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Some Aspects of Mathematical Finance

Jiongmin Yong?!
(Department of Mathematics, Fudan University)

[Abstract] Mathematical finance becomes more and more attractive in recent years.
This talk will begin with a brief history of mathematical finance. Several interest-
ing problems, such as option pricing, consol rate problem, etc. will be discussed in
some extent. These problems give rise to the study of backward and forward-backward
stochastic differential equations. On the other hand, the application of techniques from
stochastic control theory and differential games makes the mathematical finance more

prosperous.

1. Introduction

The two winners of the 1997 Economic Sciences Nobel Prize are Robert C. Merton and
Myron S. Scholes for their significant contributions in mathematical finance. This makes
the already popular field of mathematical finance more attractive.

Mathematics plays an essential role in the quantitative study of modern finance. In
the foreword to the book “Continuous-Time Finance” ([21]) of Robert C. Merton, Paul

A. Samuelson? wrote:

The pole that propelled Merton to Byronic eminence was the mathematical tool of
continuous probability ¢ la Norbert Wiener and Kiyoshi Ité. Suddenly what had been complex
approzimation became beautifully simple truth.

On the other hand, in the same book, R. C. Merton wrote:

The mathematical models of modern finance contain some of the most beautiful ap-
plications of probability and optimization theory.
..., of course, all that is beautiful in science need not also be practicel; and surely, not

all that is practical in science is beautiful. Here, we have both.

Let us now briefly recall the history of modern mathematical finance. It is now well-
accepted that the magnificent dissertation “On the theory of speculation” of Louis Bachelier
written in 1900 ([2]) ; ronounced the birth of the mathematical finance. Interesting enough,
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that was also the first time that the later so-called Brownian motion was mathematically
formulated and carefully studied.

Bachelier’s work had been unknown in the finance literature for more than 50 years. In
early 1950s, Paul A. Samuelson rediscovered this work (through the statistician L. J. Savage).
The modern finance begins in the later 1950s and 1960s. The most influential works in
that period was that of H. Markowitz> on the mean variance theory of portfolio selection.
Later, W. F. Sharpe ([28]) and J. Lintner ([13]) formulated the Capital Asset Pricing Model
(CAPM), P. A. Samuelson ([27]) and E. Fama ([9]) proposed the efficient market hypothesis.
In 1973, Fischer Black and Myron S. Scholes published the famous Black-Scholes formula
solving the pricing of European option. Since then, many researches of mathematical finance
have been carrying out. See [22] for some detailed descriptions of the history.

Backward stochastic differential equations (BSDE, for short) was firstly formulated by
Bismut ([3]) in studying stochastic optimal controls. Since 1990, due to Pardoux and Peng,
the study of BSDE has been re-ignited ([24,25}). the theory of forward-backward stochastic
differential equations (FBSDE, for short) have been systematically studied shortly after
(see [1,15,14,8,12,29,30], and for relevant results, see [16,17,18,19,26,31]), and these theories
turn out to be very useful in mathematical finance (see [8,7,10,6,32,23]). In the rest of this
paper, we are going to give a brief description of the theory of BSDE and FBSDE, and their
applications in some mathematical finance problems.

2. Simple Description of the Market

We first look at the model of a bond. Let Xo(2) be the price of the bond at time ¢ with

interest rate r compounded continuously. Then on a period [¢,t + h], we have

Xo(t +h) — Xo(t)
oh T (2.1)

which is the relative return per unit time. We may also write the above as
Xo(t + h) - Xo(t) 7 ’r'Xo(t)h (2.2)

Let h — 0, one has
dXo(t) = rXo(t)dt, X(0)==z (2.3)

whose solution is Xo(t) = ze™, t € [0,T). Clearly, Xo(-) is monotonically increasing. For
this reason, we say that the bond is riskless.

Next, we look at a stock, which is quite different from a bond. Let X(t) be the price of
the stock, with the average return rate b and the so-called wolatility 0. Again, consider on
[t,t + k], we have

X(t+h) — X(t) = X(t)[bh + on(t, h)] (2.4)
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where 7(%,h) is a (normalized) noise. It could be positive or negative! Thus, the stock is
risky. In the above, 7(t, h) is caused by the (independent) behavior of a very large number
of investors. Hence, people accept that 5(t,h) ~ N (0, h), the normal distribution with mean
0 and covariance h.

