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HAT 5 W A5 b il 32 AR V) 6 [5] 1Y Kolmogorov
=K A% E, Jukimibon

Topological Classification of The Tvajectories of
Kolmogorov Cubic System E; Wtthelliptic Solution
which Contact Both Axes

Abstract; In this paper we have studied the phase portrait of the kolmogorov cubic
system E2 with an elliptic solution which contacts both the axes. We have proved that
there are altogether eight types of the topological structure of this system. Besides, if
we consider this system as a mathematical model, among these eight types of topological

structure of the system, only one type has practical significance.

Article [ 1]- discussed that the kolmogorov cubic system with an elliptic solution
can only possibly have periodic region, but can not have any limit cycles. Article [2]
discussed that the kolmogorov cubic system with an elliptic solution which contacts both
the axes can possibly have limit cycles. Article [2 ] only made this system with a weak
focus by means of an example with a practical system and proved the existence of the
limit cycles by using the Hopf bifurcation.

But about the topological structure of the tvajectories of this type of system, we
know nothing at all. Actually for the kolmogorov cubic system which connects closely
with practice, the more important thing is to study the phase portrait of this system. As
it is very difficult to study the phase portrait of general kolm()gor;)v cubic system,
according to the principle from particularity to generality, we begin to discuss only the
phase portrait of the particular kolmogorov cubic as in the following.

x=x(a, +a,x +ayy)
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y=y(b, +byx +byy +b,x” +bxy +bey’) ,E

We will prove that there are altogether eight types of the topological structure of
these systems. After a scale transformation, the elliptic equation contacting with two
axes changes to the simpler form.

Flx,9) =2 =20y #9° =25 =2y #1 =0 (1)

Here |al <1. When a =0, the ellipse becomes a circle. It is located in the first
quadrant.

Theorem 1 The sufficient and necessary condition of the existence of elliptic
solution (1) (a#0) of the system E; is that the system can be expressed in the
following form.

1 1 1
2= [ (5 k) = (5, k) w o+ (B k, —kg)y] =p(a,y)
64 o (63

1 3a+1 1-
y =yl (ky =k +hg) = ( =2k, - Ot g +h)x+ —2k2—Tak,—k6)y

a
+(ky +ky)x =2a(k, +k)xy + (k, +k,)9y" ] =0(«x,y)
(2)
Proof Form article [ 2] we know that the sufficient and necessary condition of the
existence of elliptic solution (1) of system.
xv=x(a, +a,x +a,y +a,x" +asxy +agy)
{y =y(b, +byx +byy +byx” +bsxy +bgy)
is that the system can be expressed in the following form.
x=x[k, (x* =2axy +y° =2x =2y +1) —kyy( —2ax +2y -2)
—k(x=1)( —2ax+2y -2) +2ksy(x -2y -2 -a) -k, ( —x+y+1) ]
v=y[k, (X =20axy +y° =2x =2y +1) +k;x(2x —2ay -2) )
+ki(y-1)(2x -2ay-2) -2kyx(y-ax -2 -a) ks ( =x+y-1)]
Such that a, =k, +2a, =0,as = -2ak, +2ak; -2k, +2k; =0 and a, =k, -2k,

1 1
stk =hi ks = =5 k.

Substitute to system (3) ,we obtain system (2) immediately.

—2aks =0. Because a#0, then k, = -

We can suppose k) +k, #0. If b, +k, =0, then system (2) will degenerate into a
quadratic system. If k, + %, >0,by a transformation t— —¢,it can be changed to k, +£,
<0. Hence we can suppose k, +k, <0 in system (2).

