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BIBO Stabilization of Delayed System with Sector and

Slope Restricted Nonlinear Perturbation

Zi-xin Liu Hua-wei Yang
(Mak WmEH)
( School of Mathematics and Statistics, Guizhou University of

Finance and Economics, 550004 )

[ Abstract | This paper addresses the Bounded-Input Bounded-Output
(BIBO) stabilization problem of a class of delayed systems with sector and slope
restricted nonlinear perturbation. Sector bounds and slope bounds are used on a
convex combination representation of the nonlinear function. By using Finsler’ s
Lemma and double integral Jensen inequality, a tripe integral Lyapunov functional
is constructed to derive some new BIBO stability criteria. One numerical example
is presented to illustrate the validity of the main results.

[ Keyword | BIBO stabilization; convex combination; nonlinear perturbation

1. PRELIMINARIES

Consider the delayed control system with sector and slope restricted nonlinear
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perturbation given by

y&(t) =Ay(t) +By(t—7(t)) +Cu(t) +Df(y(1)),

x(1) =Ey(1), (1)

y(t) =@(t),Vtelt,-7,t],

where y(1) e R" denotes the state vector;u(t) and x(t) are the control input

and control output vectors; 7(¢) is the time-varying delay satisfying 0 <7, <7(t)
7,,u&(t) <r <1, where 7,,7,,7 are the lower and upper bound of 7(¢) and u&
(t) respectively; @(t) is a continuous vector-valued initial function and || @(t) || ,
is defined by || ¢(2) ||, =sup_,.4<o || ¢(z, +8) || ; and are constant matrices;
f(y(1)) denotes the nonlinear perturbation which is restricted by the sector
bounds [ ,I ], i.e

. Q/M$l‘+ ,i=1,2,L,n.
v (t)

t
Notice that the nonlinear function f;(+) can be written as a convex combination

[,

t

of the sector bounds as follows: f;(y,(t)) = (A, (y, (£))l7 + (1 = A, (y,(£)))

L")y (t),i=1,2,L,n where A,(y,) =f,-(y,-$t))_—l,-_y,-(t) satisfying 0<<A,(y;)
(L =17 )y (1)

<1 . Namely, f,(y(t)) =A;(y,(t) )y, (t) , where A,(y,(t)) is an element of a

convex hull Co{l I} . Similarly, f,(y,(z=7(z))) can also be expressed as a

convex combination of the sector bounds [, and [* as f;(y,(t —=7(t)))

=A(y.(t=7(0)))y.(t—=7(t)) , where A,(y,(t—=7())) e Coll I }.
Let us define
A =diag{ A, (y, (1)) ,A, (v, (1)) == A, (y, ()},
A, =diagil; by - 1}, Aydiagll) L - L1

*“n

A =diagi A, (y, (£ =7(£))) Ay (3o (£ =7(£))) s, A, (3, (e =7(2))) .



Then, nonlinearities f(y(t)) and f(y(t —7(t))) can be expressed as

F(y(8)) =Ay(t), f(y(t=7(2))). SetQ = | diag(A,A) |A,AeCo{A, Al ]
To obtain the control law of tracking out the reference input of the system, we
defineu(t) =Kx(t) +r(t), where K is the feedback gain matrix, and r(¢) is the
reference input. Substituting u(t) =Kx(t) +r(t) into system (1), we can obtain
y&(t) = (A+CK)y(t) +By(t—7(t)) +Cr(t) +Df(y(t)),
{x(t) =Ey(t),

Before deriving the main results, the following definition and lemmas are needed.

(2)

Definition 1. " A real-valued vector (1) L , if || . =SUp, o, || 7 ]| < +o0.

Definition 2. "'’ The control system with reference input r(¢) is BIBO stable
if there exist some positive constants 0, and 6, satisfying || x(t) || <@, || r | . +6,
for every reference input r(t) e L.

Lemma 1. "% For any positive definite symmetric constant matrix Q) and sca-

lar >0, such that the following integrations are well defined, then
0 o T 1 ¢ . !
_I—TIH(J:Y (s)Qy(s)dsdo< —?(f_rfuoy(s)dsdﬂ) QIO_JHO}/(S)dsdB).

Lemma 2. ! Let a matrix F, a symmetric matrix Q = Q" and a compact sub-
set of real matrices h be given. The following statements are equivalent:

(1) Foreach He h &' Q¢ <0, for all £#0 such that HF¢#0.

(2) Thereexists® = @" such that Q + F'OF <0, ¥ @¥,=0 , for all He h,

where W, is a matrix belong to a null space of H.