Let W () be the accumulative noise up to time ¢. This turns out to be a Brownian
motion. Then (2.4) can be written as

X(t+h)— X(t) ~ X(t){bh + o[W (¢t + k) — W(2)]}
Letting A — 0, we have (compare (2.4))

{ dX(t) = bX(t)dt+oX(t)dW (), t € [0, T

X0) - o (2.5)

whose solution is given by X (t) = ze¥+7W() ¢ ¢ [0, 7).

Now, we look at the general case ([23]). There are n + 1 assets continuously traded in
the market. The 0-th asset is a bond, and the last = are stocks. The price process X;(:) of
the i-th asset satisfies the following SDE:

dXo(t) = ’I'(t)Xo(t)dt
dXi(t) = LO)X:(@)dt + Xi(t) D7, 03 (£)dW;(2) (2:6)
X,‘(O) = x, 0<i<n

It

Here, W(-) = (W1(-), Wa(:), -+, Wa(")) is a d-dimensional standard Brownian motion defined
on some complete filtered probability space (Q, F, {Ft}t>0,P), such that {Ft}e>0 is the
natural o-field generated by W(-) (augmented by all the P-null sets in F )- In what follows,
we denote .
5() = (41(-)sb2()s s ba( )T, 0 () = (035(-)nxa

We call r(-), b(-), and o(-) the interest rate, the appreciation rate, and the volatility, re-
spectively. Recall that the market is said to be complete if n > d and o(t) is of full rank.
Otherwise, the market is said to be incomplete.

3. Option Pricing

Consider a market with one bond and one stock whose prices are determined by the
following system of SDEs:

dXo(t) = r(t)Xo(t)dt
dX(t) = X(t)b(t)dt + X(t)o()dw (2)

(3.1)

where Xo(t), X(t), r(t), b(¢), and o(t) are the price of the bond, the price of the stock, the
interest rate, the appreciation rate, and the volatility, respectively.

Let us consider the so-called European call option. This is a contract which gives the
right to buy, say, 1 share of the stock at a given price, g, called the ezercise price, at a
specified time ¢ = T, called the maturity date. There will be two case:




(a) Ifat t =T, X(T) > q, the buyer of the option will come to buy the stock;
(b) If X(T') < ¢, the option will be discarded.

Apparently, such an option has its value (it is not free!). The question is the following:
What is the (fair) price of this option? This problem is called the option pricing ([4]). We
now make some analysis on this problem.

Suppose the price at ¢t = 0 is y. Note that the loss of the seller (or writer) of the option
at time ¢t = T is: (X (T) - q)+. To compensate (called hedge) this loss, he has to invest the
amount y (at time ¢t = 0) in the market and to get enough return. Let Y (¢) be the wealth
of the seller ¢. Thus,

Y(0)=y

He wants to invest Y'(¢) in the market so that
Y(T) > (P(T) - q)+, a.8. (3.2)

Suppose he splits Y(2) in the following way:

{ n(t) — the amount in stock (3.3)

Y(t) —w(t) — the amount in bond

Clearly, when =(-) is given, the allocation of the wealth in bond and stock is determined.
We call 7(-) the portfolio process. A simple computation shows that the wealth process Y'(-)
satisfies the following:

dy (¢)
Y(0)
Here, we have assumed o(t) # 0 and have set Z(t) = o(t)7(t). Note that the larger the y,

the larger the Y(T'). Thus, in order the price y of the option being fair, we should have y
so that the following holds:

{r@)Y () + B(t) = r()]o(t)72(t) pdt + Z(t)dW (2)
y

(3.4)

Y(T) = (P(T) - q)* (3.5)
Then we end up with the following system of stochastic differential equations:

dX(®) = X(@)b)dt+ X(t)o(¢)dW(¢)
dy (t) {r@)Y (t) + [b(t) — r()lo(t)~1Z(t) }dt + Z(t)dW (2) (3.6)
X0 = =z Y(IO)=XD-97

We need to find a triple of adapted processes (X(:),Y (), Z(-)). The fair price of the option
is given by y = Y (0).

We note that the equation for X (-) is forward since the initial value is specified, whereas
the equation for Y'(-) is backward. For this reason, we call (3.6) a system of forward-backward
stochastic differential equations (FBSDE, for short). It is seen that (3.6) is a decoupled
FBSDE.

Let us look at two interesting cases:




