) s o {F




i B 4

EtFEFEEEE B R
1934



RELATIONS
BETWEEN THE SOLUTIONS OF A LINEAR DIFFERENTIAL
EQUATION OF SECOND ORDER WITH FOUR

REGULAR SINGULAR POINTS
By
SHUN-TEH MA
Dissertation
Submitted in Partial satisfication
of the requirements for the degree of
Doctor of Philosophy
n
Mathematics
in the
Graduate Division
of the
University of California
Author’s Book Store

Peiping, China
1934



COPYRIGHT 1934
BY
SHUN-TEH MA



RELATIONS
BETWEEN THE SOLUTIONS OF A LINEAR DIFFERENTIAL
EQUATION OF SECOND ORDER WITH FOUR
REGULAR SINGULAR POINTS

I. INTRODUCTION.

The most general type of linear differential equation of the second order with three
regular singular points is the well-known hypergeometric equation. This classical equaton 1s
familiar to all mathematicians and the relations between its functions are of remarkable interest.

It is the purpose of this paper to study the relations between the solutions of an
analogous equation with four regular singular points; the results of this study we can generalize
to Klein’s equation with n regular singular points, of which the hypergeometric function
becomes a special case. T his differential equation has been studied by both Karl Heun® and C.
Franz® who obtained some special interesting properties about its series solutions. Here we
manage to give a single way to derive the differential equation from that of Klein and

a gencral and idoneous method to get the 192 integrals, and we may also generalize to obtain the

1

Heun, Zur Theioie der Riemann’schen Functionen zweiter Ordnung mit vier Verzweigung-

spunkten, Mathem Ann Bd. 33 pg. 161 (1889).
2

Franz, Untersuchungen udic Lineare Homogene Differential gleichung 2. Ordnung der

Fuchs'schen Lkasse mit drei im Endlichen gelegencn singularer Stellen, (1898).
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n-l

nl2 integrals of Klein's equation. Since the equation has an arbitrary undetermined constant,

this may be chosen with special value zero and supposing shat a solution of this particular differentia]
equation is known we thus gev its relation with the general solution and consequently we can

also apply to the most general Klein’s equation,



II. Derivarion of the Differential Equation.
The most general linear homogeneous equation of the second order and of Fuchsian type’

having n singularities in the finite part of the plane, say ai. as, .. .an.with exponents «. , p

respectively, and =0 being an ordinary point, was given by Klein to be!

Lot B B 4 D = .. z ’
jﬁ {,., Lk {c-r (x-a,) * % X-< f/ =9 o
with the relations,

. - n >
ﬁ’(d, ',4‘) =n-z, ‘;"3‘4 o, El(a;p‘- 4"".'/5.7=°, E/(q,‘-p" +2-.;¢‘-ﬂ‘.)

Taking n=4 and letting a,—+0 ay+/, a =2, a, - o

we have

a ] =t = y—o, - —ory 8.\ wB By 4 <4

(= i *%&)7‘{’[‘ _”fa_‘_)‘-r /+P¢+p, ]; 0.
with the relations,

KA+ 1B, 1508, + 4yt fy =2, D4B g <0, B,+a TUB t Sy 14,k B
Though the last relation has double signs, we can choose one the other being obtainable by

simple transformation. Thus choosing the + sign, and letting @2, =-%A %, we obtain

129, PRy ) inde/ Lot Biade.’ L
LL (gt gt e )Y [0 ety T knfef byeo ... (1)
1

Whittaker, Modern Analysis, (1920) p.209, and also, Forsyth, Theory of Differential Equation””

(1902), Vol. 1V.pp. 154-5.



Following the Rieman P-function (I) is defined by the scheme

(o] / a/ o
P , - oy e X
el A A B

For Ai=ehs=d =0, A=1-7, g =/-d BTl kB =S

we have Heun’s equation

AE) U)K + [Ceoper)* - {xcf-Sor o (Vad)a } 5 *azf]{}'ﬂd(n;); =0

The scheme of Heun is

o / a oo
PA{o 0 o x x
-7 /- red- <8 y.

