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Determinants

In elementary mathematics, we have
learned how to solve a system of linear
equations (for short, linear system) in few
unknowns by elimination. In this chapter
we will solve the systems of n linear equa-
tions in n unknowns by n-th order deter-
minants. The correlation theory of deter-
minants is one of the important contents
in Linear Algebra, and is also an impor-
tant tool for studying Linear Algebra. It
is widely used in many branches of mathe-

matics and engineering.

A determinant is a number and is deter-
mined by an array consisted of some num-
bers arranged in a certain way. This idea
was proposed respectively by Seki Takakazu,
a Japanese mathematician, in 1683 and by
Gottfried Wilhelm Leibniz, a German math-
ematician, in 1693. Gabriel Cramer, a
Swiss mathematician, published his book
Introduction a [’analyse des lignes courbes
algériques in 1750 and gave the definition of
determinant and proposed how to solve sys-

tems of linear equations in n unknowns by
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th mrder determinants, namely, Cramer’s

rule.
Headline of this chapter

1. Definition, basic properties and com-
putational methods of determinants;

2. Solving systems of linear equations
in n unknowns by determinants, namely,

Cramer’s rule.

1.1 Definitions of
Determinants

1.1.1 Second Order and Third Order
Determinants

Citing example Solve the following

system of linear equations by elimination

—2:1?2 =-3

2x1 + 310 =8
Iy

MR AT 1 RIS 2 MR E

Solution Interchanging the first and

the second equations, we have

Iy -2.’172 = -3
2z1 +3xz2 =8

BB 1 ANHRER IR LL —2 InEIE 2 Ny
253

Adding (—2) times the first equation on

both sides to the second equation, we get

{ IL‘1—2.I‘2=—3

B 2 A HRRBRTELL ; 3

7.132 =14

1
Multiplying the second equation by = on

both sides, we obtain

.’132:2

{ .1‘1—21'22—3
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{ a1121 + ajare = by

L1 7 XL 3

A

Adding 2 times the second equation on both

sides to the first equation yields

1

Question  Are there exist formulas
for solving general systems of linear equa-

tions in two unknowns?

Consider the following system of linear

equations in two unknowns

(1.1)

a111 + Ao = by

ML, 7/

| Using elimination method, we have

(ar1a22 — a12a91)x1 = brass — ai2bs

(ar1a22 — a12a21)T2 = a11by — bras

M anage —azan # 0 B, HBRHA 1.1)F
ME— i

As ayrags — ajpag; # 0, System (1.1) has a

unique solution, given by

biags — a12by

ry =

11022 — Q12021

a11by — biagy

AT B HRARA (1.1) KRS
RAMBRRBZMHIKR, 5IALT

ay

a2}

HHAZMAITIR, EFRAREA a1102, -

12021, Bp

@12

a11a22 — A1202]1

To further discuss the relation between
the solutions and the coefficients of un-
knowns of (1.1), we introduce the following

notation

a22

and call it a second order determinant,
which represents the algebraic sum a;;a90 —

a12d21, i.e.,
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by
ba

aix a2

D

) Dl

a22

MIJTRA (1.1) MR, P —MHATFIR AT e
%

a1

Ty = f’
EREN N TR RARREAR (D £ ‘
0).

Iy =

=A11099— Q1909

which is equal to the difference between the
product of two elements on the real line and
the product of two elements on the imag-
inary line. In the notation, the horizontal
array is called a row and the vertical array
is called a column, a;; (i, j = 1,2) are called
the elements of the determinant, where 7 is

the row index and j is the column index.

If let

ay1

a2 by

, D
2 by

a22 a21

then the solution of System (1.1) can be ex-

pressed by the second order determinants,

as follows,
D,

— (D
=2 (D £0)

The above formulas are those for solving the

linear systems in two unknowns as D # 0.

il 1 REHITEA Example 1  Solve the system of lin-
ear equations
2x1 + 3z =8
r1 — 2I2 =-3
fi# ] Solution
2
_ 3l ox(-2)—3x1=—7
1 -2
8 3
D, = =8X(-2)—3x(-3)=-7
=1 (~2) -3 % (-3)
2 8
Dy = =2x(-3)—8x1=-14
= (-3)
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A D=-7+#0 BT TFEHEME— | Since D = —7 # 0, the linear system has a

fi# unique solution, given by
D, -7 D, —14
,.:_:_.:]_7 Ty = — = —— =9 |
P - Tl - EEh T =

Kl xFFanF =ukE T RA ‘ Similarly, for the following system of

linear equations in three unknowns

1171 + a12T2 + a13x3 = by
(211 + 222 + azzxs = by (1.2)

a3171 + azaTy + azzxrs = by

E—B&B T ZTEHEYE M, HIME | this system has a unique solution under cer-
AT P A ) =B AT 51 X R R . tain conditions and the solution can be sim-
ply expressed by the corresponding third or-

der determinants.

