sequences, operational rules of convergent se-

quences, existence criteria of limits of sequences, and so on.

B iR F1 G iF Words and expressions

* B R  limit of sequence * ME—PEFEH  uniqueness theorem
REEF divergent sequence * FRMEEHE boundedness theorem
X35 /NP infinitesimal sequence R inheriting order properties

W% convergent sequence BRAZLA M inheriting inequality



F%] subsequence WHELHF  necessary condition
JEE ¥ strictly increasing 4% sufficient condition
BB K S  monotone increasing sequence * JBEM squeeze principle
BRI monotone decreasing sequence * FIPG U S #EM  Cauchy convergence criterion

T=#& i, strictly decreasing
HEAEAEZFOHER Basic concepts and properties

O WS B AR AR FR S TR BR A4 AL

The limit of the sum of convergent sequences is equal to the sum of the limits.

BB WS s R IR TR IR s L

The limit of the product of convergent sequences is equal to the product of the limits.

BEH WSO8 B R AR BR % T AR BR A9 7.
The limit of the quotient of convergent sequences is equal to the quotient of the limits.
R 2 U A 248 RBE  EEATRENRRRN LI 2N
f:N—=R B fw,ne N
A function whose domain is the set of natural numbers and range is a set of real numbers is called a
real sequence. Thus a real sequence is denoted symbolically by
f:N—=R or f(m),n€&N.
BY W {a.) MBI a HEH. BEXMEANER >0, RFEEBE N, HEBY2>NH.E lan—al<
e MBI {a.) T a) B a WA {a.} WRR,IFICIE

lima, =a 3B «a,—> aln— c0),

Let {a,} be a sequence and a be a constant,
{a,} if for any ¢ > 0, there exists a positive integer N, such that | a, —a |<e for all 7> N, and the

{a,} is said to be convergent to a and a is called the limit of

limit is denoted by
lima, = aora, - a(n—> o),

o0
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A monotone sequence is convergent if and only if it is bounded.

P) B Examples
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