Corollary 1 System (2) has not more than six finite singularities, their coordinates

7
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are
ky =Lk, +k,
0(0,0) ,A(1,0),B(0,1) ’E(O’k.aT) ,C(x,,%,),D(%,,7,)
here
G-a)(k, +k,) 1«/(3 ) (k, +ky)? —4(1 —a) (k, +k,) (2K, +O‘T_1k, k)
Yy = 2(1-a) (k, +k,)

The proof is omitted.
Corollary 2 System (2) has two infinite singularities. Their coordinates are P( 1,

0,0).S(0,1,0),S(0,1,0)must be an unstable node. As for the P(1,0,0) . if @l
a

k, — k¢ <0 ,then the P(1,0,0) is a (right stable) node (left) saddle point; if c—!+—lk,
a

— k¢ >0,then the P(1,0,0) is a (right) saddle (left stable) node.
Proof After a transformation x = L,y = % for system (2) ,we obtain
z

_l?[ﬂk —ky)Z _(a—+1k ko) —-(a—HA —k¢)2'u]

z
z

y:%[(k ) =2k, +k)an—2alk, +h)u? (4)

+ (ky -%k, #2kg)Pu—2(k, + )l + (ky +hy) 0
If use the transformation x = %,y = :— for system (2) ,we obtain

R T Y +hy)z—( —2k2+1—;—ak. —ke)2' +2a(k, +k,)m

z

_(kz—%k,+k2)z3—(—2k2—3aa+] (k, +k,)°]
} (5)

b:z‘—z[ Z(ky +hy)o+2(k, + k) +2a(k, +k, )0
|+ (k- “+2k +2k) 0 +2(k, +k,) 2P — (k, +k,)0']

Because o’ —1 <0, system (2) has only two infinite singularities P(1,0,0) and
S (0, 1, 0). Observing system (4) and (5) ,we can know at once that the properties

of P and S as in Corollary 2 are correct.

8
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In order to study the location and properties of finite singularities, we discuss the

four different conditions separately.

by =, ik

(1)Point E is located at Y axis and above the B(1,0) ,which is kaT >
; |+

L,

namely £, — a—“kl <0.
a

a+l

Corollary 3 Suppose k, +k, <0,k, ——k, <0, Again
o

D)if A=(1+a)>(k, +ky)? =41 —a) (k, +k,) (k, '-“aik,) >0,
namely
(14a) (k +k) -4(1 —a) (k, —“T’:‘k,) <0,
then the phase portrait of system (2) is indicated in Fig. 1(1);

2) if A <0, namely

(1+a) (K +k) —4(1 —a)(ks-“aik,) _0,

then the phase portrait of system (2) is Fig. 1(2);
3) if A <0,namely

(1+a)* (hy +k) =4(1 =a) (ky = %51k,) 50,
then the phase portrait of system (2) is Fig. 1(3).

S

// \_\\ ,/
: E
B

gl

L 0 Flxy)=0

y ) Flxy)=0 / g

"B D

=D
¢

, . P

P 0 A K P 0 A

/ \ /

y=x-1 ~ N ov=x+l

. >// //
g g
(1) (2)
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S Y
. ——  P=0
/"/ Fixy)=0 " /—\\y
-~ < D
//
~ B 0=0
P’ ¥ €
J - x
y=x+l | ' G
-
(3) (4)

Fig. 1.

Proof We had known that E is located at Y axis, and above B(1,0). We will
consider the location about C(x,,y,) and D(x,,y,). When k, — gale, <0, because

4(1 —a) (k, +k,) (kg ——aalel) >0 y, >y, >0, namely C and D which locate on y

=x —1,they are in the first quadrant. Further we deduce that 0 <y, <y, < }_-l—_a’
-a

l +a. . ; ; ; . .
where —= is a ordinate of the intersection of the straight line y =x — 1 and ellipse

l -«
(1),s0 C and D are located inside ellipse(1) and the C is located between A and D.
We discuss the properties of these finite singularities. Fram system(2) ,we know
that the P(x,y) =0 are two straight lines x =0 and y =x — 1 ;while the Q(x,y) =0 is a
straight line y =0 and an ellipse. When A >0, the ellipse pass through these four
singularities B. C. D..E. as shown in figurel (4). According to article [ 3 | ,we know that
the index of 0. E. C.is —1,and the index of A. B. D.is + 1. It is easy to know that they
are elementary singularities, so the Fig. 1(1) is correct, except that the stability of the
point D remains to be distinguished.

As for the point D, we have (P _+(Q,), = a +1k, — kg >0, Therefore D is an

«
unstable focus (node) point. When A =0, the point C and D coincide and become one

point. Now, for the system (2) we obtain the matrix.
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