If a=1, g=1, the equation (I’) becomes:
3
2 o
x(t-')‘i{; +[(@+pr)1 -{df/ *}"*I}Z+r:7-7% +S(x-1)p= o
Which simplified reduces to

AONG% + [Corp e )T+ 4By = 0

which is the so-called hypergeometric equation and satisfied by

4= Fla,p,r, 2)

and if a=o0, q==0, The equation (I’) degenerates into

x(x ’l)g;l‘ f[(“(fff’){'(d f-/S—/’i'I)‘]% + O?Ji = o

Heun; Franz; Whittaker, pp. 576-7 Forsyth, pp. 158-9; Ince, Ordinary Differential

Equations (1927) p. 394.



Hence it is sausfied by

G= F (, B, x+f-L+1 x ),
1f 2 — oo , the equation degenerates also into the hypergeometric equation, a fact not pointed out

by Heun and Franz. For from (2), we have

A
Go(Frbe e JH [ F B BTy 0

with the relations

’,

X+3+/ =y +S+ E, BrD+p,=0 D,+ap-«8 =0

Leta — oo then 2 =0 and D,+D, = o. Hencewe have
x(x-1) _;/7;:{ r L r+)x -)’]-}ii - p,; = o
Let D, = ~(d-/)1 we have
x(x-) G r Lo Pr T3+ () ry =0

which is satisfied by

y= =05 -1,y x)



1II. 192 solutions of the differential eqhmon.

By a homographic transformation of the variable, the four points o, |, a,~c , are interchang-
ed, except that a may go into another a', among themselves. As is known 24 such substitutions

are possible, namely

- /

X e = ’&x— 7—x x-7

2 X -a X a-x 4 a _
A x < 3 X - a a-x
X-&, a-r 2058 /- -/ X=-a
x-7 -/ x-a - a-7 r—a
alx-1) ¢-a)x -« (@a-1)x X-a a(x-1)
X - X - 2alX7) alx-1) -a)X a-+)X

The following table illustrates the results of the aforementioned substiuttions :

o 1t @= oot o Hle = o gril o @ o g
t/ 0 /-a » /-x}{m 1-a O Ili-‘fil—-d.o ] O 7\."-/_‘{0 P oo I-8 (,-a!,'}

-«
fog 1 < E{e/ d o k{1 © 0a LAYk o0 & 1 A=
{14 0w exjfwosy 1 5o I et/ v o g
il"-lo /I F E5flo 1 0 EE311 om0 TR o Fe ;{_:_}
(&1 0= EYleo 1 o w o ) Fap 1 d5 2 0 i

We proceed to find the 192 solutions. The solutions of the equation (I’), which. is

regular in the vicinity of x=0, and belongs to the exponent o 15 given by’

= & ‘%)
F(a,8, %85 1) =/ +aB 2 — T2t (22 (X )
( ? ;’/,' ) + /‘3~nro il /‘(,.,,)....\,-‘f”) (_q—) )

1
Heun Math. Ann XXXI{I Beitrage zur Theorie der Lame’ schen Functionen, and Franz.



Where Gg) = 41 G@)=443"+ {<-ﬂ-fﬂ)+(r+f/a]zr—w’,

Ganilg) = I [« 18=d4n) + (7r Pen-1)al45516(5) - @enin(Bon-s)(ren=1)ras, (3).
The series is absolutely convergent for yxl< 1t Hld>1;
and fonrixi< el if (a)4 |, Andwhen (x) =/ and (2)>/
a sufficient condition® for absolute convergenee is that the real part of

(/-2) shall be less than -1 ; when Xl a jalel
the real part of («x+8~7-/-¢) shall be less than -1.
Moreover F (2,9 ¢ gL, 1) has a decfinite value if real part of
(f-2)20 andial >1 ; and alsor F( a,8i , BY, fa)

if real part of ( +/5-)”-J'-:)<oand @)y < | 2

1. Making the Fuchsian substitutions®
dl a
= X (’v"/) (!—i)lf{/
in equatuon (I) we have
%q(l%ﬁo.’%ﬂ;‘—‘-0L’.ﬂ:&.}:;_‘l“‘*41"‘41*‘¢J["‘L“1")*ﬂ~)(‘ (ﬂ.*‘{;;‘*’ﬂ —Ag!é a‘;u’,_,’~ 1,=4 !)_h 4”2450