s | The notation

a1 a2 a3
a1 a2z a3

a3y agz2 ags

FAZMITIIR, EH=1/T=%13L 9 /~JC | iscalled a third order determinant which
EHR, HEHR is consisted of three rows and three columns
and has totally 9 elements, moreover, its

value is equal to

11022033 + A13021032 + 112023031 — 13022031 — 011023032 — 112021033
B I namely,
a1x a2 a3

a1 Q22 Gz3 |=011022a331+013021032H012023031—13022031—011 23032 — 12021033 (1.3)

az1 az2 as3

AT LAAEBY T TR AR, 3 &Lk b It can be understood by the following
3 A TCERIFFEUE, 3 £BEL L 3 NLER graph. The products of the three elements
AR B 1. on the three solid line take positive signs and
the products of the three elements on the

three dashed line take negative signs.
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a5
ay aip a3
D=\ an a2 a23
az1  azz a33
ayn b a3
Dy =| az by a
az; bz asz

M CERSRAE, 2 D £ 0 B, R4
(1.2) HIME—fR R

Dy
T

ERI = T BRAR KRB AL (D £
0).

T =

5l 2 E

0

& doe A giE AT

1 0 -1
2 1 =2
0 3 1

—(—1)x1x0—-1x(

=1

Ty =

—ZHF

This method is also called the diago-

nal rule.

| If let
by ax a3
Dy=| by ax a
bs az> assz
aypr aiz b
D3 =] asx axn b
az1 aze bs

it can be easily verified by elimination that,
as D # 0, System

tion, given by

(1.2) has a unique solu-

s
D ’

D

The above formulas are those for solving the

linear systems in three unknowns as D # 0.

| Example 2 Calculate
0 -1
1 -2
3 1
Solution From the diagonal rule we
have

=1x1x1+(-1)x2x3+0x(-2)x0

—2)x3—-0x2x1
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Example 3 Solve the system of lin-

ear equations

g+ 23=0

3x1 + 219 — Bxg3 =1
1 + 319 — 213 =4

B HyT A 2 R f iR, AN
HERAF

=],
D= —5 | =28,
—2
2 0 1
D>=|3 1 —5|=47,
1 4 -2

FA D =28 #0, FrA R4 A ME—fE, Bl

D1
1T D T g 2T

1.1.2 n TR

FIANZRr. = ABEZE, =

TG =TGR T R A IR AT AR 5 (3 eh
—Br. =BrirsilFRs k.

BIRE X n uEtE T REA

Dy
o =

Solution From the former formulas

and the diagonal rule, it is not difficult to

obtain
0 -1 1
D1 = 2 -5 | =13
4 —2
-1 0
D3 = 1 =21
4

Since D = 28 # 0, the system has a unique

solution, given by

47

47 D3 21 3
28’ -

D 28 4 -

T3
‘ 1.1.2 n-th Order Determinants

After introducing the second order and
the third order determinants, the solutions
of the linear systems in two and three un-
knowns can be expressed conveniently by
the second order and the third order deter-

minants.

Question  For the following linear

system in n unknowns

a1 &1 + a1222 + -+ Ay = by

(21T + a2 + - - + a2y = bo

(1.4)

n1T1 + An2Z2 + -+ - + GppTn = by
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FIEREER, £ 1.4 7. Ak, 5IA
n BrATAUE M E . ARE AT e, 3AT
EZEER SR

ayy ai2
azy a3
Qp1  Ap2

A nBr 7RI, WA D. ERH 0 T n
FI3E n? NTEMWRR. FEWRHX (1.5) 1
BARE X2 ar, seamta . R 7
) 5E X.

EX 1 R (15) P, WETE
aij(i,j = 1,2,---,n) FrEEMIE @ ITHE
3 FUJE, BITH B 702 4% JRR (P #4 1 f)
n—1 75X, MATE o WEFX,
e M;;, BI

ap ay,5—-1
a;—11 Qi—1,5—-1
M;; =
411 @i41,5—-1
Qn) An,j—1

under certain conditions, whether there has

a similar conclusion for its solution?

The answer is yes, see Section 1.4 for
details. Therefore, we introduce the defini-
From the

above discussions we called temporarily the

tion of n-th order determinants.

following notation

ayn

a2y

(I’TL n

an n-th order determinant, written as D,
which is consisted of n rows and n columns
and has totally n? elements. Before giving
the concrete meaning of Equation (1.5), we
introduce the definitions of cofactors and al-

gebraic cofactors.

Definition 1

terminant obtained by deleting the i-th row

The n — 1-th order de-

and the j-th column in Equation (1.5) is
called a cofactor of a;;(i,j = 1,2,---,n),

written as M;;, namely,

ai j+1 Frer ain
Ai—1,5+4+1 Aj—1n
Ai41,5+1 Qi+1,n
Qp 41 [
| and call

Aij = (-1)" M;

WRATEE ai; HRBRFR.

| is called an algebraic cofactor of a;;.