2. BIBO STABILIZATION

In this section, we attempt to establish some new practically computable BI-
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BO stable criteria for closed-loop system (2). By constructing a new Lyapunov
functional including tripe integral item, we obtain the following BIBO stability result.
Theorem 1. For given scalars 7, >0, 7, >0,7 >0,L diagil, , I, ,- ,
I} ,L" =diagil] ,l; ,-=-,1, |, the control system (2) with feedback gain matrix
is BIBO stable, if there exist positive definite diagonal matrices p = diagid,,d,,
weeyd, b LAy =diagidy Ay, AL L Ay =diagliay, oy, et LT =diagly,,
Yo, 2Yal . T =diagi¥,,¥,, ",V |, symmetric positive definite matrices P,
Q,, 0Q,, 05, 0., Q5, Qy, symmetric matrix @, and arbitrary matrices F, ,F, /N, ,

N, ,M, ,M, ,M, of appropriate dimensions such that the following condition holds;

B +EI0E, FT 77
72 1T [1
-L0, 0 |<o0, e [20,VweQ,
4 w (0]
2
Tll
» _'Z'ta

where =, =(EU) i,j=12,L ,12,and

8, =(P-L A, +L D)(A+CK) +(4+CK) (P-L A, +L DY +Q,

+HT] +THA(L = L) +21,0,+ 21,0, -2LTL',

E,=(A+CKY' M, E,=(P-LA+LD)B, 5,=P-LA +L D)C+(A+CKY M,
E.=(P-LA +L D)D+(A+CK) (A, —D) +(4+CK) M/ +T(L' +L),

2 2
T T,
22 =_2'1—Q2+_2—Q3_M2—M;,

»w=M,B,E,,=M,C-M!,Z,,=M,D-M],
E,=-(1-1)Q,-2LTL',E,, =B"M!,
E,=B"(M" +A,-D),E, =T(L' + L),

B, =MC+C"M!,E,,=M,D+C" (M +A,-D),
E,=MD+D"MT -T-T" +2(A,-D)D+Q,,

[1]

(1]



— ~T — 1 _ 1
Heo =(1-1)0; - -T'- FT’“W —0, By =——0,
T (W
— 2 " B 2 o 1
.:.99=_[—2A2(L L )+_3QI ’:,“.“ =——_2Q3_E,
T 21;

— 2 . 1
Si000 = —[—zAz(L -L )+ Qz]a =202 — 2 3 Q4 "an

u

F :[o,o,o,o,o,o,o,o,o,o,F,,O],ﬁ =[0,0,0,0,0,0,0,0,0,0,0, 7],

I+Nt, 00 0 00 0 —-N, 00 0 <A,
N, 67000 - O O0O-N, 0
0 00070 0 0 00 0O 0

0 0000/ 0 0 00 0 0

Proof. Choose a new class of Lyapunov functional candidate as follows:

(1]

V(y®) =V (@) +V,(y(@)) + Vi (x(@0)) + V. (v (1)),

where
V() =" (6)Py(r) +2§ I ) 1 s)ds
o, d =N+ 6)10(s)as)
Va(y@)= Zi 1T an LGN~ 3,()ldsd a6
+2Z I 1T e )= £, ) dsdudey
+2; J0 L I, e OG0 =1 3, (5)dsdude}

A3 [, [, o O3, 105 dsdaoy

+2 J’O [, Y ()Qy(s)dsd® +2 J'OT [V ()Q.x(s)dsdb,
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RoO)=[ ], [ v&()0.y&(s)dsdude
[0 [ ] y8)0.&(s)dsduds,
oO)=] 6L ((s)ds.

By lemma 1, lemma 2, free weighting technique, and Schur complement,
similar to the proof of [4], if the conditions in Theorem 1 are satisfied, then V&
(y(z)) <0. From Lyapunov stable theory, we can get that the control system (2)

with feedback gain matrix K is BIBO stable. This completes the proof.

3. ILLUSTRATIVE EXAMPLE

In this section, one numerical example will be presented to show the validity
of the main result derived in this paper.
Example 1. In order to compare with previews results easily, consider the de-

layed system (2) with parameters given by|[ 4 |

CZLI) ?}’Az{_lz _01]’3{:1 _01}’1){(1) (1)]

In [5], Li and Zhong researched the BIBO problem of this system, and gave
a BIBO criterion, which represented by Riccati matrix equation. The criterion de-
rived in [ 5] is a delay-independent one, and before solving the Riccati matrix e-
quation, two scalars must be given previously and artificially, there is no rule to
find these scalars, it needs experience. However, the criteria established in this
paper can be solved more easily, and there is no scalar need to be given previous-
ly. This implies that the results obtained in this paper are more practice that the

result established in [5].



Additional , to stabilize the delayed system (2), the stabilizing feedback gain

2.1117 -0.2532
matrix computed by the criterion established in [5] is K = .

-0.2532  2.7689

By using Theoreml derived in this paper, we can solve the matrix condition
like [6], and the stabilizing feedback gain matrices are

_[2.0101 —0.1752] _[1.8402 0.1134

,respectively.
-0.1752  2.1401 —0.1134 1.9407
From the elements of K, we can see that the criteria established in this paper

are less conservative that the conclusion derived in [5].

4. CONCLUSIONS

Combined with Lyapunov stable theory and double integral inequality, we
researched the BIBO problem for a class of delayed systems. Different from previous
work on this topic, the property of convex function is introduced to research the
BIBO stability of delayed system, and a new Lyapunov functional including triple
integral has been proposed to derive some less conservative delay-dependent BIBO
stability criteria. Numerical example shows that the new criteria derived in this
paperare more practical and less conservative than some previous results obtained

in the references cited therein.
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