= (L =1 )(x-a)d
Lct 5 % (hp gty g ) e (K PRy F Aty ) 4 Ay By
?' (A ok, +ohg e Xg ) (o, +A 3+ 54 3;)

Hence the above equation becomes

2 e, = [, - —g, L (Aptky rol, thg) (=, # g raly i) (X -9.) . i
L[l Lt s sropmp )i, 0 rhalln by o S F gy i ()

whose scheme is

o I a L
P { Fo) l'e) u\'fdl"-d,fd, xX

P N e s

and a particular solution of (I) we can casily see 1s

g = x“(x-1 )“(’l“a-)“‘ F(‘Llﬁll"l“l")"“‘.“‘r""'x")‘P., 1R 1§ Roky ‘/‘51, x ),

provided @, - %, 1s not a negative mteger. For simplicity, we shall, throughout this discussion

1

Weierstrass, Abhandlungen aus der Functionenlehre p. 220. The condition is also necessary.

Cf. Bromwich, Infinite Series, pp. 202-4.

Heun and Franw.

3
A formula given in L. Heffter Linearen differential gleichungen (1894), pp. 224-6, also T.

Craig, Linear differential equations (1889), Vol. 1, pp. 154-6.
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assume none of the exponent differences 4. — o, , (¢ =1,2,3,4)is zero or an integer, as in this
exceptional case the general solution of the differeatial equation may involve logarithmic terms.
The formulae in the exceptional case can be found in Franz’s work. Now if in the above ex-
pression & be interchanged with g;, (,'-/,:,J) singly, doubly, or triply while <4 and B4 remain
fixed 1t must still satisfy the differential equation ([), since the latter is unaffected by this
change. We thus obtain altogether eight expressions. Moreover, if, 1n equation (I[’}), we

set t=] —x then we have

> |+¢~.'£1 [+, =, + oty ~ ALu (el #otat oty #oly) (L +o 14 ﬁ‘&-["h‘ B ’
f#‘f( t * t-14 M f-,“—‘i_)zr* Lt(t_,)(t_/‘l:z)’ = 77)-1{-0@)

with scheme

Q ) - a. -]
P Rypish Faly ¥y J—x
‘6,": A -2 ~eky A, + oy el By

and a particular solution of (I) is

? = X (x-1) (- a)yy Fr-a, e DR L LR S ‘ﬁvl 145 -p; 14,4, /"i)_

We thus obtain eight new expressions. Similarly, we set

t=‘§;' q;x, X-7, X= &

a -/ - A

respectively, we have the differentiai equatuons with the corresponding schemes and solutions as

follows :

Dty it ngn o emmprtereeete R oy )

t(t-1) (1-=%) 7



[
0 o J -«

alx

P c o o of tel +olyr ely
F—* pra A% Loyttt By

4.’)
of 4ol - ok /B .
X"/(l’,-l)dl(l-ar‘—' F(tll.l %;-( TRt B 4, ,‘"i““.’f/”,/ '/"/’ ’ "/ </

y -

A *® (I"‘"l'ﬁi L"__.""ﬁl- + I+d..‘é‘-) ¢ (% Ma'-‘:"v)(‘*’*“ﬂiﬂ‘)(t = Lovo...... (‘H;)
G 2 rey t(t-1)(t- )
I oa=t o
a
2{ o R e

2
A, teg Tyt Fy

F,"dv f,“‘a. Id)-d

g - = U x-f@ ) F (R, BTE vty ety 1y By 14y fehp 22X )

L, rsct szt s }%r“‘*w sttt vy pe) e Bl) s ... )

F(t-1)(t- )

t

e o ¢ =

0 o of +el ¢k ¢y -1
P 0 a-y

R e

% = X (l )“ (x 4)‘-’ F(l a , -.| ’ d"“"”d“ldl*‘l’."‘*’d*l".“- ‘Il*d,-#";%)j

p 1#e,-F5 + /r-ﬂjn + It -A)%}* Aty 2, ""‘)(d"‘l*“"/’“)(t- "‘)u’ = - . :
45+ (e = tlt-1)(t- &) Iree ()
a-) ! 2 -

? o o [0} X ok bk + Ay A- 4
[ [
A%, At Ay Arderd

-
-a

? = K00 FE By apdarr sy, 1 rsms, 10474, 194,



We thus obtain 5 X 8 =40 new expressions, which together with the original eight mkae

forty-eight particular solutions of equation (I). The first set of forty-eight solutions may be

written down as follows :

= X (x- 1) (- F R s e e ) %) )
o G [ el F (@, 315 fosar oo, prrsan e, 10pme, 1oy, %)
9, - {'(I—I)"(’“}"F( 4‘;;'; hePat sty dr By (P N, x)
;’- 1"'(1")"(»\“’4"‘}:(4’7;} Prpat Aot ,(.' A r/’, '.‘-"/”: 4;,4,-4,114/5‘-“_’ 1)
Go V(o) (-4 F (@, @5 &, ezt iy 0 &y A0 %as g u, 10y 1ot fln, )
" ; x‘;()‘")f’ (i"}”F(a,, ?,'i A Pt Sy <t Py /f-l'~/',, 1o, ot X)
- X"'(;(-:)“(l-c)”F(G,Z,"; Aot d,‘fa F e At syt pyt 1 AP 1)
o= K (x-)* (2 ’F(a.,j,"; Pur Aot Sy P e PP g X))

} (1)

}, s (x=) " (x-a)? F(1-a, TR R A “yr By, 1t resp /-x)\
«
;N' 1"(1‘ ,)‘l (x-a) 3’:(,_“ ,_ill) /‘,,-(.o-{_,oa(,‘ /9‘ '-(,-0.(_‘-0/1" /*‘(,*/d;’ /w—d,‘ 1=-x)
o = K G (3T F (1m0, 1 g7, 4, oo o7, Pt i, ot 141 =0
il - ol »
R € Al G R e A \} (1)
?a 2 ¥ - (% -d)"' F(/"ﬂ, /‘Z,",‘ o, + o 1/8.‘* '$' o, "A’/’J'ﬁ‘l I“l’_f",l"”—ﬂ,l-,)
Joum T xr) ) F (-, rofy %o an g = e AT )
?lt = Y"'{l"f'(l"‘)"‘ F(ra, /‘i,",' Lt atfsro B "‘L"/"J “/9«11"’!,'/'./ L ] =)
Jum ROV ™ (=4, 1405 o o, o o R A, 1))
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7 = il ) - aJ? F (=& %’i S ey ty + Ny Kyrhtol 7” 1454, 1% /53 )
Yot = 0 S ey e R PN Pt A s s )
-, rs -3 3 " ok 4 PR R P, T 14X =4, 1+ -

7'11“ 2 (x-4) " (x-a) F(‘H'g_: A L T b/t R e VR V] %)

tpor - Kola-)P - B O Bmifripatortie, 8ypess s 1P 15 A, )

Yo - CG-1) ) G By oot o, o0 oat Byhe 1ot 11, X )
v

?u = l‘l(l"),’(l—‘)", FC!L’ —g.‘—} o‘l+/é, +f3*"4¢} =, f/’);ﬁj*/gt‘l /*’(1%/ /75_'5’ 'g_‘}
v

y,,. x"(z—:)"“(;(»-aj"’ f—(a"'j.?"’fﬁ,*"z*ﬂs““', P+t Bu 144 1B %)
Y dad

Yor = a2 Ga-a)f® PO T s A ppn i Bpa o p A A

. 1"(;-4)“(11)’{’ (4 _‘_I,iﬁ’-t.) A ATyt oy ol pelytdy By |+ ""/7’;' —ei:z‘
oo < A (A A 1 v sy 195, e, 52
737 Xx-1)(x-a)” F (A7 L—Z?‘”) % 7“*0'{’*&" 0"7“”{3+’d“ PRSP0, Ry %)

i:l = X”(l‘i)”‘ 1-a)?F (EL; -4——%‘ /g 1824 4y /’ Ve VL e ¥ ’ 1444 - ”EL)

El
7:1’1(*-'} (x- a}&F("’g—z““"‘/”'dd‘M’/’;%‘ 1l 1, 2EE) )

?u - (1) (2-4)> F(”_”‘j‘/"‘ TP P A 1%, 17, S
Yo = 20 () (x4 F(B3 2 iy p, " P 1, 1, A
?;1 = 7(”’(1-;)"(,‘_4)/‘-’ F (% —JL i A fﬁ,«/@* Lo Py 19, 194, —‘L,é-)

1



! =1
7,_, . B Y2 a-a) 9 F(Fra & o e sar ey A ety 1+ 148 Kot )

y” - X" (x-/)"(ra)") F(_'J‘_‘_’ _%'%:_ ; I".;.-(’f Ayrey B oty '/”1 14k, 1455 AL )

7,; s X P (- a) F (T JEL o 1t ot e, AN A By 1Ay Iy %)

7,‘ = X"(I'I)A('x- Pl F(T!‘i"j.:;;"‘-—:i futpatss oy Pt ot P 1A 148, %(T,L‘) |
7” . 1.,(‘_').:(.( 1_‘)/6; Fl-Ao 1»":::_, A, okt tty K, tan VB 1t fr, rtfl oty B2 ) (IL;)
?;: = XY (x=0) 2 (x - ) Fi=x1 4505 %/ VPrt S A ARG 1Ay 1A 1957, -}:-f‘)

Yor - WA e a-a)fs F(FT BT B toatfpst dy f oo tfy 1 1vaamp, 1A% 4=

Yoo« PG (1) P SZL5 P 2o, oo 190, -4 %5

?‘, B 1"'(;-:)"’(1—@)" F (= = Aty ety o rdyrdyt By 1Ty /f-‘a-/’,/-%}‘—:'—)
?” . J(ﬁ(x")d'(x—l)'{" F( e _3,:_:_, Attt Borehreytfy 14f 141, _{.‘:4;-}
Yo - A1) (a-af0 F (g B St Areyr e S ot & P 1 10 19w Tmme)
?M = 1,"("")"(1" 9" F( ) J;g%*i Pitfia r oo vy Brft A tpy 1y p, I*A-%‘—E—;") 4o
Yos = XS a-0)s F(FET AL wrn eyt iyt py 1, P, F) )
:4,,, ) s BB B S ey G B o, 1A )

?w - -1 (x-a) Flas BEZ Py by Pt By 12l 1A KR

é’ﬂ = 1“’("'}“(7(“)ﬂ" F(%‘T'ﬂ% ; /3'1’/5:'/9)* %y /-V,-fﬁ,-',‘,'/de /’/"J"J"*/’a"(.v}ﬂ-:f
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Where

y AP dr ) @t (K Ay =By = o) r Ay f

(A, tony vty + "-.«) (oAt Hy Tty +/‘44‘)

(BitFAe =2y~ iady ) o + (B, +H> ‘ﬁrﬁ_l - Ap, )+ D(“ﬁ};:-
(o rd 0y +oty ) (B, 4 oy 4y "‘/d“)

=

l” = _(414:’33‘ % da A )4 + (A, t+ %3 d'fé“ ’(”d) i ““/g“ﬁ
? (a(l-‘/ﬂl‘-o(j-&c-(,)(o(,-r/,_‘ < ‘*ﬁq.)

?»,m = _(HFi2 -8 % )a (B, + = Lfafs T %y 4) “Auef

(IAJI‘/‘L + &t ;d“)(,d +ﬂ.,-o «3 + 3.;)

(fw: QA+ Ay = 4 J;:c{,/5,;u+fo< By ~ ol - ﬂ_; ),_)40(29"?

(£, f‘al.‘.d‘qu)(c“f”( +33,1_ ¢¢)

v o (B B,f )& + (o by~ ety = By ) Holu gy B
?, (£, +,J1+/J_,+qx¢)(m ¥ 7/334/_9‘)

?/ﬂ =LAt ea gy ~Ha)a t\ 3 155 /ff“s_: Az )+ ‘B’f_f/_ﬁ‘&;}

(’/‘3/ -+ oy .,.31_ r “‘/)k &, - Ay ¥ Iy ,’;iﬁ.A

B2 )a (jl + G2 = Xy = ‘7(1/63\""’(1-[3«47
o) (4 A A )
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